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Preface to Volume II 



This book is the second volume of the monograph entitled “Operator Ap- 
proach to Linear Problems of Hydrodynamics.” The first volume, “Self-adjoint Prob- 
lems for an Ideal Fluid,” presented evolution and spectral problems arising from the 
study of small motions and eigenoscillations of an ideal fluid in a bounded region. All 
these problems are self-adjoint in a specially chosen Hilbert space or in a Pontryagin 
space. 

The second volume is basically a collection of nonself-adjoint problems on 
small motions and normal oscillations of a viscous fluid filling a bounded region (con- 
tainer). There are no modifications to the table of contents of the second volume 
as it was presented in the first volume. All the chapters in this volume can be read 
independently from Chapters HI- VI in Volume I. Chapters I and II may be used as 
a reference book. 
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We would like to express our gratitude to I. T. Gohberg and A. S. Markus, 
who encouraged us to publish the book and who offered many helpful suggestions. 
Our gratidude goes also to our colleagues T. Ya. Azizov, O. A. Ladyzhenskaya, N. N. 
Moiseev, A. D. Myshkis, F. L. Chernousko, V. I. Yudovich, and Ngo Zuy Kan with 
whom we had fruitful discussions during the process of obtaining some mathematical 
results and of writing the final version of the book. 

We would also like to acknowledge the work of E. D. Volodkovich and E. A. 
Danilova who drafted a preliminary version of the English translation of the book. 

The staff in the Department of Mathematics and Theoretical Mechanics at 
the Voronezh Forestry Engineering University, Russia, and in the Department of 
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Mathematical Analysis at the Simferopol State University, Ukraine, offered us their 
professional assistance during the time of writing the book. Their help is greatfully 
acknowledged. 

Our particular gratitude goes to Mircea Martin and his wife, Larisa, for their 
professional and qualified work in editing the English translation and typesetting the 
monograph in TeX. 

The Authors 
Simferopol, Voronezh 
October 30, 1995 

While the book was prepared for press, its co-author, Selim Grigoryevich 
Krein, a dedicated teacher, an elder friend of mine, an outstanding mathematician 
and person, and a great specialist in functional analysis and its applications, passed 
away. In the process of investigating initial boundary value and spectral problems of 
mathematical physics and hydrodynamics with his students and colleagues, he used to 
inquire how the problem under investigation would look in operator form. This book 
answers the question in the case of linear problems of hydrodynamics. S. G. Krein 
dreamed of this book being published, not only in Russia and in the former USSR, 
but also for the English-speaking readers as well. I hope they will not be disappointed 
by this two volume monograph. 



Nikolay D. Kopachevsky 
May 18, 2001 
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Introduction 



As mentioned in the Introduction to Volume I, the present monograph is intended 
both for mathematicians interested in applications of the theory of linear operators 
and operator- functions to problems of hydrodynamics, and for researchers of applied 
hydrodynamic problems, who want to study these problems by means of the most 
recent achievements in operator theory. 

The second volume considers nonself- adjoint problems describing motions 
and normal oscillations of a homogeneous viscous incompressible fluid. These ini- 
tial boundary value problems of mathematical physics include, as a rule, derivatives 
in time of the unknown functions not only in the equation, but in the boundary 
conditions, too. Therefore, the spectral problems corresponding to such boundary 
value problems include the spectral parameter in the equation and in the bound- 
ary conditions, and are nonself- adjoint. In their study, we widely used the theory of 
nonself- adjoint operators acting in a Hilbert space and also the theory of operator 
pencils. In particular, the methods of operator pencil factorization and methods of 
operator theory in a space with indefinite metric find here a wide application. 

We note also that this volume presents both the now classical problems on 
oscillations of a homogeneous viscous fluid in an open container (in an ordinary state 
and in weightlessness) and a new set of problems on oscillations of partially dissipative 
hydrodynamic systems, and problems on oscillations of a visco-elastic or relaxing fluid. 
Some of these problems need a more careful additional investigation and are rather 
complicated. 

The second volume has two parts. Parts III and IV. Part III, consisting of 
Chapters 7, 8, and 9, studies the problems on small motions and normal oscillations 
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of a homogeneous viscous incompressible fluid. Chapter 7 presents the problems on 
the motion of a solid body with a cavity completely filled by a fluid. In particular, 
problems on fluid motion in a fixed or uniformly rotating with respect to a fixed axis 
container, small motions of a gyrostate, problems on oscillations of a pendulum with 
fluid, problems of a fluid flowing through a given region, and problems on convection 
are considered. 

In Chapter 8 — the longest in Volume II — we describe in detail the problem on 
small motions and normal oscillations of a viscous fluid in an open container. Here, 
the properties of an associated meromorphic operator pencil are studied and, based on 
them, the physical conclusions on properties of the solutions of the spectral problem 
are formulated. In particular, the properties of surface and interior waves arising in 
a viscous fluid and also the asymptotic behavior of the corresponding branches of 
eigenvalues are investigated. The problems on the motion of a body with a cavity 
partially filled with a fluid, pendulum oscillations, and convection problems in the 
presence of a free surface of the fluid are also considered. Sufficient conditions of 
instability of convective fluid motions in an arbitrary container are obtained. 

Chapter 9 considers the problems on oscillations of a viscous capillary fluid, 
partially filling a container and being under conditions close to weightlessness. Here it 
is stated that the consideration of capillary forces influences significantly the structure 
of the spectrum of frequencies of normal oscillations of a viscous fluid in an open 
container. The problem, which has not been studied yet, is rather complicated and 
interesting, and the theory of operators in spaces with indefinite metrics could be 
applied to study it. The general theory of linear operator perturbation is used here 
to prove the inverse of Lagrange theorem on stability in hydrodynamic systems, that 
is, systems with an infinite number of degrees of freedom. 

Part IV of the second volume considers the problems on oscillation theory 
of complex hydrodynamic systems. Chapter 10 studies the problem of small motions 
of a system “viscous fluid-ideal fluid,” that is, a partially dissipative hydrosystem. 
The classical statement of the problem, its model variant, and the operator evolution 
equation arising from the problem are considered. Normal oscillations of such system 
are studied on the basis of the theory of nonself-adjoint operator-functions and the 
approach proposed by M. V. Keldysh. Chapter 11 is devoted to a number of problems 
on oscillations of a visco-elastic, or relaxing, fluid. First, we study the oscillations of a 
visco-elastic fluid in a completely filled container and also an analogue of the evolution 
problem generated by this problem. Further, we consider the problem on normal 
oscillations of a visco-elastic fluid in an open container generalizing the problem of 
Chapter 8. The meromorphic operator pencil, which arises in this problem, is studied 




Introduction 



3 



both by means of the theory of Pontryagin spaces and the general operator theory 
in a Krein space. Finally, the last section of Chapter 11 studies a new problem on 
oscillations of an ideal relaxing fluid in a bounded region. 

As a last general remark, we should mention that in the second volume we 
use the same notations and method of labeling the chapters, sections and subsections 
as in the first volume. 

We also note that the first volume consists of Parts I and II and comprises 
six chapters. The interested reader may find the entire table of contents of Volume I 
listed right before this introduction and after the table of contents of Volume II. 

In both volumes each part ends with concluding remarks and bibliographical 
comments. 




Part III 

MOTION OF BODIES WITH 
CAVITIES CONTAINING VISCOUS 
INCOMPRESSIBLE FLUIDS 



In this part of the book, we investigate a number of problems on the motion of 
a rigid body with a cavity partially or completely filled with a viscous incompressible 
fluid. In Chapter 7, we consider the case of a cavity completely filled with fluid, that 
is, the system “body + fluid” is a gyrostate. In this case, we investigate the motion in 
an immovable container, the small oscillations of the gyrostate around its mass centre, 
and the small deviations from uniform rotation of the gyrostate. The new problem on 
the flowing of a fluid through a given region is also considered. Finally, we pay some 
attention to convective movements. 

Chapter 8 is central to Part III. In the process of investigating the normal 
oscillations of a viscous fluid in an immovable container, we come upon an operator 
pencil that was studied by many mathematicians. Here we deal with surface and 
internal waves interacting with each other. The problem on convection in a partially 
filled container is also considered. 

In Chapter 9, we investigate the movements of a capillary fluid, that is, those 
movements for which the surface tension plays a significant role. The capillary forces 
affect essentially the structure of spectrum of those problems. 

It should be pointed out that, unlike in other published papers, in Chapter 9 
we manage to consider the case when the free surface of the fluid intersects the surface 
of the body. Several heuristic assumptions are advanced and a few related problems 
are stated in this chapter as well. 




Chapter 7 

Motion of Bodies with Cavities Completely Filled with 
Viscous Incompressible Fluids 



First of all, in this chapter we address problems that originate in investigations of the 
motion of a viscous incompressible fluid Ailing completely the cavity of an immovable 
rigid body. The main operator connected with such problems is the Stokes operator 
described in Section 2.2. 

Later on, we will study the equations of joint motion of a rigid body and a 
fluid that are linearized near various movements of the system “body + fluid.” At first, 
the linearization is performed near the immovable state, that is, small oscillations of 
this system around its immovable mass center are considered. Here, a new bounded 
self-adjoint operator appears, which is connected with translational movements, and, 
therefore, is called the translation operator. Further, we consider the linearization 
near a uniform rotation of the system “body + fluid.” Here, once again we find the 
gyroscopic operator that was already used in problems on the motion of an ideal fluid. 

For all these problems we prove theorems of existence of solutions of the 
nonstationary equations and investigate the properties of normal oscillations. 

For the problem on the motion of a rotating fluid, we build two terms of 
the asymptotic expansion of a solution for high viscosity (small Reynolds number). 
While building approximate solutions, it is necessary to solve a number of stationary 
boundary value problems that depend only on the shape of the cavity filled with fluid. 

Finally, in the last section, we consider the motion of a body with a cavity 
completely filled with a nonuniformly heated fluid. Here, it is not difficult to prove the 
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theorems of existence, and, therefore, our attention is focused mainly on the spectrum 
of the problem. 

7.1 Motion of Fluids Completely Filling a Cavity in a Stationary Body 

In this section, we study the theorem of existence of solutions of the Cauchy problem 
for the linearized nonstationary system of Navier-Stokes equations and describe the 
spectral properties of the Stokes operator. Movements close to a given stationary 
motion are considered and the completeness of the sytem of fading normal oscillations 
is proved. 

7.1.1 Statement of the Problem and the Basic Equations 

Suppose that a heavy viscous homogeneous fluid Alls completely a cavity D of an 
immovable body with the boundary S = dD. After linearization, the Navier-Stokes 
equations have the following form, 

— — - Vp + /, divu = 0 in D, (1.1) 

ot p 

As usual, here u{t,x) is the velocity held in a stationary coordinate system OxiX 2 Xs 
with the axis Ox^ directed vertically upright, that is, against the acceleration of 
the gravitation force, p{t^x) is the dynamic pressure, f{t^x) is a small mass held of 
external forces that differ from the gravitation force, and u and p are the kinematic 
coefficient of viscosity and the density of the fluid, respectively. 

On the boundary S of the region fl, the viscous fluid should satisfy the 
stickiness condition 

u = 0 on 5, (1.2) 

as well the initial condition of the form 

u{0^x)—u^{x) in fl. (1.3) 

7.1.2 Reducing the Problem to a Differential Equation in a Hilbert Space. 
Existence of Solutions 

If we assume that, for every t, all the terms in the Navier-Stokes equation belong to 
Z/ 2 (r^), then we can apply the operator Pq of orthogonal projection onto the subspace 
Jo(fl) to both sides of this equation. In virtue of the incompressibility condition and 
the boundary condition (1.2), it is natural to assume that the held u{t,x) belongs to 
the space Jq{D), and, therefore, to the space Jo{D). After performing the orthogonal 
projection, we obtain 



— = uPoAu + Pof. 



(1.4) 
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Extending the operator —PqA to the Stokes operator Aq (see Section 2.2), we 
obtain in the space Jo(f^) the abstract equation 

du 

-— = -jyAouF Pof. (1.5) 

If the field Pof satisfies a Holder condition with respect to t in the norm of 
the space L 2 (fl), then, according to the results in Section 1.5, equation (1.5) has a 
unique weak solution for any initial velocity field u^{x) in Jo(fl). This solution is 
expressed through the analytic semigroup exp{—i'tAo) by the formula 

u{t) ^ exp{-utAo)u^ ( exp{-i'{t - s)Ao){Pof){s)ds. (1.6) 

Jo 

For every t > 0, the field u belongs to the space Jo(^l). 

Equation (1.4) is not equivalent to equations (1.1) and (1.2). On the other 
hand, the system consisting of (1.4) and the following equation is equivalent to (1.1) 
and (1.2): 

0 = u{I-Po)Au--Vp+{I-Po)f. (1.7) 

P 

If the solution u in equation (1.4) is found, then the field Vp and the function p can 
be found from equation (1.7). 

7.1.3 Structure of the Spectrum of the Problem 

Let us consider the issue on normal oscillations of a fluid in a cavity, that is, those 
solutions of the homogeneous problem (1.1)-(1.2) that depend on time according to 
the exponential law 

u(t,x) = exp{—i'tX)v{x). (1.8) 

From equation (1.5), for f{t) = 0 , we obtain 

A^v — \v. (1.9) 

Hence, the fields v are eigenelements of the Stokes operator Aq and the 
numbers A are its eigenvalues. Since, according to the results in Section 2.2.5, the 
Stokes operator is positive definite and has a compact inverse operator, we conclude 
that problem (1.9) has a discrete positive spectrum of normal eigenvalues A = 
with \n — > +00 as n oo, and a system of eigenfields {t;n(x)}^i that forms an 
orthonormal basis in the space Jo(fl). 

To find out properties of the eigenvalues A„, let us recall that they can be 
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determined as consecutive minima of the variational ratio 



{Aov,v)l^q) 




( 1 . 10 ) 



which is considered in the set of all nonzero elements of the space Jq{LI). Hence, for 
a region of the first type, we obtain the following asymptotic formula, 



(^o) 



mesf] 



— 2/3 

n^/^l+oCl)], 



n 00 . 



(1.11) 



Using more complicated methods, for regions with a smooth boundary dQ we obtain 
the following estimate. 



1 = ^(mesf^)A^/^ + 0(A), 



An<A 



A ^ +00. 



( 1 . 12 ) 



7.1.4 Perturbation of the Stationary Motion of a Fluid 

Let us assume that, under the influence of some field Fq{x), the fluid performs a 
smooth stationary motion with the velocity held vq{x) in the immovable cavity. Then 
the held -Uq satisfies the stationary nonlinear Stokes equations 

(vo • V)'Uo = - - VPo + Fo, 

P 

where Pq = Pq{x) is the stationary held of pressures. 

Now let us consider movements that are close to the stationary motion. The 
linearization of the nonstationary system of Navier-Stokes equations leads to the 
following problem for the deviations of perturbed fields, 

du 1 

- 7 ; — h (^’o • V)tt + {u • V)t;o = uAu Vp + /, divu = 0 in fl, (1.13) 

at p 

u = 0 on S = dQ, u{0,x) = u^{x). (1-14) 



If we apply the orthoprojector Pq again and extend the operator —PoAto the Stokes 
operator, then (1.13) and (1.14) give the Cauchy problem 



du 

dt 



—uAou — Ru + Po/ 



ti(0) = , 



(1.15) 




Motion of Fluids Completely Filling a Cavity in a Stationary Body 



11 



where Ru := Po{{vo •V)u {u ‘V) vq). The operator R maps continuously the space 

1 /2 

Jq (fi) to the space Jo(0). Since for the operator the domain of definition V{Aq ) 
coincides with jQ(ff), then is a bounded operator in Jo{Cl), that is, 

ll-R^o ^ c||u||x,2(n), u e Jo(f2), 



or 

II II 1,2(0) < c||^y^v||i,2(n)> 

for all V e V{AI^^) = Jj(fi)- 

1/9 

Hence, operator R is subordinated to operator Aq . According to Section 
1.5.5, operator —i^Aq — R is a generating operator of the analytic semigroup 
exp{—t{i'Ao F R)), and, therefore. 



u{t) = exp{—t{uAo + 




exp(-(t - s){uAq + R)){Po)f){s)ds 



(1.16) 



is a solution of problem (1.15). 

Considering free normal oscillations, we obtain from (1.15) for f = 0 the 
following equation for modes of oscillations. 



{uAq F R)v = Xv. (1-17) 

Let us perform the substitution v = Aq^w. Then 

L{X)w := (/ + ly-^RA^^ - Ai/"^ Aq ^) w = 0 (1.18) 

Hence, we just obtained a spectral problem for the linear operator pencil T(A); 
this problem satisfies the conditions of the second Keldysh theorem (see Section 1.6.4). 
Indeed, operator in (1.18) is a completely positive compact operator that 

belongs to class &p for p > 3/2, in virtue of the asymptotic formula (1.11). Further, 
operator RAq^ = {RAq^^‘^)Aq^^‘^ is compact, because operator RAq is bounded 
and Aq is compact. 

From the second Keldysh theorem, for equation (1.18), the existence of a 
sequence of normal eigenvalues Xk with Re Xk Too as A: ^ oo follows; here, only a 
finite number of eigenvalues Xk can be situated outside any sector | arg A| < 6 of the 
complex plane. Further, to each eigenvalue Xk there correspond dk eigenelements 

1 < / < dk, of problem (1.18), and to each eigenelement there 

corresponds possibly a finite collection of associated elements 1 < p < nrijk — 1, 

where rrijk > 1 is the length of the Jordan chain consisting of the eigenelement 
and its associated elements. 
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The union of all such canonical systems of elements (see Section 1.6.2), for 
all /c, forms according to Keldysh theorem a complete system in Jq{D). This means 
that, for any element w G there exists a linear combination of elements 

that approximates the element w in the norm of the space Jq{D) with any accuracy. 



N{e) dk 

“-EE E 

k=l j=l p=0 



< e. 

L2{n) 



The fields = Aq are solutions of the equation 

= ^kV^k°\ 1 < j < 4, fc = 1, 2, . . . , 



(1.19) 



( 1 . 20 ) 



If G P(Ao), then denoting w ■= Aqv, we obtain from (1.19) 



Ao 



N{e) dk rrijk-l 

-EE E 

k=l j = l p=0 



< e. 

L2{^) 



( 1 . 21 ) 



Accordingly, the system is complete in the domain of definition V{Ao) of 

operator Aq in the graph norm. Therefore, it is complete in V{Aq) in the norm of the 
space Jd(f^) = P(A^^^) and also in the norm of Jo{D). Since D{Aq) is dense in Jq{D) 
and Jq{D) is dense in Jq{D), then this system is dense both in Jd(f^) and Jq{D). 

Let us note that to each collection 0 < p < — L there corresponds 

a collection of particular solutions of the homogeneous equation 



— = —uAqu — Ru (1.22) 

of the form 

,-A., ("^U-P) _ ^ + (-l)P^ ^ (L 23 ) 

Hence, near any stationary motion of a viscous fiuid in a closed cavity there 
exists the complete system of oscillations (1.23). 



7 . 1.5 Small Movements of a Fluid in a Rotating Container 

The problem on movements and normal oscillations of a viscous fiuid filling a container 
and performing movements close to a uniform rotation, is related to the previously 
considered problems. 
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Suppose that the angular velocity ujq = ujoe^ of the container is constant in the 
nonperturbed state and the fluid performs a rigid rotation. Then, in the nonstationary 
coordinate system Ox 1X2X3, rigidly connected to the container, the fluid does not 
move, that is, the velocity field equals zero, and the nonperturbed pressure is 

Po(^) = -pgx 3 + (^1 + ^2) + const. (1-24) 

Let us next consider those small movements of a fluid in a cavity that are 
close to a uniform rotation. For the velocity field u{t, x) and the dynamic pressure 
p(t,x), we obtain instead of (1.1)-(1.4) the following problem, 

du 1 

— — 2(jJqu X €3 = jyAu Vp + /, divit = 0 in fl, (1.25) 

ot p 

n = 0 on S = dfl, u{ 0 ,x) = u^{x). (1.26) 



Projecting the first equation in (1.25) onto Jo(^l) and introducing the Stokes operator 
Aq, we obtain the Cauchy problem 

du 

— - -uAqu + Ku + Pof, u( 0 ) = e Jo(n), ( 1 - 27 ) 

where Ku 2ujqPq{u x 63) is the gyroscopic or Coriolis operator that was mentioned 
in Section 6.1 and in other chapters. Let us recall that this operator is skew-summetric, 
that is, = —K^ and its spectrum cr{K) coincides with the interval on the imaginary 
axis [— 2io;o, 2ia;o]. 

Since X is a bounded operator, then —i^Aq K is the generating operator of 
the analytic semigroup exp(t(— i/Aq + K)), and the weak solution of problem (1.27) 
is given by the formula 



u{t) = exp{t{-uAo -h K))u^ + [ exp {{t - s){-uAo + K)) {Pof{s))ds. 

Jo 



(1.28) 



As in the previous section, we obtain that, if G Jq(^) and {Pof){t) satisfies a 
Holder condition with respect to t in the norm of L2(^l), then problem (1.25)-(1.26) 
is univalently solvable, its solution u(t^x) can be found by formula (1.28), and, for 
t > 0, the function u{t,x) belongs to the space Jq(^^). Besides, the law of kinetic 
energy balance is valid for any t > 0, 



P\Ht)\\Un) 



= P\\u°\\l^(Q)+ 2 p ( -i/||rotw(s)||i^(5^) + (/(s),u(s))^^(fj)| ds. (1-29) 

0 
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For the normal oscillations u{t,x) — exp{—Xt)v{x), if f{t) = 0 , we obtain 
from (1.27) the following spectral problem 

{lyAo + 2iuJoT)v = Xv, v e D{Ao) C Jo{D), (1.30) 

where T := [i/(2iu;o)]^ == and the spectrum of operator T coincides with the 
interval [—1, 1]. 

Equation (1.30) belongs to the same type of equations as (1.17), but here 
R := TiuqT is a bounded operator and \\R\\ — 2uJo. That is why, in case of problem 
(1.30), all general conclusions in the previous section concerning the structure of its 
spectrum and the completeness of the system of eigen- and associated elements are 
still valid. 

The explicit form of operator R allows us to clarify some of the properties of 
the eigenvalues Xk- Namely, for problem (1.30), these eigenvalues are located in the 
halfband 

uXi{Ao) < ReXk < Too, |ImA/e| < 2cjo, (l-^l) 

where Ai(^o) is the smallest eigenvalue of the Stokes operator. Indeed, if Xk and Vk 
are an eigenvalue and a normalized eigenelement in Jo{D) of the problem (1.30), then 
in virtue of the properties T = T* ^ ||T|| = 1, the following relations hold true, 

i/(AoWfe,Vfe)£„(n) = ReAfc, 

2u>o{Tvk,Vk)L2(Q) =ImAfc, 

from which the estimates (1.31) follow. 

Hence, for the oscillating fading modes that appear in the given spectral 
problem, the fading decrement is bounded from below by the positive constant 
iyXi{Ao) that depends only on the shape of region D and the kinematic viscosity 
z/, and the frequencies of oscillations ImA^ are bounded in module by twice the 
angular velocity of the system’s rotation. Moreover, let us note that, for cuo 0, 
the eigenvalues Xk = Xk{coo) of problem (1.30) converge to the eigenvalues uXk{Ao) 
of the Stokes problem (see Section 7.1.3), and the frequencies of normal oscillations 
Im Xk converge uniformly to zero. 

In Section 1.6.10 we obtained results on the asymptotics of the spectrum 
of an operator pencil of the form (1.6.49). From those results and in virtue of the 
asymptotics (1.11) for the eigenvalues of the Stokes operator, we obtain the following 
result for the eigenvalues of problem (1.30): 

An = J^A„(^o) [1 + o(l)] , n ^ 00. (1-32) 
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7.2 Small Movements of a Gyrostate Around a Fixed Mass Center 

In this section, we investigate the linearized equations of the motion of a body and 
the fluid near an immovable state. Here, we focus on an operator that is related to 
the translational motions of the fluid. Its properties wil be studied in detail. We prove 
a theorem of existence of a solution of the Cauchy problem by introducing a new 
equivalent norm in the space L 2 (fl). Some of the properties of normal oscillations will 
be considered as well. 



7.2.1 Statement of the Problem and the Basic Equations 



Let us assume that the hydromechanical system “body + fluid” is a gyrostate, that 
is, the fluid Alls completely the cavity ft. We choose the pole O of the nonstationary 
coordinate system Ox 1 X 2 X 3 rigidly connected with the body in the mass center C. 
Moreover, let us assume that in a nonperturbed state the whole system is immovable 
and then, under the influence of small external forces and initial conditions, it starts 
to perform a small movememnt around the fixed mass center. 

The moment of the amount of motion is described by the linearized equation 
(3.1.25) in which loq — 0, that is, in which there is no rotation in the nonperturbed 
state, 

Je + p^ / (r X u)dQ = M, (2.1) 

Jq 

where M = M{t) is the moment relatively to the mass center C of small external 
forces influencing the system (this moment is written down in the stationary 
coordinate system Oy\y 2 yz^ see Section 3.1), e — duj/dt is the angular acceleration 
of the body, u{t,x) is the field of relative velocity, and J = Jf is the tensor of 
inertia of the whole system. 

The linearized Navier-Stokes equations that describe the motion of the viscous 
fluid in the cavity Q, can be obtained from (3.1.26) for cjq 0: 



du 1 r -7 A ^ 

— + s X r = -- Vp + uAu + /, 
ot p 

u = 0 on S = df}. 



divu = 0 in ^ 1 , 



( 2 . 2 ) 

(2.3) 



The initial conditions are given by the following equations 

ii(0,x) = ti^(x), u;(0) = (2.4) 

We next derive the law of full energy balance for a classical solution of problem 
(2.1)-(2.4). Let us scalarly multiply equation (2.1) by iv{t) and equation (2.2) by pu 
and then integrate over the region Q. Taking into consideration the orthogonality of 
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the fields Vp and u in £ 2 ( 0 ), we obtain 



= M ' (jj. 






X r ) • udft = up Au • udQ + p f • udft. 



Adding up these identities and using formulas (2.2.13), (2.2.14) and the identity 

3 



|r^jp = 2|rotnp, we obtain the relation 



if J -\-2p J (u; X r) • udO^ 

= —pu I Irottipdfl + P / f + M • u;, (2.5) 

Jn Jq 

which shows that the modifications of the kinetic energy of the system (the potential 
energy of a gyrostate fixed at the mass centre C is constant) is caused by its dissipation 
in the fluid and by the work of external forces in the system. 

7.2.2 Transition to a Differential Equation in a Hilbert Space 

If we find the angular velocity e = du;/dt from (2.1) and substitute it into the equation 
(2.2), we obtain 

S " (•'“' In (■■ " t) 

divix = 0, fi := f - x r. (2.6) 

Let us analyse in details the second term in the left side. Fields of the form cx r, where 
c is a constant vector, form a three-dimensional linear space with the basis fields 
Wi := a X r, i = 1,2,3. The term we are considering has that form, and therefore, 
the expression 

p J ^ v)dll^ X r (2.7) 

can be viewed as a linear operator acting, for example, from Jo{fl) into the three- 
dimensional subspace £^3 C Z/ 2 (Ll). If the projector Pq onto the subspace Jo(^) is 
applied to expression (2.7), then the formula 



( 2 . 8 ) 
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defines a finite-dimensional operator B that maps into another three-dimension- 

al space. We will refer to 5 as the translation operator. 

Applying Pq to both sides of the first equation in (2.6) and extending the 
operator —PqA to the Stokes operator Aq, we obtain the problem 

d'li, 

{I - B)— = -iyAou + Pofi, u{Q) = uP. (2.9) 

7.2.3 Properties of the Translation Operator 

Let us now investigate the properties of operator B. For any u and v from Jo(f^), 
using properties of the triple scalar product of vectors, we have 



(5'u,‘u)2,2(Q) = Pq 
Jq 



• vdfi 



p fj ^ f {r X u)df7 

. \ Jq j 

J J~^ (r X X r • vdO, 

/ J~^ / (^ X u)dfl • (r X v)dft 

Jn Jn 

pJ~^ (r X u)dn^ • (r X . (2.10) 



Since the tensor of inertia J is symmetric, then the right side of (2.10) depends 
symmetrically on u and t;, and, therefore, ^ is a self-adjoint operator. Further, for 
V — u we obtain 



{Bu,u)l^^q^ = pj ^ (r X u)dQ^ • {r x u)dQ^ > 0, (2.11) 

that is, B is a nonnegative operator. 

The proof of positive definiteness and invertibility of operator I ~ B requires 
a more detailed reasoning. Let us recall that the tensor of intertia J equals the sum 
of the tensor of inertia of the body and the tensor of inertia of the hardened fluid 
Jy, which for any vector a can be defined by formula (3.1.25): 

Jfa :=p {r X {a X r))dO. (2.12) 

Jq 

We use the following identity from vector analysis: 



{a X r) ■ {a X r) = a ' {r X {a X r)) . 
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Assuming that 



we obtain 



a := pj' 



■ 7 < 



r X u)dQ, 



p{{a X r),(a x = p{a,r x (a x =a Jfa. 

Let us calculate 



P{{^ L2{^) 

= p{u,u)l2{Q) - p{Bu,u)l^^q) 

= p{u,u)l 2 {Q) - a Ja 

= p\\u-{a X -p((a x r),(a x + 2p (m, (a x - a Ja 

= p\\u — (ax — a ■ Jfa + 2Ja ■ a — a - Ja 

= p\\u -(ax + a • JbC > 0. 



We obtain that 7 — 5 is a nonnegative operator. Further, we show that the left side 
equals zero if and only if tx = 0. Indeed, from the fact that the term a • J^a equals 
zero, it follows, in virtue of positive definiteness of the tensor of inertia J^, that 



a — pJ W (r X u)dQ = 0. 

Jn 

Then, according to (2.8), Bu — 0; therefore ?/ — 0, because the term p||(7 — B)u\\‘^ 
equals zero. 

Hence, operator I — B equals zero at zero only. Since ^ is a finite-dimensional 
operator, according to Fredholm theorem, the operator I — B has a bounded inverse 
operator, (7 — 

To conclude, the translation operator B is finite-dimensional, self-adjoint, and 
satisfies 0 < < 7. These properties of operator B make it possible to perform a 

transition from equation (2.9) to an equivalent equation. 



du 



dt 



iy(I-B)-^Aou + (I-B)-^Pofi. 



(2.13) 
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7.2.4 Existence of Solutions of the Evolution Problem 

We introduce a new scalar product in the space defined by the formula 

{u,v):=i{I-B)u,v)^^^^y (2.14) 

In virtue of the properties of the translation operator, there exists a constant c > 0 
such that for all u from Jo(^l) 

1,2(0) < ((-f- < («,«)l2(0)- 

Hence the norm 

||m||b := 

that corresponds to the scalar product (2.14), is equivalent to the ordinary norm in 
Jo(0), that is, 

^\\'^\\L2{n) ^ II'^IIb < \\u\\L2{n)- (2.15) 

The operator {I — whose domain of definition coincides with T>{Ao)^ 

is self-adjoint in the scalar product (2.14). Indeed, if for some v G Jq(^) and any 
u G T>{Ao) the following inequality holds true 

|((7 - By^Aou,v)\ < k\\u\\B, 



then 

\{Aqu,v)l^(^q>i\ < /cII-uIIb < ^||'^||l2(^^)5 
and, therefore, v G T>{Aq) and 



{{I-B) ^Aqu,v) = = {u,Aov)l^(^q) = {u,{I - B) 



Further, 



{{I - B) ^Aou,u) = {Aou,u)L^(^a) > Ai(ylo)||M|li,(o) > Ai(24o)||w||| > 0 

for It ^ 0 and hence the operator {I — B)~^Ao is positive definite. 

Considering now the Cauchy problem for equation (2.13) we conclude that to 
the self-adjoint operator u[I — B)~^Aq there corresponds the semigroup exp{—i't{I — 
B)~^Aq) that is analytic in the right half-plane. If the function (Pq/i)( 0 satisfies a 
Holder condition with respect to t in the norm of the space L 2 (f^), then the function 

u{t) = exp {—iyt{I — B)~^Aq) 

+ [ exp{-u{t - s)(I - B)-^Ao) (I - B)-\Pofi){s)ds (2.16) 
Jo 
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for any G Jo{Ll) is a weak solution of the Cauchy problem for equation (2.13) with 
the initial condition it(0) = u^. 

Hence we obtain the solvability of the initial problem (2.1)-(2.4) on small 
movements of a gyrostate fixed at the mass center C. Besides, the law of kinetic energy 
balance, which follows from (2.5), holds true under the above mentioned conditions: 

\ (p||«(0llL(n) + X w)i,2(n)) 

+ (-^^l|rot«(s)|||^(j^) + ^(/(s),«(s))i,,(n)) ds 

+ [ M{s) ' u){s)ds (2.17) 

Jo 

7.2.5 Normal Oscillations 



Let us consider here solutions of the homogeneous equation (2.13) that depend on 
time according to the law u{t,x) = exp(— A^)v(x), where v{x) are modes of normal 
oscillations. We obtain the equation 



iy{I — B) ^Aqv = Xv. (2.18) 

Since, according to Section 7.2.4, operator v{I — B)~^Aq is self-adjoint and 
positive definite with respect to the scalar product (2.14) and the inverse operator is 
compact, then problem (2.18) hats a discrete spectrum {An}^i that consists of normal 
eigenvalues with the limit point A = -hoo and a system of eigenfields {i;n(3:)}^i such 
that 

u{I - AoVn = Kvn- (2.19) 

These fields form a basis in the space Jo(f^) that is orthonormal in the sense of (2.14): 



I (7 B^Vji • VfYidLl — ^nm'i 

Jn 

y I TotVji ’ roti^TT^dfl — XjiSjim' 

Jn 



( 2 . 20 ) 



Several formulas in Section 2.2.4 were used to obtain (2.20). 

The eigenvalues A^ can be found as consecutive minima of the variational 

ratio 



^ / |rotv|^ 

Jn 



An 



I 

Jn 



(/ — B)v • vdn 



( 2 . 21 ) 
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considered in the set of functions dense in Jo{Q), In virtue of the obvious 

inequalities 

(1 — Xi{B)) — ((^ ~ '^)i/2(Ci) — ll'^llL2(ii)’ (2.22) 

where Xi{B) = Amax(^) < 1 is the maximal eigenvalue of operator B, we obtain from 
(2.21) that the following inequalities take place, 

I'XniAo) <\n< n = l,2,..., (2.23) 

where An(v4o) are the eigenvalues of the Stokes operator (see Section 7.1). From 
(2.21) and the finite dimension of operator B^ it follows that the asymptotic formula 

An = z^An(^o)[l + o(l)], n oc (2.24) 

is satisfied, where the asymptotic behavior of the numbers An(Ao) is defined by 
formula (1.11). 

7.3 Rotating Motion of a Gyrostate 

Here we consider a problem that, on one hand, is a generalization of the problem in 
Section 7.2 on a rotating gyrostate and, on the other hand, generalizes the problem 
in Section 7.1.5, where the rotation axis of the gyrostate was fixed. 

7.3.1 Statement of the Problem and the Basic Equations 

Let us assume that under the infiuence of the long time acting viscous forces and some 
external forces, the system “body + fiuid” (gyrostate) rotates around an immovable 
pole as a single rigid body with angular velocity (jJq = cjoCs. In addition, let us assume 
that the moment of the gravitational forces infiuencing the system equals zero. This 
is possible only in one of the two following cases: 

(1) The angular velocity of the system is so large that the centrifugal forces are 
much bigger than the gravitational ones, and the latter can be omitted. In particular, 
this situation will take place under conditions of low gravity, or for small gravitation. 

(2) The mass center C of the system coincides with the immovable point O 
as in Section 7.2. 

We will consider small movements of the system that are close to a uniform 
rotation. Let us denote the deviation of the angular velocity of the system from u?o by 
u;(t), the small moment of external forces relatively to the point O by AT(t), and the 
given field of external forces infiuencing the system by /(t, x). Assuming that u{t, x), 
u?(^), M{t)^ and the dynamic pressure p{t^x) have small magnitudes of the 

first order, let us write down the linearized Navier-Stokes equations (3.1.26) together 
with the stickiness condition, the equation of moments (3.1.25), and the initial 




22 



BODIES WITH COMPLETELY FILLED CAVITIES 



conditions for the 



du 

+ 2u;o X u -\- 
ot 

divit = 0 in 
dct? 

J — -\- (jJ X J U^Q 

at 



velocity field and for the angular velocity of system’s rotation: 
du? 1 

— xr = --Vp + z/An + /, 
at p 



u = 0 on 5, 

-|- Ct?o X J (jiJ p j X ^ 




r X u)dLt 



(3.1) 

= M, 



tx(0,x) = tx^(x), u?(0) = 



(3.2) 

(3.3) 



7.3.2 Transition to a Differential Equation in a Hilbert Space 

Let us assume that the fields u{t, x) and Vp(t, x) are functions with values in the space 
L 2 (D). Projecting (3.1) onto Jo(f2) by the orthoprojector Pq, introducing the Stokes 
operator Aq, which is an extension of operator — PqA, and the gyroscopic operator 
K = —2iloqT (see Section 7.1), instead of (3.1) we obtain the following 



^ + Po X + i'Aou + 2iLOoTu = Pof, (3.4) 

Tu ;= iPo{u X 63), T = T\ a{T) = [-1, 1], (3.5) 



We consider equations (3.4), (3.2) as a system of differential equations 
relatively to the column vector v{t) := (tx(t, x); u?(t))^, which is a function with values 
in the Hilbert space H := Jo(fl) 0M^. (As we did earlier in some similar problems, we 
assume that a transition to nondimensional variables has already been performed.) 
In short, this system can be written down as an equation 



~iv + {A + B)v = ip{t) := i{Pof){t), M{t)f , 

iv := (^u + Po{ijJ X r)-,p J (r x u)df2 + , 

A := diag(j/ylo; I), Tiu: := — i(es x Jw + u; x Je^), 

/ 2\u)qTu \ 

(^063 X j {r X «)dfi^ + iojoTiu: - u> j 
The initial conditions (3.3) generate the initial element 

n(0)= (Po«°;w°)‘, 



(3.6) 



(3.7) 

(3.8) 



(3.9) 



and therefore, the initial boundary value problem (3.1)-(3.3) is equivalent to the 
Cauchy problem (3.6), (3.9). 
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7.3.3 Properties of the Operators of the Problem 

First of all let us note that operator A is self-adjoint and positive definite, because 
Ao ^ 0 in Jo(r^) and / 0 in Since the Stokes operator Aq has a compact 

inverse operator Aq and I is the three-dimensional identity operator, then A~^ = 
diag(z/~^Q is a compact positive operator in H. We also note that operator A 
has a discrete spectrum that consists of a three-multiple eigenvalue Aq = 1 and the 

eigenvalues Xk{A) = iy\k{Ao), k — 1,2, For the numbers Xk{Ao) the asymptotic 

formula (1.11) holds true, therefore, A~^ G &p for p > 3/2. 

Let us next point out other properties of the operators from (3.7) and (3.8). 
It is eatsy to prove that the operator Ti is self-adjoint in R^. Further, operator B is 
bounded in H, because T is bounded in Jo(fl) and all the other operators (elements 
of the matrix B) are finite-dimensional. 

We note that operator I in (3.7) was mentioned already in the problem 
described in Section 6.2. As it was shown in Section 6.2.3, this operator is bounded 
and positive definite. 

^ 0 < m < M < oo, (3.10) 

in the Hilbert space H = Jo(^l) 0 R^ with the squared norm 

•— P [ \u\‘^dQ \cv\‘^ . (3.11) 

Jn 

Hence it follows, that the inverse operator is also bounded and positive definite 

^ (3.12) 

7.3.4 Normal Oscillations 

Let us consider solutions of the homogeneous equation (3.6) that depend on t 
according to the law exp(— At). We have 

{AyB)v = Xiv, veH, (3.13) 

and in components this equation has the following form (with regard to (3.7) and 
(3.8)), 



uAqu -h 2iujoTu = X {u Pq{u X r)) , 
iuoTiu: -h cuo^s X y* (^ X 'i^)dn^ = X J {r x ti)dfl 0 . (3.14) 
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Let us prove that equation (3.1) has the number A = 0 as an eigenvalue, and 
find out the physical sense of the corresponding solutions vq- In (3.14), we assume 
that A = 0. Then from the first equation in (3.14) we have 

^Py^«lljo(n) + 2iwo(Tu,u)jo(n) = 0. 

Therefore, by the self-adjointness of T and the positive definiteness of we obtain 
that It = 0. Then the second equation in (3.14) leads to the relation 



(jJ{)T\lo — 0. (3.15) 

If equation (3.15) hcis a nonzero solution a; = then equation (3.13) has the zero 
eigenvalue and the corresponding eigenelement of the form (0;a;=^)\ which describes 
a rotation of the whole system with the additional constant angular velocity Let 
us show, that in the most important special case this fact takes place. 

Suppose that the cavity and the considered rigid body are axially symmetrical 
relatively to the axis Oxa, and the tensor of inertia J = J/ in the system Ox\X 2 X^ 
has a diagonal form, with the elements Jn = J22 / -I33. Then, by the definition (3.8), 
equation (3.15) leads to the following relation for a; = 

^2 {J33 — J22) {J33 — Ju) ^2 = 0 - 

From the latter, it follows that cui = cu 2 = 0 and thus problem (3.15) has solutions 
of the form = ae^ with an arbitrary a. To these solutions there corresponds a 
rotation of the whole system around the former rotation axis OX3, with the additional 
angular velocity 0:63. 

Now let us assume that A ^ 0 and consider nontrivial solutions of problem 
(3.14). Substituting a; in the form u; == + 0:63, u;j_ := ^k^k, and using the 

relation Tio; • 63 = 0, we obtain the following expression for the projection of the 
second equation (3.14) onto OX3: 

J {r X U' es)dD -h <aJ33^ = 0- (3.16) 

Since A ^ 0 and J33 > 0, then the next formula for determinig a can be obtained by 
means of the known solution it(x). 




Rotating Motion of a Gyrostate 



25 



Now, substituting a into the equations (3.14), we obtain the system 



uAqu -h 2iuoTu = A + Po{u^± x r) - p J {r x u • e 3 )df^^ id)(e 3 x r)^ , 
ia;oTiu;_L + ^ (^P J ^ tx)dr^^ == A (^pP± ^ ^ u)dft + , (3.18) 



where P± is the orthoprojector onto the two-dimensional subspace formed by the 
axial vectors Ci and €2; in (3.18) the column vector v± := (u;cv±y from the space 
JP± = 0 is unknown. 

Similarly to (3.13), the system of equations (3.18) can be written down in the 

form 

{A^ + B^)v^ = XI^v^, (3.19) 

where the operators with the subscript _L act in H± and were obtained as restrictions 
of the operators (3.7) and (3.8) to the subspace H± by applying the orthoprojector 
diag(/;P^). 

From properties of the operators of problem (3.13) that were proved in Section 
7.3.3, it follows that, in problem (3.19), I± is a bounded positive definite operator 
with a bounded and positive definite inverse operator Further, operator 

A± := diag(i/ylo; P_l) is positive definite, has a discrete spectrum with asymptotics 
(1.11), and a compact positive inverse operator {A±)~^ in the class 6p for p > 3/2. 
Finally, operator B± (as operator B) is bounded in the space H±. 

Let us transform equation (3.19) using the properties of the considered 
operators. In (3.19), we perform the substitution 



^ (3.20) 

and apply operator ' to the left. We obtain the following equation, 

(F + = At/^, F = G = (3.21) 

Since ' ^0 and A± > 0, then F 0 is an unbounded invertible operator, with 
a compact inverse operator F~^ = A~^ from the class 6p for p > 3/2. The 

operator G G because it equals a product of bounded operators. Let us note 

that the eigenvalues Xk{F) of operator F are consecutive minima of the variational 
ratio 
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Because of the finite dimension of the asymptotic behavior of the eigenvalues 
Xk{F) coincides with the spectrum asymptotics of the ratio 
that is, has the form (1.11). 

Further consideration of problem (3.21) can be performed according to the 
scheme that was already used in Section 7.1. This scheme deals with the transition 
from equation (1.17) or (1.30) to a linear pencil that satisfies all the conditions of the 
second Keldysh theorem. Specifically, after performing the substitution Fip — cp in 
(3.21), we obtain the problem 

(7 + GF~^ - XF~^) p> = 0, (3.22) 

where GF~^ E 6oo, and F~^ is a complete positive operator from the class &p 
for p > 3/2. Similar to the considerations in Sections 7.1.4 and 7.1.5, the following 
conclusions follow from Keldysh theorem. 

1° Problem (3.22) together with the problems (3.19) and (3.14), has a 
discrete spectrum that consists of isolated eigenvalues with finite algebraic 

multiplicity and has the limit point A = oo. Moreover, in the axially symmetric case, 
problem (3.14) has the one- multiple eigenvalue Aq = 0, to which there corresponds a 
rotation of the system as a rigid body with the additional angular velocity = ae^. 

2° All eigenvalues Xk are located in the halfband 

ReXk > Ai(F) - ||ReG||, |ImAfc| < ||ImG||, k = 1 , 2 ,.... (3.23) 

where Ai(F) is the first eigenvalue of operator F, ReG := (G + G*)/2, and 
ImG := (G — G*)/(2i). In particular, from (3.23) it follows that Re A/,. ^ Too as 
k oo. 



The proof of properties (3.23) follows from equation (3.21), if we write G in 
the form Re G -h i Im G and observe that G is a bounded operator. 

3° The eigen- and associated elements corresponding to the 

eigenvalues {A/J^i of problem (3.22) form a complete system of elements in 
the space H± = Jo{Ll) 0 C^. Hence it appears that the system of elements 
(v±)fc,g = A'J_^{l]^‘^(fk^q), k = 1 , 2 ,..., is complete in D{A±) in the graph norm 
of operator A±. Hence, the mentioned property of completeness of elements of the 
form {v±)k^q = {uk^q\ {u^±)k,qY takos place in the space F(Ao)0C^, with the squared 
norm + |w±|^- 
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4° For the eigenvalues of problem (3.14), the asymptotic formula 

A/e = z^A/e(Ao)[l +o(l)], /c->oc, (3.24) 

holds true, where the asymptotic behavior of the numbers Xk{Ao) is defined by formula 

( 1 . 11 ). 

Assertion (3.24) {as the similar assertion (1.32) in Section 7.1.5) follows from 
the results of Section 1.6.8 and the power asymptotics of the eigenvalues of the Stokes 
operator Aq. 

7.3.5 Solvability of the Nonstationary Problem 

We consider here the Cauchy problem (3.6)-(3.9). As in Section 7.3.4, let us 
characterize the solution that corresponds to a forced rotation around the axis 0x3, 
namely, let us look for u?(t) of the form 

u;{t) = u?±{t) + o(t)e3. (3.25) 

Also, let us represent M{t) in the form M{t) = M±{t) -h 7(^)e3. 

Substituting these functions into (3.6), we obtain the following relations after 
projecting onto 63, 

— (a(t) J33 + p{t)) = 7(t), 

P{t) = p {r X u{t, x) • 63) dfl — p j Po(^3 X "^) • udQ. (3.26) 

Integrating (3.26) between the limits 0 and t we have 
a{t) = • 63 - if ^ [Pou{t,x) - Pqu^) dQ J 7(s)ds^ . (3.27) 

This formula allows us to find the unknown function a{t) from the known 
solution u{t,x) and initial data (3.9). 

For the solution v±{t) = {u{t)]u:±{t)y we obtain the following Cauchy 
problem from (3.6)-(3.9) and (3.27), 

^^I±vx + {A± + B^)v^ = ^^{t), v^{0) = {Pou°-,u:l)\ (3.28) 

where operators A± and B± are the same as in problem (3.19). Applying to (3.28) 
the bounded positive definite operator (/±)“\ we have 

^ + {{I±)-^Ax + {I±)-^BP vx = {I±rW±{t)- 



(3.29) 
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Since operator A± is positive definite in H±^ then operator {I±)~^A± is self-adjoint 
and positive definite in the space Hj^ of functions with the squared norm {I±v±, 
'^±)h±- This fact insures that {I±)~^A± is the generating operator of the analytic 
semigroup exp{—t{I±)~^A±). Since {I±)~^B± is bounded, then operator {I±)~^{A±-{- 
B±) is also a generating operator of the analytic semigroup exp{-t{I±)~^{A±-\-B±)). 
Therefore, the solution of the Cauchy problem corresponding to equation (3.29) is 
given by the formula 

v±{t) = exp {-t{I±)~\A± + Bx)) V±(0) 

+ [ exp{-it-s)iIxrHAx + Bx)){Ix)-W±{s)ds. (3.30) 

Jo 

From (3.30) it follows that if, in the initial problem (3.1)-(3.3), u^{x) e Jo{D), 
Pof{t^x) satisfies a Holder condition in t in the norm of Jo{D)^ and M±{t) satisfies 
a Holder condition in t, then problem (3.1)-(3.3) is univalently solvable and its 
generalized solution {u{t);u;{t)} can be found by the formulas (3.30), (3.25), and 
(3.27). Here, u{t^x) for t > 0 belongs to the space Jq{D) and is a continuous function 
of t; u;{t) is also a continuous function of t. For this solution, the law of full energy 
balance holds true. Finding its expression is left to the reader [in particular, see (2.5)]. 

In conclusion, let us notice that the method used in this section can also be 
applied to the problem considered in Section 7.2. For that purpose, one should assume 
that o;o = 0 in the initial problem. Let us point out that in this case rotations of the 
system as a rigid body around an arbitrary axis, not just around the axis Oxs, should 
be taken as trivial solutions. 



7.4 Asymptotic Solutions for High Viscosity 

In this section, we consider the same problem as in Section 7.3 in the case of large 
viscosity values. Since the coefficient of kinematic viscosity r/ is a dimensional quantity, 
it is natural to consider the nondimensional Reynolds number Re= where I is 

the characteristic size of the region and u is the characteristic velocity. However, 
one should assume that the units of length and time are chosen in such a way that the 
Reynolds number coincides numerically with Further, let us consider the case 
of a large parameter u. For this assumption we can build the first two terms of the 
formal asymptotic expansion of the solution of the problem by powers of The 
basics of this method were stated in Section 1.7.6. 
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7.4.1 Solving the Hydrodynamics Problem 

Let us consider equation (3.4) while assuming that the field / is potential and u? is a 
known function. We have 

~ (^^ X - 2i/“^Po X u) . (4.1) 

If the viscosity ly is high, then (4.1) is an equation with a small parameter attached 
to the derivative. Here, operator (— Aq) has a bounded inverse operator. Therefore, 
according to the theory stated in Section 1.7, the approximate solution of equation 

(4.1) can be looked for in the form 

N 

UN{t-, (4.2) 

/c=0 

can be defined in such a way that the function UN{t\v~^) differs from an 
accurate solution of equation (4.1) in some magnitude of order Substituting 

(4.2) into (4.1) and identifying the coefficients of equal powers of we get to the 
following formulas for 

= 0 , 

u»'=-VP.(^xr) 

A (u.„xum), 

= -A ~^ — 2Aq^Po (u;o x . (4.3) 

In particular, these formulas show that in first approximation only translational terms 
influence the motion of the fluid; the influence of Coriolis forces becomes noticeable 
only in second approximation by 

Further, we consider only the first two approximations. Let us denote by Si 
the projections of angular acceleration e = div/dt onto the axes Oxi and assume (as 
in Section 7.3), that cjq = ujoe^. Then formulas (4.3) can be transformed as follows: 

3 

^Po(ei x r), 

i=l 

^ de ^ 

„(2) ^ ^ ^Ao'^Poiei X r) + 2a;o^eiAo ^Po (ea x Aq ^Po(e3 x r)) . 

i=l 2=1 
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Hence, it follows that the problem of determining can be reduced to solving three 
sets of stationary problems for finding the functions 



= -^o^Po(ei X r), 

= -^0 

uP = -2Aq^Po (^63 X . 

Let us write down these problems in their classical form. 

(1) The problem for determing 

X r, divt/;-^^ — 0 in 
=0 on S' = Oil, 2 = 1 , 2 , 3. 

( 2 ) The problem for determining 

divtyp^ =0 in 
=0 on S, 2 = 1 , 2 , 3. 

(3) The problems for determing : 

-h 2 ^63 X , diviyp^ =0 in fl, 

i;P=0 onS, 2 = 1,2,3. 



(4.4) 



(4.5) 



(4.6) 



(4.7) 



The following fact is of a significant, practical value: The solutions of these 
problems depend only on the region and do not depend on time and characteristics 
of the motion. 

The approximate solution of equation (4.1) that satisfies that equation with 
accuracy up to 0(i/“^) has now the following form. 



U2 



■‘E 



£iw\^"' + 1 / ^ 






2 = 1 



2=1 



SjV, 



( 2 ) 



(4.8) 



7 . 4 . 2 . Asymptotic Equations of the Motion of a Rigid Body 

To get an equation of motion of the body, one should replace u in equation (3.2) by 
U 2 given in (4.8). Let us calculate the gyrostatic moment that is included in (3.2): 



L = p 




r X u)dfl = 



ly ^ L\ + u ^L 2 i + ly ^-^ 22 - 



(4.9) 
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Li = = -pJ 2 



where the components of tensor have the form 



Similarly, 



where 



€j ' [wl X r) df]. 



T d ( 2 )^^ 



€i ■ Ir X w] ] dO 



L22 = pwoQ^^'e = pwo 



C^= 



where 



Let us point out some properties of the tensors P^‘^\ and Q^‘^\ The 

tensors P^^^ and P^^^ are symmetric and there are some positive definite quadratic 
forms that correspond to them. Indeed, 

Ci ' = / Cj • ^ X r) dQ 



Jn 

= / {ej X r) ‘ AQ^Po{e^ X r)dn 
Jn 

= [ Po{ej X r) - A~^Po{ei X r)dQ. 

Jn 



Similarly, 



PV’ = J^ej-(rx wf ^ 

= / {cj X r) • Aq^Pq {ei x r) dQ 

Jn 

= [ A^^Poiej xr) • AQ^Po{e^xr)dn, 
Jn 



( 4 . 14 ) 
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and all the assertions follow from the fact that the operatorAg ^ is self-adjoint and 
positive. Further, from the equality 

Q[f = €j ’ (j* X dO = {cj X r) • v-^^df7 

= 2 / {Cj X r) • A^^Po (c 3 X x r)) dQ 

Jn 

= 2 / A~^Po{ej X r) • (ea x A~^Po{e^ x r)) dfi, (4.15) 

Jn 

it follows that is an antisymmetric tensor. 

Let us note that equalities (4.14) and (4.15) can be written down as follow 

Jn 

Q[f J ' (^3 X (4.16) 

Therefore, in order to set up an equation of motion for the body, it is sufficient to 
solve only the first set of boundary value problems (l)-(3), that is, the problem of 
finding the functions The tensors and can be expressed in terms of 

these functions. 

We call P^^^ and P^^^ the tensors of translation of the first and second order ^ 
respectively, and the Coriolis tensor. All these tensors are defined only by the 
shape of region D. The magnitudes P//^ have dimension f , and P-^ and have 
dimension where I is the characteristic size of the cavity. 

Having the representation (4.9) for the gyrostatic moment and the formulas 
(4.10)-(4.16) for its terms, let us substitute (4.9) into equation (3.2) of the kinetic 
moment. We obtain the following 



d / _1 -r-kM 1 dCc? 9 9 d(x? 



T UJqCV X J 63 + X J (jJ 

d^ 



+ pcJoe3 X -u 






= M, (4.17) 



with accuracy up to 0{u~^). This is an ordinary differential equation of the third 
order with respect to the vector- valued function By the positive definiteness of 
matrix P^‘^\ this equation is solvable relatively to the third order derivative d^u;/dP. 
After performing this substitution, we obtain a differential equation that contains the 
small parameter attached to the derivative of the highest order. The theory of 
integration of such equations is well developed. 
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Hence, the initial problem (3.1)-(3.3) on dynamics of a rotating rigid body 
with a cavity completely filled with a fiuid with high viscosity is reduced to the 
problem on solving asymptotically the ordinary differential equation (4.17), that is, 
it is reduced to a much simpler problem. 

7.4.3 An Example 

Let us consider the case i = 3 as an example of solving the boundary value problems 
(4.5). Then, 



Aw 



( 1 ) 



—Vsi^^-hxie 2 — X 2 ei, divit; 



( 1 ) 



0 in Q. 



The first equation can be reduced to two scalar equations if its solution is sought in 



the form = (pi(x)ei V (f 2 (x)e 2 , 53^^ = s(xi,X 2 )- Then 



ds . ds 

== X2, Aif2 = h Xi. 

UXi 0 X 2 

Eliminating s from these equations we obtain 

A f = -2. 

y UX2 ux\ J 

In order to satisfy the incompressibility condition d^\! dx\Vd^ 2 l dx 2 — 0, we assume 
that 

d'i \)3 

dx2 ’ dxi ' 

For the function V^a(x), we obtain the following boundary value problem: 



A (A2'03) = -2 in fl, 
d'lpz 



A2 T 



dx\ 8 x 2 ’ 



- = 0 on 5. 

UXi 0X2 

If a solution ipz{x) of this problem is found, then 

(1) _ ^V'3 



Wr, 



a ei - ^—62 = V^/)3 X 63 

8 x 2 ox I 



(4.18) 



(4.19) 



The problems for the functions V^i(x) and 'ip 2 {^) can be formulated similarly. Then 



= VV’j X Si, 



i = 1,2. 
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For some regions the problem (4.18) admits an accurate solution. Let us 
consider as an example an ellipsoidal cavity Q with the equation of the boundary S 
in the form 



A solution of problem (4.18) 



^2 „2 

_1 _L _2 1 :i3 _ -1 
2 ^2 ^2 



0 . 



a 



^2 

can be found as a polynomial of degree 4, 



CLr> 



(4.20) 



V^s(x) = bix^ + 262^1^2 E 63X2 + b 4 x\xl -f- b^x\x\ + b^x\ + b^x^. ( 4 . 21 ) 



Then, equation (4.18) leads to the relation 



1261 + 862 + 1263 + 264 + 265 = — 1, 



(4.22) 



and the boundary conditions lead to the equalities 



2 xi (261X1 + 262X2 + 64X3 + 6e) = 0, 

2x2 (262X2 + 263X2 65X3 + 67) = 0 



that are satisfied on the ellipsoid’s surface. For this purpose, it is sufficient to take the 
coefficients in the two expressions within parentheses proportional to the coefficients 
in the expression in the left side of (4.20). Such an approach gives raise to six equations 
for determining the coefficients 6^ and together with equation (4.22) it allows us to 
determine the seven coefficients 



4aia2 ’ 



bi 

65 

67 

b: 



2afag ’ 

b__ 

20203 ’ 

b 

2a\ ’ 

b 

2o| ’ 

ajahl 

3O3 (oj + O2) + ofo2 (of + of + 2O3) 



(4.23) 
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Let us notice that, for such a choice of coefficients, we have 
d'lps b 



dxi 

d'ip3 

dx2 



jXi 






2 2 2 

rtr » ^ rf » ^ ry * ^ 

JU 1 JU O O ^ 

__L J £ J ^ — 1 

2 ' 2 ' 2 

af 



^3 



^2 ^2 ^2 

Zl \ zl 4_ zA 

2 ^2 ^2 



1 



(4.24) 



0-2 \^1 ^2 ^3 

If the function '03 (x) is known, then one can find the components of tensors and 
with subscript 33. Indeed, from (4.10) and (4.19) we obtain 

= J es • X dfl = — J {xi€2 — X2€i) • 

[ ( X /^^^3 903 \ 

Using formulas (4.24), we obtain the following: 



p(i) 

33 



,/ (4+- 



2 2 
-I ^1 ^2 

2 ^2 



at 



^2 ^3 / 

A transition to generalized spherical coordinates x\ — aiv sinO coscp, X2 — a2rsm6 x 
sin 0 , X 3 = a^r cos 0 allows us to calculate the integral and obtain 

16 



dxidx2dx3. 



p(i) 

33 



105 



7TaiU2Cl3b. 



To calculate P^‘^\ we use formulas (4.16) and (4.19). We have 



p( 2 ) 

33 



= [ • iC 3 ^^df 2 = [ ( 

Jn ^ Ju\ 

= bC (^ + 4 

Jn Vat at 



d-ip3 



dxi 
,2 



+ 



aV’3 



8x2 



dfl 



2 2 

ry *^ /v» " 

X2 X 3 

■^222 



an 






df^. 



The result of this calculation is 
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7~»(2) 7 2 / 2 2\ 

Pss = —7raia2a3b (a^ + ) ■ 



Since the ellipsoid’s axes have similar roles, the functions 0i(x) and 02 (x) can be 
calculated from our previous formulas by using the circular permutation of indexes 
(1, 2, 3) 1 -^ (2, 3, 1) for 0i(x), and (1, 2, 3) t— > (3, 1, 2) for 02 (x). Then, we can calculate 
the components of tensor For example. 






■I 

, f 

' Jn 8 x 3 8 x 3 






128 _ 
dil = 7raia20 Uo 

945 



2^-1 
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7.5 Oscillations of a Pendulum With a Cavity 
Completely Filled With a Viscous Fluid 

The problem considered here generalizes the problem in Section 7.2 to the case when 
the fixed point O of the gyrostate does not coincide with the mass center C of the 
system. First, we will study the plane (two-dimensional) case in which a Pontryagin 
space Hi occurs. In the space (three-dimensional) problem, that is, the problem on 
oscillations of the so-called spherical pendulum, we naturally get the Pontryagin space 
II 2 after several transformations. 

7.5.1 Towards the Statement of the Problem 

Let us suppose that a hydromechanical system is a gyrostate with a fixed point O and 
it is situated on a plane 0 ^ 2 ^ 3 - A fiuid with density p and kinematic viscosity v fills 
completely a region 0 c := {( 2 / 252 / 3 ) • < 2 /z < co, i = 2,3}, where the mass 

center C of this system does not coincide with the pole O. The system is affected by 
a uniform gravitational field of intensity g = — 5^63 (e' are the axial vectors of the 
system Oy 22 / 3 , ^ = 2,3). Thus, the given system is a plane pendulum with a fluid 
filling. 

Being in an equilibrium state, the center of masses C and the pole O are 
on the vertical OC, which is parallel to vector g. We consider small oscillations of 
the pendulum that are close to the equilibrium state. The pendulum position at 
any time is characterized by the vector of angular displacement 8 = ^iCi, where 
d = e [ = 62 X 63. In the nonstationary coordinate system 0x2X3, rigidly connected to 
the body, the radius- vector rc of the center of masses C is clearly equal to re = — ^^ 3 , 
where / > 0 is the length of segment OC (the length of the mathematical pendulum). 
Therefore, the moment of external gravitational forces M{t) with respect to the pole 
O is equal to 



M{t) = m {rc X g) — —mgl {e^ x 63) = —mgl sint^i ei, 

where m = is the total mass of body and fluid, that is, of the whole gyrostate. 

For a small pendulum displacement from the vertical, sin ^i. Introducing 
the field w = w(t,x) of related displacements of the fluid connected to the field of 
related velocities u{t,x) by the relationship dw/dt = u{t,x), and also the field of 
dynamical pressures p(t,x), x = (x2;x3) G Q, from equations (2.1)-(2.4) [see also 
(3.1.25), (3.1.26) when loq = 0] we get the following initial boundary value problem, 

-fp ( X r j ^ -Vp-h//A-^, divt(; = 0 m fl. 
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y ^ + mglS = 0, w = 0 on dO, 

w{0,x) = w°{x), ^{0,x) = u°{x), S{0)^S°, (5-1) 

where Ji > 0 is the tensor component of the inertia system with reference Oxi = Oyi, 
and p = pu is the dynamical fluid viscosity. 

We note that, for solutions of the problem on small plane gyrostate 
oscillations, the law of a full energy balance is valid. 




and it can be derived in a similar way to the derivation of law (2.5). Here, the second 
term on the left characterizes the change of the potential energy of the system, and 
the first, just like in (2.5), is the change of kinetic energy. 

Formally, if we think that in the case of the pendulum movement the fluid 
in the cavity does not perform any motion {w{t,x) = 0, p{t,x) = 0), then, for S in 
equation in (5.1), we get that S{t) depends on t according to the law exp {iiOo't)^ where 
cJq := mgl/Ji > 0 is the squared frequency of oscillations of the pendulum with a 
hardened fluid. Furthermore, we will assume that cjq > 0. 



7 . 5.2 Transition to a System of Operator Equations 

Let us assume that the fields w{t, x) and Vp(L x) in (5.1) are functions of the variable 
t with values in L 2 (fl). Then it is obvious that w{t,x) G Jo(^) ^md Vp(t,x) G G{fl). 
Introducing the ortoprojector Pq onto Jo{fl) and applying it to the first equation in 
(5.1) we get the system of equations 

/r r ex a 

(/ill/; + Ii2^) F ~ 

d^ 

{hi'^ F h2^) F Ji^o^ = 0, (5.3) 



Inw : = pw, luS pPo{S x r), 
hiw \ = p {r X w)dO, 

Jn 



122 ^ := Ji^, 



(5.4) 
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where Aq is the Stokes operator (see, for example, Section 7.1), and cjq > 0 is the 
previously introduced frequency of oscillations of a pendulum with a hardened fluid. 

In a vector-matrix form, problem (5.3)-(5.4) together with the initial 
conditions (5.1) can be interpreted as a Cauchy problem for a differential equation of 
the second order in the Hilbert space H := Jo{Ll) 0 R: 

~ dv ~ 

+ Aq— + JiLolPv ^0, •y(O) = i;'(0) = uS (5.5) 

i ■= {Iikfi,k=i > ^0 := diag(^o;0), P := diag(0; 1), (5.6) 

v{t):={w{ty,S{t))\ v^={w^-,S^)\ = («0;u;0)‘. 

We should mention here that operator I [in a slightly different form that corresponds 
to another determination of the scalar product in if, see (6.2.8)] was studied in 
Sections 6.2.2 and 6.2.3 (see also Sections 7.3.2, 7.3.3). In those sections / was assumed 
to be a bounded positive deflnite operator. 

We consider normal oscillations of the gyrostate, that is, such solutions of 
problem (5.5) that depend on t according to the law exp (—At). For an amplitude 
function v — {w; Sy ^ H we get the spectral problem 

X^iv - X/j,Aov 0 JiujIPv — 0, (5.7) 

with the operator coefficients (5.6). 

If we formally assume in (5.7) that I \2 = /21 — 0^ f^en this problem splits 
into two independent problems 

p [X^w — XipAow) = 0 , 

Ji (A^(5 0a;2(5) = 0, (5.8) 

corresponding, respectively, to dissipative internal waves in a completely fllled immov- 
able container (see Section 7.1) and one-dimensional oscillations of a mathematical 
pendulum (a gyrostate with a hardened fluid) with the eigenoscillation frequency tUQ. 

As it will be stated later, in the general case, when I 12 = I 21 / 0, many 
common properties of the solutions of problems (5.8) are the same for the problem 
(5.7). 
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7.5.3 The Indefinite Metric Approach 

To study both the Cauchy problem (5.5)-(5.6) and the spectral problem (5.7) we 
can use the indefinite methods presented in Section 1.3. With this aim in mind, we 
introduce in (5.5) the field of fluid velocity it(t, x) = dwjdt and the angular pendulum 
rotation velocity cj{t) = dS/dt. Then (5.5) may be interpreted as a Cauchy problem 
in the Hilbert space := iT 0 M = Jq(Q) 0 M 0 R, as follows: 



+ Az = 0 , z{0) = 



(5.9) 



/ hi Ii2 O \ / /iAq O O 

J \ hi I 22 O 1 ^ := I O O JiuJq I , 

\0 O -JiLU^ ) \ O JiLol O 

z{t) := {u{t); iv{t); S{t)f , z^ = (u^; cjq; . 

Here, the field of displacement 



w(t,x) = w^(x) -h / u(T,x)dr, x = (x 2 ;x 3 ) 

Jo 






(5.10) 



can be obtained from the solution u{t,x) of the problem (5.9)-(5.10). 

For the spectral problem (5.7) with A / 0, we make the substitutions 
u = —Xw, uj = —\8. Applying the same substitutions to (5.9) we get 



Az — XJz, z = (tx; 5)\ 



(5.11) 



Let us consider the properties of operators J and A^ defined by formulas 
(5.10). Since the operator / = {hk)^ k=i bounded and positive definite in 
H := Jo(fl) 0 C, and JilOq > 0, then the operator J :=diag(7; - Jiljq), acting in 
if :=i/0C, is self-adjoint and bounded, and its form ( J'z, z ) ^ has only one negative 
square. The inverse operator exists and equals =diag(/“^; 

As for A, it is an unbounded self-adjoint operator, with a discrete spectrum, 
having a compact inverse operator. 






0 0 \ 

0 0 {Jiujiy' 

0 0 y 



(5.12) 



The form {Az, z)fj, defined on T>{A) = T>{Ao) 0C0C, has only one negative square 
because Aq 0. 
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To obtain properties of the solutions to problem (5.11) we represent J as 
\J\ = diag {i\ J 2 W 0 j » 0, 

J : - diag (/h; -1) , Ih = diag (7o; 1) » 0, (5.13) 

and we make in (5.11) the following substitutions 

Z = A = e-^ (5.14) 

Instead of (5.11) we get the next problem on eigenvalues, 

ICi) = ei), /C:= (5-15) 

for a compact J-self- adjoint operator /C acting in the Pontryagin space Hi = H with 
the scalar product := (J(^,'0)^. 

Since JC is an invertible operator because its factors in (5.15) are invertible, 
then the root subspace Lq{IC) corresponding to the value 5 = 0, is the zero subspace. 
Therefore, according to a criterion formulated in Section 1.3.7, problem (5.15) has a 
discrete spectrum consisting of eigenvalues Sk > 0 of finite multiplcity with a limit 
point at zero as well as a pair of eigenvalues Sq and Sq that can be two complex 
conjugate nonreal numbers. The system of eigenelements ipk corresponding to the 
numbers Sk together with the eigenelements 'ipQ and corresponding to the numbers 
and £q forms a Riesz baisis in H = MO) 0 C 0 C. Here, the elements 
form a J-orthogonal basis for a uniformly positive subspace T+ invariant with respect 
to /C, and the expansion H = X+[0]M, where M is the two-dimensional subspace 
with basis and takes place. If , then the elements 'ipQ and 'ipQ are 

J-neutral: [</’*,'»/’*] = (^V’^,'0 ?)h = 

By (5.14) and going from (5.15) back to problem (5.11), from the properties 
mentioned previously we conclude that problem (5.11) has a discrete spectrum 
consisting of positive eigenvalues A/c, with a limit point A = 0oc, and two more 
eigenvalues Aq and Aq that are possibly complex conjugate numbers. The eigen- 
elements {zk}^^i corresponding to the numbers {A/c}^^ form a j7-orthogonal basis 
for a uniformly positive subspace invariant with respect to operator In 

this regard, H — where A4 is a two-dimensional subspace with basis 

and z^ and the symbol [+] represents the j7-orthogonal sum. The elements 
can be chosen to be J"-orthogonalized, 

^m\ — (»^ ^k'! ^m) fj “ ^km- (5.16) 

If Aq and Aq are complex conjugate, then the elements z^ are J'-neutral, 

[z^ +o,z^]={jz^,z^)fj = Q. (5.17). 
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7 . 5.4 Other Properties of Solutions of the Spectral Problem 

Let us return to problem (5.7) and get those properties of its solutions that are not 
based on the approach in Section 7.5.3, but can be deduced from properties of the 
coefficients /, Aq, and P. 

1° Problem (5.7) has the obvious solution 

A-0, <5 = 0 , weJo{f^). (5.18) 

This solution corresponds to an infinitely multiple eigenvalue and a state in problem 
(5.5), related to a new — different from the original — position of the fluid particles in 
region Cl. 

Excluding such physically obvious solutions, we will further consider the case 

A ^ 0. 



2° All (nonzero) eigenvalues of problem (5.7) are located in the half-plane 
Re A > 0. (Due to the results proved in Section 7.5.3, this property means that 
condition Re A J >0 is satisfied for the pair of eigenvalues A J mentioned at the end 
of Section 7.5.3.) 

To prove this, we divide (5.7) by A (^ 0), scalarly multiply in H by v, and 
then take the real part. Thus we get 

ReA ^ + JiLul\X\~'^ (^Pv,v^ = n{AoV,v)fj . (5.19) 

Since / ^ 0, P > 0, and Aq > 0, from (5.19) it follows that ReA > 0. If A = ia / 0, 
a G M, and from (5.7) we immediately deduce that ap{AoV^v) — 0, whence it follows 
that V = ( 0 ; 5 )^ with arbitrary <5 = SiCi. In this case from (5.7) it also follows that 

a^/22|<5p + Jio;q|(5P = \S\‘^ Ji{lJq — a^) = 0. 

If a 7 ^ ±o;o, from it we get <5 = SiCi = 0, and, therefore, problem (5.7), with 
A = ia, a G R, has trivial solution. 

We consider now the case when a = The second equation of the vector- 
matrix expression (5.7) is satisfied in this case, and the first equation gives the 
condition [see the definition of I 12 in (5.4)] 

-ulluS = -ColpPoiSiBi X {X2e2 +X3e3)) 

= -SiLolpPo {X2S3 - X3C2) = 0, 




42 



BODIES WITH COMPLETELY FILLED CAVITIES 



where Pq is the orthoprojector onto Jo{D), and ej are the axial vectors of the non- 
stationary coordinate system 0 x 2 X 3 . Due to the orthogonal expansion L 2 {D) = 
Jo{n) 0 G{Q), here we get that 

(X263 - X362) = V^(X2,X3) G G{D), 

and, therefore, d^/dx 2 = —^ 1 X 3 , d^/dx^ = S 1 X 2 . These relations are possible only 
when 61 = 0. Thus, the numbers A = ±i^^o can not be eingenvalues of problem (5.7). 

The proof of Property 2° also shows that a pendulum filled with fluid does 
not have the same oscillation frequency as the pendulum filled with a hardened fluid. 

To obtain the next properties of the solutions of problem (5.7), we represent 
it as a system of equations: 

{Inw 0 I 12 S) - XfiAoW = 0, 

A^ [I 21 W 0 l22^) T J\x)^S = 0 . (5.20) 

The real positive spectrum {A/e}^^ of problem (5.20) mentioned in Section 7.5.3, can 
be obtained by studying the graph of the scalar characteristic equation of the problem. 
Let A ^ uXk{Ao), where Xk{Ao) are the eigenvalues of the Stokes operator ^ 0 , with 
Xk{Ao) 0 CXD as /c 00 . Taking into account the definitions (5.4) of operators Uk 
we can represent (5.20) as follows 

{uAq - A/o) w = APo (<^ X r) (= Ap“ Vi2<5) , 

(a2 + 5 = -A^pjf 1 [ (rxw) dfi (= -A^Jf 1/2110) . (5.21) 

Jn 

Expressing as a solution of the first equation and substituting it in the second one 
we get 

(A2 +o;2) <5 + X^pJ-^ f rx (^{uAo - A/q)”^ Po {S x r)) dfi = 0. (5.22) 

Here, the second term is proportional to S = ^iCi, since the expression r x w is 
collinear to ei. Denoting the integral term in (5.22) by a, we have 




= {Siei)(^j rxii'Ao-XIo) ^ Po (ci x r) -eidfi 



J {pAo - A/o) ^ Po (ei X r) • (ei x r) dfi) 6 
= ({i^Ao - A/o)“^ Po (ei X r) , Pq (ci x r)] S. 




(5.23) 
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Using (5.23), from (5.22) we get the characteristic equation for obtaining the 
eigenvalues, 



+ cjq + /t/(A) — 0, 



U{\) := X^pJ^ ^ - A/o) ^ Po (ei x r) , Pq (ei x r) j 



L2m 



(5.24) 



Furthermore, for simplicity, we suppose that all the eigenvalues of operator 
^0 are simple. Then, 

/ A \ r i^o)) / ^ \ || /r r»r\ 

(vAo-XIo) w-^ i/Afc (Ao) - X ’ 11'“'^ ("^o) ||i2(0) = (5.25). 



k=l 



and 0 < Ai(^o) < • • • < Afc(.4o) < • • •, Afe(^o) ^ +oo as k 
function /j/(A) from (5.24) takes the form 



ux) = Vpjp Y. 

k=\ 



|(ei X r,Ufc(.4o))^^(^) P 
i^Afc(^o) - A 



oo. In this case, the 
(5.26) 



Again, for simplicity, we assume that 



(ei X r, Uk (Ao))^^(^) / 0, /c - 1, 2, ... . (5.27) 

Equation (5.24), where the function fv{\) is given by (5.26) with the assumptions 
(5.27), can be studied graphically by finding its roots as points of intersection of 
the graph of the functions z\ = cJq and 22 = Schematically, without 

any regard to proportions, the graphs are shown in Figure 7.5.1. The result of this 
investigation is formulated in the following statements that refine the properties of 
the spectrum of problem (5.7). 



3° The real eigenvalues A^ of problem (5.7) are situated in the intervals 
(z/Afc(Ao); A^). The numbers A^ satisfy the inequalities A^ < A^, where A^ < A/e+i(Ao) 
and A^ are zeros of the function The physical meaning of the values A^ lies in 

the fact that they are equal to the eigenvalues of the problem on normal oscillations 
of a gyrostate in the case when the pole O and the mass center C of a system coincide 
{(jJq = mgl/Ji — 0, since / = 0). In the three-dimensional case, this problem was 
analyzed in Section 7.2. 



For the number A^ we have the asymptotic formula 
Afc = ^^Afc (Ao) + 0(1), k -X 00. 



(5.28) 
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Figure 7.5.1 



4° For a sufficiently large viscosity > 0, equation (5.24) has only one pair 
of nonreal eigenvalues situated in the neighborhood of the points A = iic^o, where uq 
is the oscillation frequency of the pendulum filled with a hardened fluid. 

To prove this property we use the Rouche theorem. Let us consider the circle 
Cr of radius r > 0 and with center at the point A = io;o- It is obvious that the function 
zi = \^ -\-uJq for any r < cjq only one zero inside the contour Cr- We evaluate the 
modulus of the functions 2:1 (A) and 22 (A) = -fu{A) on the circle Cr- 
For 2 i(A), with A = icjo + re^^, we have 

|A^ -f o;o| = I (A — io;o) (A + icjo) I = r|2ia;o + > r (2o;o — '^) • (5.29) 

To estimate the modulus of the function 22 (A) = —fu{X) we use, for the self-adjoint 
operator A, the inequality 

II (^- A/)- II < 5 ^. P.30) 

where d{\) =dist(A; t[A)) is the distance from a point A G C to the spectrum cf{A) of 
operator A. Thus, we can represent fy{\) using operator 7i2 [see (5.24, (5.4)] in the 
following form 



/i/(A) — A^p ^ ({vAq — XI) ^ 11263, 712^3) , 



(5.31) 
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and obtain on Cr the next estimate 



|/.(A)| < |A|%-' Mo-A/o)- 



mm \/|ImAp + \i/Xi{Aq) — ReAp 

^ p-^Jr^{uQ+rf\\Iuf 

+ 1/2 A? (Ao) - r 
= O , u oo. 



(5.32) 



With fixed r and large enough i/, from (5.29) and (5.32) it follows that the inequality 
1^2 (A) I = |/i/(A)| < |>2 :i(A)| is valid on Therefore, by the Rouche theorem we get 
that equation (5.24) for the chosen ly has only one root inside the circle Cr- A similar 
statement takes place for a circle of radius r and with center at the point A = — io;o- 



5° When the viscosity i/ is arbitrary, equation (5.24) hats only one pair of 
nonreal roots. 



Indeed, according to Property 4° and the conclusions of Section 7.5.3, this 
property takes place for large values of v. Further, by changing continuously the 
parameter v from a large enough value to any given positive value v — all 
the eigenvalues of problem (5.24) change continuously. The graphical study of the 
solutions of the equation shows that, because the graph of the function — /^^(A) is 
monotone, there are no solutions in the interval (— cxd, z/Ai(Ao)) for any > 0, and 
in the intervals (i/Afc(Ao), i^A/c+i(Ao)) for any k e N and u > 0 there is only one 
solution A/e- Thus, by changing u from large values to a given value there will be 
no new real roots added to the previous ones. 

6° The asymptotic formulas 

AJ(i^) = ±iwo +o(l), 

Afc(i/) = j/ [7fc - ek{iy)] , V CO, (5.33) 

take place, where 7^ are the positive roots of equation 

l+jpJ^U{Ao-jIor^ Po{eixr),{eixr)) =0, (5.34) 

and 6k{i^) > 0 and tend to zero for v ^ oo. 
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The first formula in (5.33) follows from the proof of Property 4° if we suppose 
that r > 0 is any possible small number. The second formula in (5.33) is proved as 
follows. In (5.24), we make the substitution of A = z/y. To find the roots 7 we employ 
the equation 

Po{ei xr),Po{ei xr)) =0, (5.35) 

which is graphically studied in the same way as (5.24). For z/ ^ oc, the positive 
roots 7 fc(z/) of equation (5.35) become the roots of equation (5.34). Here, 7 fc(z/) = 
7 /e — ^/e(^), and Sk{i^) have the previously described properties. Hence the second 
formula in (5.33) follows. 

7° If conditions (5.27) are not satisfied for some values /c G N, that is, if 
(ci X “T, u/c(Ao))i, 2 (^^) ~ then studying graphically the characteristic equation 
(5.24) it reduces to the fact that there are no corresponding vertical asymptotes 
of the function /jy(A), just as the similar terms in formula (5.26). Furthermore, if the 
eigenvalues Afc(Ao) of operator Aq are not simple, then instead of using the expressions 
{w,Uk{Ao))L^^^^Uk{Ao) and (ei x r, n/e(^o))L 2 (^z), in (5.25) and (5.26) we use the 
expressions PkW and \\Pk{ei x respectively, where Pk is the orthoprojector 

corresponding the eigenvalue A/;;(Ao). 

Hence the next important conclusion follows: The multiplicities of the 
eigenvalues of the two problems, namely, of the positive eigenvalues Xk{(^o) of problem 
(5.24) on oscillations of a two-dimensional pendulum when the pole O and the mass 
center C do not coincide, and of the eigenvalues A/j(0) of the same problem when O 
and C coincide, that is, the normal gyrostate oscillations around the fixed mass center 
(see Section 7.2 in the three-dimensional case), are the same. 

Indeed, in (5.35) the roots 7 ^ = 7 /c(^o) are depending continuously on so, 
in particular, by changing ujq from a given value to zero, there is neither a junction 
nor a splitting of the roots. 

8 ° For nonreal roots A^(z/; (^o), a typical graph of their changes in the complex 
plane that results from changes in the viscosity z/ is shown for AJ(z/;cjo) in Figure 

7.5.2. 

For z/ ^ oc, the roots Xq{u;ujo) coincide, as it follows from (5.33), with the 
eigenvalues TicJo of the problem on oscillations of a mechanical pendulum with a 
hardened fluid. For zz = 0, that is, for an ideal fluid, we again obtain purely imaginary 
eigenvalues A = ±iuji . Here, cji > 0 is the frequency of eigenoscillations of a pendulum 
with a cavity completely filled with an ideal fluid. As it was shown in Section 3.4 for the 
three-dimensional problem, the motion of such a system is equivalent to the motion 
of a mechanical system with a changed inertia moment, that is, in the given ca^e, a 
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mathematical pendulum with a changed length to which the oscillation frequency uji 
corresponds. 

The Properties of solutions of the problem (5.7) allow to formulate the 

following main conclusions. 

In the problem on normal oscillations of a two-dimensional pendulum with a 
cavity completely filled with a viscous fluid, all normal oscillation modes are divided 
into two classes: 

(i) dissipative waves with fading decrements {A/e}^i such that Xk +oo as 
k oo, and 

(ii) two oscillation modes with eigenvalues AJ that correspond to oscillating 
fading oscillations of the pendulum with frequency ImX^ >0 and fading decrement 
ReAg —ReX^ > 0. 

7.5.5 On Riesz and p-Basicity of Modes of Dissipative Waves 

Here, we will state one more property of the solutions of problem (5.7) characterizing 
the basicity of eigenmodes of the velocity fields of the fiuid in region 

The following statement takes place. The first components of the eigen- 
elements Vk = {wk'.SkY of problem (5.7), that is, the functions {'ii^/c(^)}^i? form 
in the space a p-basis with a finite defect, and for a large enough viscosity u, 

a p-basis with p > p = 3j2. 
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To prove this fact, we eliminate S in the system of equations (5.20); using the 
definitions of operators /u and I 22 from (5.9) we have 

(uAo - A/o + A^ (a 2 +o;2)“^ (pJi)“^ /12/21) m - 0 . (5.36) 

Performing next the substitutions 

aI^‘^w — u, a = (5.37) 

we get the problem on eigenvalues 

L(7)« ( 7/0 - Alo ' + (1 + (M)“' Al-'/'7i2/2iAlo « = 0 (5.38) 

for a self-adjoint operator pencil 

Since for the function L(7) the following conditions are fulfilled, 

L(o) = -A-i + (pji)“' A-yi'^h^hxA-yi^ 

= -A-yl'^ [/o - (pJi)-' /12/21] A-y^ 

L'(0) = 7o»0, (5.39) 

then, according to statement 3° of Section 1.6.10, for any s > 0 the set of eigenelements 
{u/e} of the problem (5.38) corresponding to eigenvalues 7/^, 0 < 7/c < ^, forms a Riesz 
basis with the finite defect in the space Jo(f^). Since V{Aq ^^^) = Jq (fl), then after the 
inverse substitution (5.37) we get that the eigenfunctions {wkix)}"^^^ corresponding 
to eigenvalues \k > form a Riesz basis with a finite defect in Jq{^) — 'D{AI^‘^). 

Furthermore, since the analytic disturbance in (5.38) is an operator-function taking on 
values in the set of one-dimensional operators, then it can be represented as a Taylor 
series in powers of 7, with coefficients belonging to the class of compact operators 0p 
with any p > 0. Then, by the formula for the number pi from Statement 4® of Section 
1.6.10, we get that elements {wk{x)}^^^ form a p-basis with a finite defect in Jq (f^) 
with p > p = 3/2, since operator Aq^ belongs to such a class [see formula (7.1.11)]. 

To prove the property of basicity without defect for large viscosity, we consider 
the interval 7 G [— ^1,6:2] with some si > 0, £2 > 0- Since for Si -t-0, 

L{-ei) = -sJo + L{0) + 0{el), 

then the condition L(— ^i) <C 0 with small > 0 will be fulfilled if L(0) < 0. We 
check whether this fact is valid. By virtue of (5.39) and the property A^ ' > 0 it is 
sufficient to check that /q — Hi ^ 0. According to the definition of operator 7i2, we 
have 

/ \Py5xr)tAD<p^\5y ( leixrl^dfi 

Jn Jn 
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where ( Ji)/ is the component of the tensor of inertia of the hardened fluid (see Section 
7.2.3). Hence we get that 

II/12II < sJp{Jl)f 

Therefore, 

io-u,=io- (pji)-' /12/21 > (1 - {pJiy \\i12f) lo 

>{I-q) lo » 0, q := ^ < 1. (5.40) 

Thus, for sufficiently small ci > 0 we have L{—ei) 0. 

Furthermore, since the last left term in (5.38) is a non- negative operator for 
7 > 0, then 



i(£2)>e2/o-4lo' > (£2 -Po'II)^O»0, £2>Po'11- (5.41) 

Now we adjust the viscosity u in such a way that on the segment [— £i , £2] the condition 
L'{-y) ^ 0 is fulfilled. We have 



,7^0 



L'(7) = /o - 



1 + 






(pjfl) 71-'/27 i2/21^o'/'. 



(5.42) 



For 7 < 0 whence it follows that L'{'y) > /q ^ 0. For 7 > 0, by virtue to the previous 
estimate for H/12II we obtain 



/ 



L'il) > 



1 - 



V 



,7wg 



1 + 







7o »0, 



0 < 7 < £2, 



if the parameter i> is large enough. 

Thus, on the chosen interval [— £i,£2] the conditions (1.6.9) for the operator 
pencil L{-y) are fulfilled, and from this, according to the statements of Section 1.6.10 
it follows that the system of eigenelements of problem (5.38) corresponding 

to eigenvalues 7^ € (—£1,62)! forms a Riesz basis and a p-basis with p > 3/2 in the 
space Jo(fl). In this, the eigenvalues Xk = satisfy the condition > i/||Tq ^|| = 
i/Ai(To). 

The statement formulated at the beginning of Section 7.5.5 has been 
completely proved. 
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7.6 Problems on Fluids Flowing Through a Given Cavity 

Here the problem on motion of a viscous fluid in a given region for a certain mode of 
flowing in and flowing out on parts of its boundary is considered in a linear statement. 

7.6.1 The Basic Equations 

Let us assume that the region Q completely fllled with a viscous incompressible fluid 
has two plane oriflces Fi and F2 located in horizontal planes. Through the lower 
oriflce Fi the same fluid with a given small normal velocity r^alri = ^ ^ Fi, 

is flowing. Through the upper oriflce F2 the fluid flows out spontaneously. 

Let us assume that on the upper oriflce F2 in the flowing out mode the tangent 
and normal stresses equal zero, and on the lower orifice F 1 the tangent stresses equal 
zero. Then, the problem on small movements of the fluid in the region Q for the 
mentioned modes of flowing out and flowing in and a small field of external forces can 
be reduced to the following system of equations, boundary, and initial conditons: 

du 1 

— = — Vp + uAu + /. divu = 0 in Q, 
ot p 

IX = 0 on S', 

fi3{u) = T23 {u) = T33(u) =0 On T2, 

fi3(w) = T23(tt) = 0, U3 = ip onTi, 

u(0,x) = w°(x), fijiu) := -p5^j + piy . (6.1) 

Hence, a solution of the problem (6.1) is defined by the field / = f{t,x), the function 
(p = (p{t,x) and the initial velocity field u^{x). 

7.6.2 Application of the Abstract Scheme 

A generalized solution u{t^x) of problem (6.1) can be naturally considered as a 
function of variable t with values in the space ^{Q) of solenoidal fields from H^{Q)^ 
which turn to zero on the solid boundary S. We consider two auxiliary boundary value 
problems within the abstract scheme from Section 1.8 and according to the method 
stated in Section 2.2. 

Let us introduce the operator 7^, acting from the space Jq ^(^) to the space 
^2 (Fi), 7nii := The kernel Ker7n Ni{D) C operator 

consists of solenoidal functions ix, for which ix = 0 on S' and = 0 on Fi. This 
set is dense in the space of functions Jo.dn\r2i^) ^ *^0(^)5 for which divix = 0 in 
Q and Un = 0 onSUFi = 9O/F2. It makes it possible to consider the Hilbert pair 
Jo,aQ\r2 (^))- The generating operator L of this pair can be determined from 
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the identity 



E{u,v)= [ u LvdQ, ueNi{n), v e V{L) c Ni{Q). ( 6 . 2 ) 

Jn 



For two times continuously differentiable fields v from Ni{fl) and u from Ni{Q)^ the 
Green formula has the form 



E{u,v) = - [ u-AvdQ.- [ y'Miri3(t;)dri + [ y'ujrj3(v)dr2 
JQ Jr, Jr, .^1 



dvi dv-.i 



( 6 . 3 ) 



Then from ( 6 . 2 ) it follows that 

/ U 'LvdQ = -- / u - AvdQ — / ^ Uir^3(v)dri + / UiTi 3 {v)dT 2 . 
Jn Jn JTi Jr2 



Repeating the reasoning performed in Section 2 . 2.7 we come to the conclusion 
that the self-adjoint positive definite operator L, acting in defined in 

this space on a dense set T){L)^ is given by the equality 



Lv := —Av + Vq 



( 6 . 4 ) 



for fields v G V{L) c Jq g{Q) that also satisfy the boundary conditions 



ri3(v) = 0 


on T2, 


i = 1,2, 


q + r33(v) = 0 


on T2, 




71 

CO 

II 

0 


on Ti, 


i = l,2, 


t>3 = 0 


on Fi- 





Now let us find out what is the orthogonal complement Mi{Q) in Jq ^ of the 
kernel iVi(r^) of operator 7^. From Green formula for w G Mi{Q) and v G Ni{Q>) we 
have 



E{w,v) = ~ / Aw vdn- / \]Ti 3 {w)vidTi F / '^T^3{w)vidT2 
Jn Jvi JT2 



Hence, we obtain that the smooth fields w from Mi(Q) satisfy the following equations 
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and boundary conditions, 

— Ai/; + Vp = 0, divw = 0 in 
t/; = 0 on S', 

ri3{w) = 0 onTi, i = l,2, 
onT2, i = l,2, 

-pTr33{w) = 0 onT2. 

Since operator 7^ establishes a one-to-one correspondence between Mi{D) 
and then operator 7“^ gives the solution of the boundary value problem 

—AwT\/p = 0, divK; = 0 in Q, 
t/; = 0 on S, Tis{w) =0 on Fi, i = 1, 2 ; 

W3 = 'ip onFi, Ti3{w) = 0 onF2, i = l, 2 ; 

-p + ^33(11;) = 0 on F2. (6.6) 

7.6.3 Transition to Operator Equations in Orthogonal Subspaces 

We consider problem ( 6 . 1 ). By a given function ip{t,x) let us hnd a solution w{t^x) 
of the problem of the form (6.6), which belongs to the space Mi(f 7 ), 

—i/Aw 4- -Vpi = 0, divK; = 0 in ^2, 

P 

w = 0 on S, fi3{w) = 0 onFi, i = l,2; 

W3 = (f onFi, fi3(t^) = 0 onF2, 

^33('i^) = -Pi + piyTss{w) = 0 on F2 ( 6 . 7 ) 

Then 

w{t,x) =^-^ip{t,x). (6.8) 

We subtract the right and left sides of the obtained relations ( 6 . 7 ) from the 
corresponding sides of the equations and boundary conditions of problem (6.1); we 
have 

du 1 , , ^ , X ^ 

— = — V {p - Pi) + i^A{u -w) + f, 
ot p 

div (it — It?) == 0 in 12, u — w = 0 on 5 , 

^ 23 (^ — '^)=0 onriUr2, i = l,2; 

-{p- Pi) + P^^ 3 s{u -w) = 0 on F2, 

U3 — W3 = 0 on r 1 . 



( 6 . 9 ) 
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Let us introduce the notations u — w=:v and p — pi =: P 2 - Then from (6.9), 
(6.4) and (6.5) it follows that v{t,x) can be considered as a function of t with values 
in Ni{fl) and the problem (6.9) can be considered as an abstract equation 

in the space Jo,af^\r 2 (^)- Here, L is the operator of the Hilbert pair {Ni{Q); 
Jo,dn\r 2 i^))^ = '^(0 is function (6.8), and Po,dn\r 2 is the orthoprojector 

onto Jo^dn\r 2 ’ 

Hence, problem (6.1) is reduced to the relation (6.8) and the Cauchy problem 

---t^Lv + Po.anw. — j , 
v(0) = —u{0) — w{0) — — 7~ V(0^ (6T1) 

in the subspace Jo,ac^\r 2 * 



7.6.4 Theorem on Existence of a Generalized Solution 

For t > 0, a solution v of the equation (6.11) belongs to the domain of definition 
P(I/) C Ni{fl) of operator L and therefore, satisfies all boundary conditions (6.9). 
This solution exists, if the field v{t,x) — dw/dt satisfies by t a Holder condition in 
the norm of the space L 2 (f^). 

Let us assume that the initial and boundary conditions of the problem (6.1) 
are coordinated on Ti , that is, 

W3(a:) = V5(0,x), xeTi. (6.12) 

Then in (6.11) we have v(0) G Jo,aQ\r 2 (^)- 

For weaker limitations we obtain the following conclusion. 

If (p{t,x) is a continuous function of variable t with values in i/^/^(Fi), 
the field f{t,x) is a continuous function of t with values in £ 2 (^ 1 ), G Jo^s(^), 
and the coordination condition (6.12) holds true, then problem (6.1) has the unique 
generalized solution u(t,x) that, in operator form, can be written down as 

u{t) = exp {-lytL) w(0) + J exp {-u{t - s)L) Po.an\r 2 (/(«) - ds + w{t), 

w{t) = 7(7 V(i), 

v(0) =u° -jyipiO). 



(6.13) 
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In conclusion, let us note that along with the boundary conditions on F i and F 2 taking 
place in (6.1), other boundary conditions are possible; for example, the output mode 
^ 3 |r 2 = or some tangent stresses on these boundaries are given. In this case, a 
modification of the abstract scheme will be required according to the general method 
stated in Section 1.8. Such variants can be considered independently by the reader. 



7.7 Convective Movements of Fluids in a Closed Cavity 

The methods developed in the previous sections of this chapter can be applied to the 
problem on small movements and normal oscillations of a nonuniformly heated fiuid 
that completely fills a certain volume. Here, we consider two important cases that 
admit a state of mechanical equilibrium: the cases of fiuid heating from above, and 
from below. 

7.7.1 Equations of Thermal Convection 

Let us assume that a nonuniformly heated viscous fluid fills some immovable container 
and is influenced by an external gravitational field with acceleration g = —ge^. 
As it is usually assumed in such problems, the fluid is supposed to be incompressible, 
that is, the velocity field u{t, x) is solenoidal. Further, the density of the fluid p{t, x) 
depends only on modifications of the temperature field, that is, the deviation T{t, x) of 
the temperature from some mean value Tm =const. For small T{t, x), this dependence 
is a linear function, 

p{t,x) = p(l - (3T{t,x)) , (7.1) 

where p — Pm — const is the density corresponding to the temperature T^, and /3 > 0 
is the coefficient of thermal extension. 

To describe convective movements in the nonuniformly heated fluid, usually 
the equations of fluid movement and equations of heat translation are used in the 
following form, which is called Boussinesq approximation, 

du 1 

T {u- V)u = --VP + uAu + g(3Te3, 
ot p 

dT 

divu = 0, —+u-VT = xAT in D. (7.2) 

ot 

Here y > 0 is the coefficient of temperature conductivity, and P(t, x) is the deviation 
of pressure from the hydrostatic pressure, corresponding to the constant temperature 



While deducing equations (7.2) it has been taken into account that convection 
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is sufficiently weak, that is, the deviations of fluid’s density from its mean value pm, 
caused by the fact that the temperature is not homogeneous, are so small, that they 
can be omitted in all equations except for the equations of motion, in which the 
mentioned deviation is taken into account only in the last term of the form g/3Tm- 

1.12 Conditions of Mechanical Equilibrium 

There exist such special conditions of fluid heating, that the considered system can 
be in the state of mechanical equilibrium, that is, to have zero velocity held. But 
in this case there is no thermodynamic equilibrium in the fluid, because the space 
nonhomogeneity of temperature leads to the appearance of a thermal flow. 

To And out the conditions of mechanical equilibrium, let us assume in (7.2) 
that u{t^x) = 0 , P = T = To(x); we obtain 

-^Vpo + 9f3Toe2, = 0, ATq = 0 in fl. (7.3) 

Hence, it follows that dpo/dxi = 0, i = 1,2 and therefore po = poix^). Then also 
To = Tq{xs) and from the second equation one obtains d^To/dx^ = 0, that is, Tq is a 
linear function of the form 

To = -axo + q;o, (7.4) 

where a and oo are some constants. As far as axis Oxa is directed upward, then 
a > 0 corresponds to linear decreasing, and a < 0 corresponds to linear increasing 
of temperature with height. Hence, for mechanical equilibrium, the gradient of 
temperature is vertical and has constant value: VTo = —aes. 

Now let us obtain boundary conditions on the boundary S — dO, of the 
region Q. As far as cavity is immovable, then on S for the velocity held tx(t, x) the 
ordinary stickiness condition should be valid: tt — 0 on 5. As for boundary conditions 
for temperature, we assume that on the walls of cavity there is an unchangeable 
equilibrium temperature distribution Tq = Tq(x 3 ), which is deflned by the formula 
(7.4), and therefore the deviation 9 — 9{t, x) from the equilibrium temperature Tq(x 3 ) 
on S disappears: ^ = 0 on S'. Such a boundary condition corresponds to the case when 
the cavity Ft is surrounded by a rigid mass with a higher heat conductivity than in 
fluid. 



7.7.3 Final Statement of the Problem 

Now we give the full statement of the linearized initial boundary value problem on 
small convective movements of a fluid completely Ailing the cavity FI. Let us assume 
that in the nonuniformly heated fluid mechanical equilibrium can exist; this state 
corresponds to temperature Tq(x 3 ) and pressure ^ 0 (^ 3 )^ which can be determined by 
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the formulas (7.4) and (7.3). Looking for solutions of the problem (7.2) in the form 

u = u{t,x), P = Poixs) + p{t,x), T = To{x 3 ) + 6{t,x), (7.5) 

and assuming that the functions u, p are 0 have small magnitudes of the first order, 
we obtain the following equations from (7.2), 

d\L 1 

^ = --Vp + + g(36e3, 

ot p 

divix = 0, 

— au • 63 = 

ot 

and the following initial and boundary conditions 

u = 0 , ^ = 0 on S', (7.7) 

u{0,x) = u^{x), 9{0,x) = 0^{x). (7.8) 

Here the constant a, caused by the dependence (6.4), characterizes heating conditions 
for mechanical equilibrium: o > 0 for heating from below, and a < 0 for heating from 
above. 

7.7.4 Transition to an Operator Equation 

Equations (7.6) and the stickiness condition (7.7) for the field u{t,x) show that it 
can be considered as a function with values in the space Jo(f^). That is why, applying 
orthoprojector Pq to the first equation (7.6), we obtain 

fill 

— + i^Aqu - gPPoiOes) = 0, (7.9) 

where Aq is the Stokes operator. 

Further, let us introduce the pair of Hilbert spaces (i/g (f]); L 2 (f^)) and the 
corresponding generating operator Ai; the squared norm in i7o(f^) is defined as a 
Dirichlet integral. As it follows from the considerations of Section 1.8, Ai is the 
operator of the boundary value problem 

Aie:=-A0 = ip mn, 6 = 0 on 5; (7.10) 

it is positive definite and self-adjoint in ^ 2 (^ 1 ), and V{A\^‘^) = Hq{CI). Its eigenvalues 
{Afc(Ai)}^^ form a discrete spectrum and have the following asymptotic behavior 



Afc (Ai)) — -h 0(1)], 



ca ^ = mesf]/(67T^) > 0; 



(7.11) 
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from the latter it follows that the inverse operator is compact and belongs to the 
class &p for p > 3/2. 

With regard to above mentioned facts, the Dirichlet condition (7.7) for and 
(7.10), the second equations (7.6) can be written down in the form 



dt 



+ ~ ■ ^3 = 0 - 



(7.12) 



Further, let us assume that parameter a, which characterizes the temperature 
distribution in the state of mechanical equilibrium, does not equal zero. (For o: = 0, the 
initial problem splits into two independent problems for determining the field 0{t,x); 
the field u(t,x) is defined by 0{t,x).) It allows us to make the following substitution 
in (7.9) and (7.12), 

v{t,x), (7.13) 

which leads to the system of equations 



A { / u{t) \ ^ f 0 
dt\v{t)J J \v{t) J \0 



(7.14) 



where the transition to nondimensional variables has been already performed and the 
following notations are introduced. 



£ = ^/\a\gf3 > 0, Cv Pq {ve :^) , := u • 63 ; (7.15) 



to the Ccise “minus” there corresponds heating from below (o; > 0), to the case “plus” 
— heating from above (a < 0). 

Relations (7.14) can be naturally considered as a differential equation of the 

form 

^ + = y^{u;v)\ (7.16) 

in the space Jo{fl) 0 where operator is defined by the matrix (7.14). Let 

us note that operators C and C* from (7.15) are mutually adjoint: for any u from 
Jo(0) and V from L 2 (fi), 



)df7 



{u,Cv)j = / u ■ Po {ve-.i) dft = / Pou-ive^) 

JQ Jq 

= j U'{ves)dfl= f {u ' e:^) vdfl = {Cu,v) 

Jn Jn 

From the latter we obtain the inequalities 



L2W • 



(tt, Cv) 



Jo(^b 



(C'*u, < ||M||j„(n) • ll^’llL2(^), 



(7.17) 



which shows that these operators are bounded and 



I|C|| = ||C*||<1. 



(7.18) 
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in . 5 Solvability of the Initial Boundary Value Problem 

From the properties of Stokes operator Aq and operator A\ it follows that operator 
^0 *==diag X-^i) is a generating operator of the analytic semigroup exp(-^o)- 
Since operators C and C* from (7.14) are bounded, then operator is also a 
generating operator of the analytic semigroup exp{—tA^). That is why the solution 
of equation (7.16) is expressed by the formula 

y(i) = exp (-M=f)2/(0), j/( 0) = (5/3/|ay/^6»°) . (7.19) 

Hence, it appears that if G Jo{D), and 0^{x) G L 2 {Ll), then the initial 
boundary value problem (7.6)-(7.8) is univalently solvable, its weak solution can be 
found by formula (7.19), where for ^ > 0 the function u{t,x) belongs to the space 
Jo(fl) and 6{t,x) belongs to Hq{Q). 



7.7.6 Normal Movements of a System Heated from Below 



Let us consider solutions of the problem (7.16) that depend on time according to the 
law exp(— A^); we obtain 

A:,y = Ay, (7.20) 



where operator Azp is defined by the matrix (7.14). First, let us assume that heating 
from below is being performed, that is, a > 0 and therefore, in (7.20) the sign “minus” 
takes place, that is. 



f iaAo -sC 



(7.21) 



Since C, C* are mutually adjoint bounded operators, and A\ are unbounded 
positive definite operators acting in Jq{D), L 2 {D), respectively, and having compact 
inverse operators Aq \ A^^ from &p for p > 3/2, then operator A- from (7.21) is an 
unbounded self-adjoint and bounded below operator acting in the space Jo(f^) 0 l/ 2 (f^). 
If A- is invertible, then the inverse operator {A-)~^ is a compact self-adjoint operator 
from the class 6p for p > 3/2. 

From these properties of operator A- it follows that the problem (7.20)- 
(7.21) has a real discrete spectrum {A^ which is located on the positive halfaxis, 
except for a possible finite number of nonpositive eigenvalues, and has the limit 
point A = Too. The corresponding eigenelements = (tx^ ;u/')^ form an 

orthonormal basis in the Hilbert space Jo(fl)0T2(f2) and the orthogonality conditions 
hold true. 



)=>'{■ 












L2{iL 
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7„ 






L2(fi) 



= 1 / / rot • rot rx, dfi + X / — 2eRe 



/ 



/ K • es) 

JVt 



Vi df] 



= K {Vk % ■ w, df] + v,^ Vi dO^ = 4(- (7.22) 

The eigenvalues of problem (7.20) are consecutive minima of the 

variational ratio 



' f |rotixpdf] + X [ |Vvpdf7 — 2sRe I usvdQ 

Jn Jn Jn 



[ \u\^dn+ [ |cpdQ 

Jn Jq 



(7.23) 



Since 



Al_ = A - A = diag (i/A; xAli) , ^ = ( (?* 0 ^ (7-24) 



and conditions (7.18) hold true, then from (7.23), using the minimax principle for 
eigenvalues, we obtain that 



Afc (Ao) -e<\- <Xk (A) + ^, A: - 1, 2, ... . (7.25) 

If the following condition is valid, 

Ai (A) = min{z/Ai (A) ;xAi (-Ti)} > 6, (7.26) 

then the minimal eigenvalue of problem (7.20) for q > 0 is positive, and that is why 
all normal oscillations of the system are nonperiodically fading modes. For increasing 
e (the value of gradient of temperature Tq for heating from below) eigenvalues A^ = 
Xk{A-) continuously change, but do not move from the real axis. Here, if Ai(^_) > 0, 
then all perturbations monotonically fade with time; if Ai(^_) < • • • < A^(^_) < 0 
and A^+i(^_) > 0, then the first k normal movements of the system monotonically 
increase with time, and other movements monotonically fade. 

Hence, for heating from below the “principle of perturbations monotony” 
holds true. In particular, if for some critical value ^ the condition Ai(^_) = 0 is 
valid, and for 6 > this eigenvalue moves to the left half-plane (and that is why a 
stable system becomes unstable), then it is said that the “principle of stability change 
(or stability inversion)” takes place. 

From the inequalities (7.25) and asymptotic formulas for eigenvalues of 
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operators Ao and Ai we obtain that 



Afc (v 4 o) — + o(l)], 

^ 9/omesf] 9/0 me 



► oo, 



(7.27) 



and this makes it possible to estimate the eigenvalues = Xk{A-) for large k (in 
virtue of (7.25)). 

Hence, for heating from below, nonperiodic eigenmodes with the above 
mentioned properties appear in this system. These modes can be naturally called 
dissipatively thermal waves. If the condition (7.26) holds true, that is, the heating 
from below is sufficiently small, then the system remains stable. For large gradients 
of equilibrium temperature, when Ai(^_ ) < 0, exponentially increasing eigenmodes 
appear in the system, and the initial state of mechanical equilibrium becomes unstable. 



7.7.7 Normal Oscillations for Heating From Above 

Now let us consider the problem (7.20) for o < 0, that is, the case of heating from 
above. Then the following representation takes place 

Aj^=Ao-eJV, = diag (7o; -7i) , (7.28) 

where the matrix operator V was defined in (7.24). The representation 

A+ = Ao + ieV, V=(^ 'o)=^* (^-29) 

is also valid. From (7.29) it follows that the eigenvalues A of problem (7.20) are located 
in the halfband 

Re A > Ai (^o) >0, |Im A| < 5. (7.30) 

Indeed, for normalized solutions of the problem (7.20) we have 

(Aoy,y) + ie (Vy,y'j = ReA + ilmA; (7.31) 

from (7.31) the inequalities (7.30) follow, if we take into account that \\V\\ < 1 in 
virtue of the inequalities (7.18). 

Now let us prove the discreteness of the spectrum of problem (7.20) for o < 0 
and the property on completeness of its eigen- and associated elements. In the equation 

A+y := (^^0 + ieV^y = Xy 



(7.32) 




Convective Movements of Fluids in a Closed Cavity 



61 



let us perform the substitution 

Aoy = w. (7.33) 

Then for w we have the equation 

+ = (7.34) 

to which the general results stated in Section 1.6.4 are applicable. Indeed, is 

a compact positive operator from the class &p for p > 3/2 and operator V is 
also compact. Besides, operator I + isVAq^ is invertible. From the latter and the 
two Keldysh theorems it follows that the problem (7.34) and (7.32) have a discrete 
spectrum {A^ }^i, which is located in the halfband (7.30), and a system of eigen- and 
associated elements complete in the space Jo(f^) 0 L 2 (f^). Hence it appears 

that the set of eigen- and associated 

elements of the problen (7.32) is complete in Jo(r^) 0 L 2 {Ft), and moreover, it is 
complete in the norm 

WAoyf = ||i/^ow|| j„(n) + ||x^i^'lli2(S2) ’ 

that is, in the graph norm of operator ^o- 

Further, from the asymptotic formula (7.27) and assertions from Section 1.6.8, 
it follows that for the eigenvalues of problem (7.34) the following asymptotic formula 
holds true, 

A+-Afc(^o)[l0o(l)], k^oo. (7.35) 

Let us note that in virtue of the representation (7.28), operator Aj^ is j7-self- 
adjoint, because 

JA+ = diag {vAq-, -xAi) - eV = {JA+)* . 

Therefore, the spectrum of problem (7.32) is located symmetrically relatively to the 
real axis, and the eigenelements y that correspond to nonreal eigenvalues A are neutral, 
that is, for them {Jy^y) = 0. 

Hence, for heating from above the solutions of problem (7.32) on normal 
oscillations are dissipatively thermal waves, for which the complex fading decrements 
are located in the band (7.30). Here, along with nonperiodically fading 
normal modes the oscillative fading modes with frequencies |ImA^|, which are not 
bigger than e, are possible. From the latter and conclusions of Section 7.7.6 it follows 
that the cases of heating from below (a > 0) and heating from above {a < 0) 
are completely different physically. In particular, for heating from above the system 
remains stable (ReA^ > Ai(^o) > 0), and for heating from below it can be unstable 
(Ai(^_)<0). 
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7.7.8 On Transition of Eigenvalues to the Left Half-Plane 
IN THE Case of Heating from Below 

Let us consider in details the mechanism of transition of eigenvalues A into the left 
complex half-plane in the problem from Section 7.7.6: 

uAou — eC6 = Xu, e = > 0, 

-sC*u + xAi6 = X9, {u-,ey eV{Ao)®V{Ai). (7.36) 

Performing the substitution 

= (7.37) 

we can obtain the problem 

(/ - eC) y = XAy, y := (^; yf e MO) © L 2 (fi), 

/ : = diag (7o;/i) , e = > 0, 

i = diag » 

C=(^* o)’ C = Ay^/^CA-^'\C*=Ay^'^C*Ay^'\ (7.38) 

Since operator A is a compact positive operator, and operator C is compact 
and self-adjoint, then according to the assertions from Section 1.4.5, the problem 
(7.38) has a discrete real spectrum with the accumulation point +oo, and the amount 
of negative eigenvalues coincides with the amount of negative eigenvalues of operator 
I — eC. Hence, the following conclusions can be made. If the magnitude e > 0 is 
sufficiently small, more precisely, 1— > 0, then all eigenvalues of the problem 
(7.36) are located in the right half-plane, that is, each normal convective movement 
is stable. If the following condition holds true 

(7.39) 

then there is at least one eigenvalue in the left half-plane, and this eigenvalue is 
located on the negative halfaxis. To this eigenvalue there corresponds a mode of 
normal convective movements, which aperiodically increases with time. 

Now let us note that in virtue of self- adjoint ness of the problem (7.38), its 
eigenvalues = A^(e) and eigenelements yk = Vk{^) are analytic functions of the 
parameter e > 0. For any A(e) and y{e), from (7.36), we obtain 

{y (e) . y (e)) -e{cy{e),y {s)^ = A (e) (iy (e) , y (f)) . 



s > 



X+ 



A) 



(7.40) 
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Differentiating this identity by e and using the fact that the pair {A(f), ^(f)} satisfies 
the equation (7.38), we obtain the formula 



dA (Cy{s),y{s)'^ 
(Ay{i),y{i)^ 



(7.41) 



In particular, the following conclusions can be made. 

The nonpositive eigenvalues of problem (7.38) move to the left if i increases, 
dA 



and 



de 



< 



-e ^Aniin (^ ') • 



(7.42) 



Indeed, if \{e) < 0, then from (7.40) it follows that 
(2/(e). y(e)) - £{Cy{i),y{e)) < 0, 



and, therefore, from (7.41) we obtain 



^ > £ ^{y{i),y{s)) ^ 

(^Ay{i),y{e)^ 




The formula (7.42) gives an estimate of the velocity of movement to the left 
of eigenvalues from the left half-plane. 

For \{e) > 0, the eigenpair {\{e)]y{i)} for equation (7.38) is called a pair of 
the first type if for this pair {Cy{e),y{i)) > 0; the same pair is called a pair of the 
second type, if {Cy{e),y{e)) < 0. 



2° The eigenvalue \{e) of a pair of the first type moves to the left if f increases, 
and A(e) of a pair of the second type moves to the right under the same conditions. 



3° In the interval 0 < A(e) < Amin(^ ^) all eigenvalues correspond to pairs of 
the first type, and 



dX/ds < -e ^ 




\{s) 



(< 0 ). 



(7.43) 



Indeed, from (7.40) and (7.42) we have 

dA {cy{£),y{^)) 
(^Ay{i),y{e)^ 
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{y{e),y{i)) - X{i) (^Ay{s),y{e)J 



[Ay(e),y{e)^ 
iy{i),y{i)) 



_(iy(e),y(e)) 



- A(e) 



> e 



-1 



-1 






> 0 . 



- A(£)J 

^min 

From the same inequality it can be obtained that {Cy{e),y{e)) > 0. 

The following assertion is a corollary of the properties 2° and 3°. 



4° For eigenpairs of the second type and for neutral eigenpairs, the eigenvalues 
satisfy X{£) > 

Now let us consider the process, when the magnitude of heating i increases 
from zero to some small positive value, and show that there are such eigenvalues \{e) 
of the problems (7.36), (7.38), which satisfy the condition A(^) < Amin(^~^), and in 
virtue of the properties 2® and 3° to them there correspond eigenpairs of the first 
type. If 8 keeps increasing, then these A(f) move only to the left and pass to the left 
half-plane. 

Instead of (7.38), let us consider the problem (7.36) and formally replace iaAq 
by Aq and x^i by A\ (in order to simplify further reasoning.) 

For 6 = 0, the system of equations 

("o 1 ) o) (;)=^(“) 

has two obvious groups of solutions: 

(a) u = Uk{Ao), X = Xk{Ao), 0k=0 fc = l,2, 

(b) ti„=0, 0 = 0n(Ai), Xn = Xn{Ai), n=l,2,..., (7.45) 

which correspond to dissipative and heat waves in the fiuid, respectively. When 
6 > 0, then their interaction takes place. Let us note that to the solution (7.45) 
there correspond neutral pairs. 

Let us consider that in (7.44) the magnitude 6 is a small parameter, and apply 
the perturbation theory using no more than the second approximation by 6. For the 
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solutions close to the pair (a) from (7.45), we have 

Uk{e) = Uk{Ao) + evk + e^Wk -h 

^k{^) = 0 + SLpk + 

— A/e(v4o) + Sflk + ^^^k + C^-46) 

The first approximation gives us the system of equations 

AoVk - Xk{Ao)vk = iikUk{Ao), 

Ai(fk - Xk{Ao)(fk = C'UkiAo). (7.47) 

For simplicity, let us further assume that all eigenvalues \k{Ao) of operator 
Ao are one- multiple; besides, let us consider the case when Xk{Ao) 7^ Xm{Ai) for all 
k and m from N (absence of internal resonance). 

Then from the first equation (7.47), after scalar multiplication (in Jo{ft)) 
by U/e(Ao), we obtain that = 0, Vk = CkUk{Ao)^ where Ck is an arbitrary 
constant. From the second equation (7.47), in virtue of the invertibility of operator 
- Xk{Ao)Iu we have (fk = {Ai - Xk{Ao)Ii)-^C*Uk{Ao). 

The second approximation by 5 leads us to the system 

(Ao — Afc(Ao)/o) Wk = C {Ai — Xk{Ao)Ii) ^ C*Uk{Ao) -f iykUk{Ao), 

{A\ — Xk{Ao)Ii)'iljk = CkC*Uk{Ao). (7.48) 

Multiplying the first equation by Uk{Ao) again, we obtain 

({Ai — Xk{Ao)Ii) ^ C*Uk{Ao)^C*Uk{Ao 

Since in virtue of (7.15) C^Uk{Ao) = Uk{Ao) • 63 and for eigenelements of operator 
Ao there cannot be true that Uk{Ao) • 63 = 0, then from (7.49) we obtain that I'k < 0 
if (Ai - Xk{Ao)h)-^ > 0, and Uk > 0 if (Ai - Xk{Ao)h)~^ < 0. 

For those solution of the problem (7.44) which are close to (b), from (7.45), 
similarly to (7.46) we have 

= 0 + eVn + s‘^Wn A 0(^^), 

^n(^) — ^n(Ai) A £(fri A A 0(^^), 

An(^) = Xn{Ai) A Sllri = A O(e^). (7.50) 



L2m 



(7.49) 
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From the equations of the first approximation by ^ it can be obtained that 
/in = 0^ (fn = CnOn{Ai)^ and the second approximation gives us a formula that is 
similar to (7.49), 



((^0 - A„(^i)/o)-' ce„{Ai),cen{Ai)) 

A A L2{^) 

11^71(^1)11^2(^1) 

From (7.49), (7.51) the following conclusions can be made. 



(7.51) 



(a) The minimal eigenvalue of problem (7.36) corresponding to the case e = 0 
and to a neutral eigenpair, moves to the left when e increases, and therefore, the given 
neutral pair becomes a pair of the first type. Further, according to Property 3°, it 
moves to the left with a velocity that satisfies the inequality (7.43). 



Indeed, the minimal eigenvalue of the problem (7.36) for 5 = 0 is either 
the minimal eigenvalue of operator iaAq or the minimal eigenvalue of in 

the notations of the problem (7.44), it is either Ai(Ao) or Ai(Ai), respectively. If 
min (Ai(Ao); Ai(^i)) = Ai(Aq) < Ai(Ai), then {Ai - Ai(Ao)/i)~^ > 0, because 
Ai—Xi{Ao)Ii > {Xi{Ai) — \i{Aq))Ii ^ 0. Then from (7.49) we obtain that < 0 and 
therefore Amin(A“^) — Xi{i) > 0 for small i = In the opposite case, when 

min(Ai(74o), Ai(t4i)) = Xi{Ai) < Ai(ilo)? similar conclusion about the movement 
of the minimal eigenvalue follows from (7.51) and again from (7.43). Hence, when e 
increases from zero, both the minimal eigenvalue corresponding to the heat wave and 
the minimal eigenvalue corresponding to the dissipative wave of normal oscillations 
can move to the left. 



(b) As for eigenvalues of the problem (7.36) with other subscripts, according 
to the formulas (7.49) and (7.51) they can move both to the left and to the right when 
e increases from zero. Let us remind, that for any s > 0 the number of negative eigen- 
values of the problem (7.38) exactly coincides with the number of negative eigenvalues 
of operator / — eC in the problem (7.38), and therefore, the number of eigenvalues, 
which always move to the left, increases according to the growth of s. 




Chapter 8 

Motion of Viscous Fluids in Open Containers 



In this chapter we study the motion of a viscous fluid in an open container. 
First we will prove the solvability of the initial boundary value problem. Then, in 
order to investigate the normal oscillations, we introduce the main operator pencil, 
whose spectrum is analyzed in details using the methods presented in Section 1.6. 

The motions studied next are close to uniform rotations. We will And ctsymp- 
totic solutions of the intial boundary value problem in the case of high viscousity. We 
also consider joint movements around a flxed point of the system “body + fluid” . 

At the end of this chapter we will address the problem of convection in a 
partially fllled container. Various phenomena occurring in the cases of heating from 
above or below will be described. 



8.1 Small Movements of Viscous Fluids in an 
Open Immovable Container 

We begin by recalling the classical formulation of the boundary value problem for 
small movements of a viscous fluid in an open container. The equivalent first order 
differential equation with an operator that generates a semigroup is next obtained for 
this problem. Based on that equation, we will prove the theorem on the existence of 
a generalized solution for the initial problem and show that for this solution the full 
energy of the system and the velocity of its dissipation are continuous. 
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8 . 1.1 Classical Statement of the Problem 

Let us assume that a heavy viscous fluid with density p Alls partially an immovable 
container and in the equilibrium state occupies a region Q that is bounded by the 
solid boundary S and the free surface F. Since for a heavy fluid the surface tension 
forces are not taken into account, then, in the state of equilibrium, surface F is a 
plane orthogonal to the acceleration g of the gravitation held. As usual, we choose 
the system of coordinates Oxi 0:2X3 such that g — —ge^ and its center O is located 
on the equilibrium surface F. Then the static pressure in the fluid equals 



Pst {^ 3 ) = Pa- pg^3: 



where Pa is the atmospheric pressure, which is assumed to be constant. 

Let us now write down the equations and the boundary and initial conditions 
of the problem in the case when small movements of the fluid close to the immovable 
state are considered. The linearized Navier-Stokes equations in this case have the form 

du 1 . - 

— = --Vp + uAu + /, 
ot p 

divii = 0 in Q, (1.1) 

where u = u{t^ x) is the velocity held, p = p(t^ x) is the dynamic pressure, and f{t, x) 
is a small held of external forces superimposed to the gravitation held Fq = — V(^X 3). 

The stickiness condition for a viscous fluid holds true on the solid boundary 
5, that is, 

u = 0 on 5, (1.2) 

and the dynamic and kinematic conditions hold true on the free equilibrium surface 
F. If the equation of the free moving surface F(^) we look for has the form 



X3 = ({t,Xi,X2) {xi,X2)€T, 

then the above-mentioned conditions become (see (1.33)-(1.35) in Section 3.1.5) 



' / N f dui du3\ _ 

fssiu) ■= ~P + = -wC> 

0X3 



1 , 2 , 



dt 



Uri := u n 



on F. 



(1.3) 



It is natural to assume that the distribution of the velocity held and the shape 
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of the free surface at the initial moment are given: 

«(0,x) = C(0>a^i,3:2) = C“( 2 ^i,a: 2 )- (1-4) 

Therefore, the problem on small movements for a heavy viscous fluid in an 
open immovable container can be reduced to integrating equations ( 1 . 1 ) with the 
boundary and initial conditions (1.2)-(1.4). This problem is more complicated than 
the problem on the motion of a fluid in a wholly filled immovable container presented 
in Section 7.1 because of the boundary conditions ( 1 . 3 ). 

8.12 Auxiliary Boundary Value Problems 

To switch from problem (1.1)~(1.4) to an evolution operator equation in a Hilbert 
space, we need to make some additional comments. 

The spaces Jq, 5 (^) and Jq ^{0) that have been described in detail in Sections 
2. 1-2.2 form a natural pair of spaces to deal with problem (1.1)-(1.4). The space 
Jo,s{0^) is related to the kinetic energy of a fluid in an open container and the space 
Jq 5 (^ 1 ), consisting of functions with a flnite velocity of dissipation and equipped with 
the scalar product 

= (1.5) 

where E{u,v) is defined by formula (2.3) in Section 2.2 is dense in Jo,s(12). 

By using the pair of spaces (F;G) = ( Jq ^(fl); Jo, 5 (n)), the relationship 
between the boundary value problems addressed in in Section 2.2.7 and the problem 
on small movements of a viscous fluid in an open container becomes evident. In the 
sequel, we still need to identify the operators A, T, and the trace operator 7 ^ for these 
problems. 

Let us recall that the operator A generated by the pair of Hilbert spaces 
Jo,s'(^) and Jq ^(Q) can be obtained from the identity 

E{u,v) = / Au vdQ, (1.6) 

Jn 

where u G V{A) C and v is an arbitrary element in Jq ^(0). The inverse 

operator, gives the generalized solution of the boundary value problem (2.30) in 
Section 2.2.7 by the formula u = A~^f. 

Let us now consider an auxiliary boundary value problem which will be called 
Problem I in what follows. The problem is formulated as follows: One needs to find 
the solution to the system of Stokes equations 

—uAs + Vpi—f divs = 0, in fl, (1.7) 
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that satisfies the boundary conditions 



s = 0 



f,3(s) ly 



on 5, 
dsi ds:^ 
dxs ^ dxi 



= 0 , 



z = l,2, 



T 33 (s) 



Pi + 2iy 



ds:i 

9x3 



on r. 



( 1 . 8 ) 



By (1.6), the generalized solution of Problem I is derived from the following 
identity for / G Jq_s{0), 

iyE{s,v) = / f ' vdQ, (1.9) 

Jn 

which should be valid for any v G jQ^(fl). According to the general results from 
Sections 1.8 and the conclusions of Section 2.2.7, the boundary value problem I admits 
a unique generalized solution, s G Jq ^(fl), for any / G Jo_s{0). If / G (Jq ^(^1))* =: 
then Problem I admits a unique weak solution s that belongs to Jq ^(f2), 
too. Let us recall that A as an operator acting on Jo.s(f2) is an unbounded self-adjoint 
positive definite operator, defined on the dense set V{A) C ^ Jo.s{0). Here, 

the domain of definition P(A^/^) coincides with the whole space g{0) and 



E{s,v) = 



( 1 . 10 ) 



for any s, v in Jj ^(f^). 

Let us also notice that the operator A has a discrete positive spectrum 
{Ari(A )}^2 with limn->oo ^n{A) = -hoo. Its eigenvalues Xn{A) are consecutive minima 
of the variational ratio 

II^^^^^II£. 2 (») ^ E{u,u) 

IHILoo ^ 

that is considered for elements u G g{Lt). The asymptotic behavior of the 
eigenvalues has the form 



Xn{A) = -f- o(l)], n ^ oo, (1-12) 

where ca = mes fl/(37r^). Hence, it appears that the inverse operator A~^ which is 
compact, belongs to the class Bp for p > 3/2. 

Therefore, the solution to the boundary value problem I is given by the formula 
ys = A~^ f ^ where A is the operator with the above mentioned properties. 

Let us consider now another auxiliary boundary value problem which will 
be called from now on Problem II. This problem is connected with the operator 
T = 9“^ in the abstract scheme of Section 1.8 and it requires to find a solution to 
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the system of equations 



—uAw + Vp 2 = divw — 0 in fl, 
that satisfies the boundary conditions 



w; = 0 



on S, 



^ . ( dw^ dw[^ \ ^ ^ 

dzu 

hs{w) := -p 2 + = ■0 on r, 

UX-] 



I 



V^dr = 0. 



(1.13) 



(1.14) 



Let us recall that for the boundary value problem (2.35) in Section 2.2.7, 
which coincides with (1.13)~(1.14), the operator T for tx = uw can be obtained from 
the identity 

E{TxP,v) = (1.15) 

which should be true for any v G Jq g{Q) and = vs\r- By the general 

considerations in Section 1.8 and the detailed explanation at the end of Section 2.2.7, 
we conclude that there exist only one generalized solution w G g{0) to Problem 
II for any -0 G I/ 2 ,r- Comparing it with problem (1.13)-(1.14) and identity (1.15), we 
get that for that generalized solution the following expression 

vE{w,v) — J ipJriVdr (1-16) 



is valid for any v G Jq ^(^2). If 0 G then there exists a unique weak solution, 

w, to Problem II, which belongs to the space Jg^(r^) as well. Hence, a solution to 
Problem II is defined by the formula uw = T0, where T is an operator that acts 
isometrically from 770^^^ to Jq ^(Q). 

According to the general scheme in Section 1.8, the operator C := that 
maps isometrically the space i/p into i/p^^ can also be considered. Its restriction to 
L 2 ,r is a bounded self-adjoint operator on i/ 2 .r- Moreover, by the theorem on traces, 
the space i/p is compactly embedded into L 2 .r, therefore, operator C is compact. 
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8.13 Generalized Solutions of the Homogeneous Nonstationary Problem 

Let u{x) be a smooth solenoidal field satisfying the stickiness condition (1.2) and the 
first two dynamic conditions (1.3), which mean that the tangent stresses equal zero 
on r. Further, let p{xi^X 2 ) be a smooth function on F, for which 

J pdr = 0 . 

Let us denote some smooth extension of p = p(xi, X2) on the whole region D 
by p{x). For the chosen u{x), p(^), and any field v G Jq ^(f7), from the Green formula 
(2.2.10) the equality below follows, 

J ^-uAu-\ — \/p^ ’ vdft = iyE{u^v) — J ^ — p V v^dT . (1-17) 

Let us consider the solutions s and w of the boundary value problems I and 
II through the identities 

uE{s, v) = ^-lyAu + - • vdD, 

vE{w,v)= [ ( --p + V:^dT, 

Jq \ P 0 x 3 j 

which should be valid for any field v G Jq 5(H). (Let us recall that according to the 
facts proved at the end of Section 2.2.6, the mean value on F of the function du^jdx^ 
equals zero.) Then, the equality (1.17) takes the form 

vE{s,v) = i/E{u,v) - uE{w,v); 

in virtue of the arbitrary choice of v G Jq from the latter it follows that 

u = s w. 

Using the above mentioned methods, the fields s and w can be univalently 
defined by the field tx, and independently from the extension of the function p{xi,X 2 ) 
on the whole region Q. Indeed, a substitution of an extension pi{x) by another 
extension P 2 {x) does not change the equation for w because in the identity (1.19) only 
the values of pi |r == p{xi , X 2 ) are involved; the equation for s derived from the identity 
(1.18) also does not change because the potential of the field V(pi — P2) G Go,r(^) 
turns out to be zero on F and in virtue of the decomposition L 2 {D) = Go,r(^^) 0 
Jo.s{0), the field V(pi - P2) is orthogonal to the field v G Jq g{D) C Jo,s{D). 

Now, let the functions u = u{t,x), p = p{t,x), and ( = ({t,Xi,X 2 ) be a 
classical solution of the homogeneous problem (1.1)-(1.4) at some fixed moment of 



(1.18) 

(1.19) 
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time t > 0. Then, according to the above mentioned facts, one may represent 

u{t,x) = s{t,x) + w{t,x), p~^p{t,x) = Pi{t,x) -\-p2{t,x), (1.20) 

where s(t,x), pi{t,x) is a solution of the boundary value problem I when the right 
hand side equals {—du/dt), and w{t^x)^ p 2 {t,x) is a solution of the boundary value 
problem II with the function '0(t,xi,X2) = —g({t^xi,X 2 )- According to (1.9) and 
(1.16), for the functions s and w the following identities hold true, 

„E{s, V) = - viil. 

vE{w,v) = -9 J C^^sdr, 

where v is an arbitrary field in g{Q). 

Taking into account the kinematic condition (1.3) and definitions (1.6), (1.15) 
of operators A, T, the following system of equations in operator form can be obtained 
from (1.21), (1.22), 



( 1 . 21 ) 

( 1 . 22 ) 



uAs 



du 

' d^’ 
lyw = -gTC, 



dt 

u = s w ; 



InU, 



(1.23) 



to these equations initial conditions (1.4) should be added. 

Equations (1.23) make it possible to exclude the functions tx(t,x), Q(t^xi^X 2 ) 
and finally we obtain the problem 

ds 

— = -uAs + gv~'^T'^n{s + w), 

= -gv~'^T'^n{s + w). (1.24) 

As far as w{0) = —gi'~^T({0) = —giy~^T(^, s(0) = u{0) — m(0), then the following 
conditions 

s(0)=«o + 9 i^-irc°, w{0) = -gi^-^TC^ (1.25) 

should be taken as initial conditions for the problem (1.24). Hence, the classical 
solution of the problem (1.1)-(1.9) is a solution of the Cauchy problem (1.24), (1.25) 
in operator form. 

The field u{t^x) = s(t,x) + w{t,x) is called a generalized solution of the 
problem (1.1)-(1.4), if the functions s(t,x) and w(t,x) are generalized solutions of 
the Cauchy problem (1.24), (1.25) in the space Jq 
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To prove the solvability of the Cauchy problem (1.24), (1.25), let us transform 
it into an equivalent form. As long as the elements u, s, and v belong to the space 
Jq = P(A^/^) C Jo, 5 (f^), then they can be represented as 

u = s — w = (1.26) 

where are elements in Jo, 5 (^l). Substituting (1.26) into (1.24) we get 

+ 5), 

at 

= -gv-^T^nA-^l\n + <5). (1.27) 

The second formula (1.27) shows that its right side belongs to T>(A^/^), therefore 
operator Ap!^ can be applied to both equations in (1.27). Finally, instead of (1.24), 
(1.25) we obtain the Cauchy problem 

^ = -uArj + gv~'^B{r) + ^), 

+ B := (1.28) 

rj{0) = 77° ;= yl^/2g(o), ^(0) = 5° := A^^'^w{0). (1.29) 

Let us now consider B as an operator acting on the space Jq^s{D). The 
operator A~^!^ maps Jq^s{D) onto Jq g{D) and the operator 7 ^ (according to the 
theorem on traces) is compact as an operator from «/q ^(f^) to L 2 ,r- That is why the 
product Q := jriA~^^‘^ is a compact operator from Jq^s{^) fo L 2 ,r. Further, let us 
perform the substitution v = A~^l^w in the identity (1.15) and use the property 
(1.10). Then for any p G L 2 X arbitrary w G Jqx{^) f^e following relation holds 
true. 

According to the definition of an adjoint operator, this equality means that A^^^T is 
adjoint to the operator — Q (as an operator acting from L 2 ,r to Jq, 5 (^)) 

and, therefore, it is compact too. Hence, B = (A^/^T)( 7 nA“^^^) = Q*Q is a compact 
and nonnegative operator acting on 

Let us note that the operator B has the infinite dimensional kernel and is 
infinite dimensional itself. Indeed, if we choose a smooth finite field w and assume 
V = then — 0 and therefore, Bw = 0. On the other hand, 

the set of functions {'ynA~^^‘^v} fills the whole space and is infinite dimensional 
for any v G Jo, 5 '(f^), therefore, the operator B is infinite dimensional. 
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Let us list the eigenvalues of operator B in decreasing order with regard to 
their multiplicities. Obviously, they are consecutive maxima of the variational ratio 



i^,^)L2(n) U,^)L2(n) 



(1.31) 



which is considered for nonzero elements ^ G Jo.s(f^)’ In (1.31), let us perform the 
substitution = v E V{A^^‘^) — ^{0) and use the identities (1.10), (1.15); 

we obtain the following variational ratio instead of (1.31) 



(7nV,7nt;)L2,r 




E(v,v) 



(1.32) 



which is considered for nonzero elements v from Jq ^(r^). Hence the next asymptotic 
formula can be obtained. 



\n{B) = c^'^n ^/^[l+o(l)], n ^ 00 , cg := > 0. (1.33) 

lOTT 

From (1.33) it follows that B belongs to the class 0p for p > 2. 

Let us now consider the problem (1.28), (1.29); it can be investigated as the 
Cauchy problem for an ordinary differential equation of the first order in the doubled 
Hilbert space E = Jq^s{^) ® 



d^ 



vAy + gv By, y(0) = y 



where 



(1.34) 



.4 = diag(yl;0), y = {rj;S)\ B = 



B B 
-B -B 



y = 



As far as ^ 0, then operator A is self-adjoint and nonnegative in E, and 

therefore, the operator —lyA generates an analytic semigroup of operators. Since B 
is compact, B is a bounded and compact operator. Therefore, the operator {—uA + 
gu~^B) generates the analytic semigroup U{t) eyip{—t{vA — gv~^B)). Hence, it 
appears that the homogeneous Cauchy problem (1.34) for an arbitrary initial data 
y{0) = y^ e E has the unique generalized solution y{t) = U{t)y^ , which is a continuous 
function in E on [0, oo) and analytic for t > 0. 

We next consider the initial boundary value problem (1.1)-(1.4) for the field 
f{t,x) = 0 . Let us assume that the initial functions satisfy the conditions 

u^{x) € Jq s(Q), C°{xi,X2) e L2,r- 



(1.35) 
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Then, according to (1.25) we have «;(0) = s(0) = «° - rn(0) G 

That is way from (1.29) we obtain = A^/‘^s{Q) G Jq,s(Q), 
5^ = A^/^w{Q) G Jo,s(0), i.e., e E = Jo,5(fi) © Jo,s(fi)- Hence, 

if the conditions in (1.35) hold true, then E E and the generalized solution 
y{t) = U{t)y^ = {rj{t);5{t)Y fhe components ry(t), S{t), which are continuous 
functions of t with values in Jo, 5 (fl) and analytic for t > 0. But in this case 
s{t) = w{t) = A~^^‘^S{t) and u{t) = s{t) + w{t) are continuous functions 

of t with values in Jq these functions are analytic for t > 0. From this fact 

and the second relation (1.23) it can be obtained that d(/dt = = 'i/air is a 

continuous function of t with values in from the latter and (1.35) it follows that 

C(t,xi,X 2 ) = C^(xi,X 2 ) + /q 7nXx(5)ds is a continuously differentiable function with 
values in L 2 ,r- 



8.1.4 Motions with Small Mass Forces 



Now let us consider the case of forced motions of a fluid in a container, i.e., when the 
small field of external forces with mass density f{t,x) acts on the system. 

First of all, let us notice that the velocity field u{t,x) is influenced only 
by those components of the field f{t,x) that belong to the subspace Jo,s(^l). The 
projection of the field f{t,x) onto the potential subspace Go,r(^^) that is orthogonal 
to Jo,s(f^) results only in modifications of the pressure in the fluid. Moreover, since 
the potential on F of all the elements of Go,r(^) is equal to zero, then the presence 
or absence of a potential component of the field /(t,x) from the subspace Go,r(f^) 
does not change the boundary conditions on F for the problem (!.!)-( 1.4). Taking 
into account the above mentioned facts, we will assume that f{t,x) is a function of t 
with values in Jq^s{^)- 

According to the scheme developed in Section 8.1.3, let us perform the 
transition from the boundary value problem (1.1)-(1.4) to the system of equations 
(1.24), and then to the problems (1.28) and (1.34). In this case we obtain an additional 
term, /(t), in the right side of equation (1.24), the term A^/^/(t) appears in the first 
equation (1.28), and problem (1.34) is no longer homogeneous having a new term 
F{t) (ylV2/(t);0)t in the right hand side. 

To explain the performed transformations, let us assume (in addition to 
conditions (1.35)) that the field of external forces /(t,x) is a continuous function 
of t with values in Jq ^(^2). Then F{t) is a continuous function of t with values in E 
and the nonhomogeneous problem (1.34) has a unique generalized solution given by 
the formula 



y{t) = 




U(t - s)F{s)ds, 
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where U{t) = exp{—t{i'A — is an analytic semigroup. This solution is a 

continuous function of t with values in E. As in Section 8.1.3, from the latter 
we obtain that under conditions (1.35) and for the above mentioned constraints 
for f{t,x) the nonhomogeneous problem (1.1)-(1.4) has the generalized solution 
{u{t, x); xi^ X 2 )} for which both the kinetic and potential energies of the system 
are continuous functions of t^ and the dissipation velocity of the full energy is also 
continuous. 

8.1^ Equation of Energy Balance 

In order to deduce this equation, let us write down the system (1.23) with regard to 
mass forces so that the above mentioned generalized solutions satisfy the following 
system: 



+ ^-1/2^ = ^-1/2 ^ gA^'^TC, = 0, 

dt 

dC 

— =7ntt, u^sFw. (1.36) 

Let us scalarly multiply the first and second equations by and add them up. 

Then we get 

A'I-^A + s(A'i-‘TC„ 

\ / Z/2(0) 

= {A 

Using equations (1.10) and (1.30) we obtain 

UE{U,U) -f - — (^,ti)x,2(Ci) + ^(C.7n^)L2(r) = (/,'1 ^)l2(^7)- 



Taking into account the third equation in (1.36) and integrating by L we can deduce 
the equation for full energy balance which is written down in an ordinary integral 
form 
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Let us consider once again the boundary conditions (1.35). It can be assumed 
that the initial value belongs to the space of generalized functions i/p Then 
w{0) = —giy~^T(^ G and if u^{x) G Jq then the generalized solution 

u{t) of problem (1.1)-(1.4) exists. However, as it follows from the equation of energy 
balance, the solutions for which ^ L 2 S do not have a finite full energy and, 
therefore, they do not have any physical meaning. 

8.1.6 Equation of Normal Oscillations 

Let us consider normal oscillations of a viscous fiuid in an open container, i.e., those 
solutions of the homogeneous problem (1.1)-(1.4) for which 

u{t,x) = e~^^u{x), p{t,x) = e~^^p{x), ({t,xi,X 2 ) = e~^\{xi,X 2 ). (1.37) 

Performing the transition to the system of equations (1.27) as we did in Section 8.1.3, 
let us look for its solution in the form 

= e~^^r]{x), S{t,x) = e~^^S{x), ^{t,x) = e~^^^(x). (1.38) 

This gives the system of equations 

-XA-^^^S = -gv-^T-inA-^'^t r; + 5 = ^. (1.39) 

Adding up the first two equations and applying to the sum, and then applying 

to the second equation, we obtain the following from (1.39), 

iyr] = XA~^^, uS — gX~^B^, rj F S = (1-40) 

Now, if we add up the first two equations and use the third one, we obtain 
the following main spectral problem 



iy^ = XA-^^FgX~^B^, (1.41) 

which is considered in the Hilbert space Jo, 5 (fl). Here, A~^ is a positive and compact 
operator, and B is an infinite dimensional nonnegative compact operator with infinite 
dimensional kernel. 

The next section is devoted to a detailed investigation of the spectrum 
structure and properties of eigen- and associated elements of the operator pencil 
which is generated by problem (1.41). 
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8.2 The Main Operator Pencil 

Disregarding the notations in the previous subsection, let us consider the spectral 
problem 

cp = A^O, (2.1) 

in the separable Hilbert space where ^ is a compact positive operator and H is a 
compact nonnegative operator; both A and B act on E. 

82.1 Structure of the Spectrum of the Problem 

The pencil L{\) := I — XA — X~^ B is a Fredholm pencil on the whole complex plane 
C except for the point A = 0. In virtue of the properties of operators A and B^ L(A) 
is a positive definite operator and, therefore, invertible for negative A. That is why, 
the assertion in Section 1.6.4 applies to this operator. According to that assertion, 
the spectrum of L{X) in C\ {0} consists of isolated points that are eigenvalues. These 
points can have only 0 and co as accumulation points. 

If Ao ^ 0 is an eigenvalue, then, in virtue of the compactness of operators A 
and H, the eigensubspace that corresponds to the number Aq is finite dimensional. 
Moreover, the resolvent L~^{X) = {I — XA — X~^B)~^ has a pole in Aq and the entire 
root subspace corresponding to the number Aq is finite dimensional. 

Let Ao be an eigenvalue and cpo the eigenelement corresponding to it. We have 

^0 = XqA^po + Aq ^ Bipo. (2-2) 

Multiplying both sides of this equation by po we obtain the quadratic equation 
satisfied by Aq, that is, 

Xl{Apo,po) - Xo{po, po) + {Bp, po) = 0, (2.3) 



hence 



{(fio, <Po) ± \/ {‘Po, - 4(A(/5o, <fio) 



" 2{A^o,^o) 

According to this formula, ReAo > 0. We exclude the case {Bpo,po) = 0 that leads 
to one of the values Aq = 0. Further, let Im Aq ^ 0. That means that 






^ 2{B^o,ipo) 5 ) 



From (2.4) it follows that 



^^ 2 ^ {Bipo,‘po) ^ 2{B(fo,<po) _ (^ 0 ,^ 0 ) 

{Aifojipo) i<Po,Vo) 2{A(f>Q,ipa) 
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Then from inequalities (2.5) we can obtain the following 
[_{To,To) V ^ |\ |2 ^ 

(Fo,Po) J 

Hence we get the estimates 



( 2 . 6 ) 



(2P||)-^<|Ao|<2||B||. 

Let us notice that if the following inequality 

4(A<p,(p)(B<f,ip) < (2.7) 

holds true for all E E, then the left side in inequality (2.6) is greater than the right 
side which means that there are no nonreal eigenvalues. Inequality (2.7) is called the 
overdamped condition for the pencil L{X). 

If Im Ao 7 ^ 0, from (2.4) we get that 



holds true. Hence, all nonreal eigenvalues are located on the segment 



ReA>(2P||)-\ |A|<2||H||. 



(2.8) 



Let us note that if a nonreal number Aq is an eigenvalue of the pencil L(A), then the 
complex-adjoint number Aq is an eigenvalue of L{\) as well. Indeed, since the pencil 
L{\) is self-adjoint, then L(\q) is an invertible operator if and only if (L(Aq))* — L(Aq) 
is an invertible operator. 

Let us consider now the associated elements of (po in the case Im Aq == 0. The 
very first of them, , is a solution of the equation 



(/ — AqA — Aq ^ B)pl -h { — A -h Aq “^5)^0 — 0. 

Scalar ly multiplying both sides of this equation by po, using the fact that L{Xq) = 
I — Ao^ — Aq is a self-adjoint operator for Aq G M, and equation (2.2), we obtain 



{{—A -f Aq ^B)po, po) = 0. 

Considering this equation and equation (2.5) as a system of equations with respect 
to {ApQ,po) and {Bpo,po), we get that 

2Xo{Apo,po) = {po,po), 2 Xq^{Bpo,Po) = (^o,^o)* 
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We can rewrite these two equations as 

^o) 

2{A(po,ipo) ° (^o,^o) 

a form that easily leads to the inequalities in (2.8). These equalities though do not 
hold true for the overdamped condition (2.7) in which case there are no associated 
elements. 

Let us now formulate the final conclusions on the spectrum structure for 
problem (2.1). The spectrum of this problem consists of no more than a countable 
set of eigenvalues with finite algebraic multiplicities that are located in the right 
semiplane. The points A = 0 and A = oo are the only accumulation points of the 
spectrum. The nonreal eigenvalues are located symmetrically relatively to the real 
axis on the segment (2.8), and there are no more than a finite number of such 
eigenvalues. The corresponding eigenelements can have associated elements. If either 
the overdamped condition (2.7) or the more restrictive one, 

4||yl|| • ||5|| < 1, (2.9) 

hold true, then all the eigenvalues are real and there are no associated elements. 

For further considerations let us notice that without loss of generality we 
can assume that A = 1 does not belong to the spectrum of the pencil L{\). It is 
always valid due to the substitution A aA, where a > 0 and does not belong to the 
spectrum of L{\). This substitution will leave all the properties of operators A and 
B unchanged. 

S 22 Linearization of the Pencil 

Let us perform the linearization of the pencil L{\) in the following special way. We 
will rewrite equation (2.1) in two equivalent forms, that is, 

(f = {X — X~^)Aip + A“^(A + B)(f, 

A- V = (A + B)ip - X~\X - X~^)Bip. 

Setting A — A~^ = /i, X~^(p — we get the following system of equations 

f (f = pAip T [A + B)'ip, 

= {A-\- B)(f - iiB'il;. 

It will be convenient to consider this system of equations as an equation in the space 
E‘^ = E^E: 



z = Rz P fiHz, 



( 2 . 10 ) 
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where 




f 0 A + 
\A + B 



H = 



^ 0 \ 

0 -b)' 



Let us consider the linear pencil F(p) := I — R — nH, which corresponds to 
problem (2.10). Going backwards, we can prove that for elements of the form 



z = V)‘ 



( 2 . 11 ) 



the next identity holds true, 



Lp — XAip — A 

A“ V ~ ~ X~^Bip 



L{\)^ 



(2.12) 



Let us now find out the connections between the spectra of the pencils L[\) 
and If Aq is an eigenvalue of the pencil L{\) and (/9 q is its corresponding 

eigenelement, then from (2.12) it follows that the element zq = ((/?o; Aq is an 

eigenelement of the pencil F{ii) corresponding to the eigenvalue yuo = Aq — Aq Thus, 
each number //q = Aq — Aq \ where Aq is a point in the spectrum of the pencil L(A), 
belongs to the spectrum of the pencil F(/i). 

Now let /iQ be an arbitrary complex number and zq — ((/?q; V^q)^ be an element 
in such that F{iiq)zo = 0. If the number Aq is a root of the equation A — A“^ = yUQ, 
then the number — Aq ^ is a root of the same equation as well. Let us assume now that 
neither one of Aq and — Aq ^ belong to the spectrum of the pencil L(A). The auxiliary 
operator in defined as 



D{\) 



X^I XI 
XI I 



commutes with the operator F{X — X ^). Therefore, 



F(Ao - Xp)D{Xo)zo = Z?(Ao)F(Ao - Aq ')^ o = 0. 



Applying identity (2.12) to the element 



we obtain 



Pl\ x-Gncx W -f L{^o){Xoy:>o + Xo-ipo) 
F(Ao - Ao )D{Xo)zo - L(Xo){Xo^o + i’o) 



(2.13) 



0 . 



According to our assumption, Aq does not belong to the spectrum of L{X) and, 
therefore, Aq(/?q T-^q = 0, or 'ipo = -Aq(/pq. Using now identity (2.12) for A = -Aq ^ we 
get that 

L{-Xp)>f0 An 

-AqL(-Aq ^)ipo ) 



E{Xq — Aq ^)zq 



(2.14) 
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Since the point — Aq ^ does not belong to the spectrum of L(X), ipo = 0 and, therefore, 
= -Ao(/?o = 0 and zq = ((fo; = 0. 

Finally, the spectrum of the pencil F(p) is a univalent image of the pencil 
L(A) for the mapping // = A — A“^ This univalence follows from the fact that if Aq 
belongs to the spectrum of the pencil L(A) and thus lies in the right half-plane, then 
— Aq ^ lies in the left half-plane and hence does not belong to the spectrum of the 
pencil I/(A). 

Let us note the following corollary: 

Since, according to our assumptions, the point A = 1 does not belong to the 
spectrum of the pencil L(X), then the number p = 0 does not belong to the spectrum 
of the pencil F{p). Hence, it appears that the operator F{0) = I — R is invertible. 

823 Mutual Relationships between Eigen- and 
Associated Elements of the Two Pencils 

If zq = {(fQ', xpoY is an eigenelement of the pencil F{p) corresponding to the eigenvalue 
po and Aq is a root of the equation A — A“^ = po that belongs to the spectrum of 
L(A), then D{Xq)zo ^ 0. In the opposite case, from (2.13) it follows that = “Aq^/^o; 
but then from (2.14) it can be assumed that the number — Aq ^ belongs to the 
spectrum of L{X), which is not true. That is why, by choosing arbitrarily a basis 
in the eigensubspace of the pencil that corresponds to the eigenvalue p^, and by 
applying the operator D{X^), with Aq € cr(L(Ao)), to each element in this basis, we 
obtain another basis whose elements have the form (2.11). The first components of 
these elements form a basis in the eigensubspace of the pencil L[X) that corresponds 
to the eigenvalue Aq. 

A similar reasoning can be applied to associated elements if we use the theory 
of root functions (see Section 1.6.3). Let z{p) be a root function of the pencil F{p) of 
order m relatively to the point p^). It means that z{po) / 0 and the function F{p)z{p) 
has a zero of the order m + 1 at the point p = po. Let Aq be a root of the equation 
A — A“^ = Po, located in the spectrum of L{X). Since p — po — A“^(A — Aq)(A + Aq ^), 
then the function F{X — A~^) 2 :(A — A“^) also has a zero of the order m + 1 at the 
point A = Aq. The function D{X)F{X — A“^) 2 ;(A — A“^) = F(A — X~^)D{X)z{X — A“^) 
has a zero of order not less than m + 1 at the same point. According to the above 
proved facts, F(Ao)2:(Ao — Aq ^) ^ 0 and that is way the function D{X)z{X — A“^) is a 
root function of order not less than m of the pencil F{X — A“^) relatively to the point 

A = Ao. 

Let us denote 

D(AMA-A-)=:(/«J. 



(2.15) 
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In virtue of (2.12), the function L{X)(p{X) has a zero of order not less than m + 1 for 
A = Ao, and therefore, (f{X) is a root function of the pencil L(A) of order not less than 
m relatively to Aq- Let 

(f{X) = (po F {X — Ao)v^i + • • • + (A — Xo)^prn + • ' ' • (2.16) 

Then po is an eigenelement, and pi^...^pm are associated elements to po of the 
pencil L{X). 

If the holomorphic branch of solutions of the equation A — A“^ = /i for which 
A(/io) = Ao is denoted by A(//), then the function D{X{p))z{fi) is a root function of 
order not less than m of the pencil F{p) relatively to po- Let us find the corresponding 
eigenelement and the associated elements of the pencil F{p). We have 



zo = D{Xo)z{po), 



A: = 1, . . . , m. 



Calculating derivatives of the composite function, we obtain 



Zk 






7i(/io) 



<^(A) 

fc! dAJ L“V(A) 



A=Ao 

7j(Mo), 



A=Ao 



where 7j(/i) are coefficients that are expressed by derivatives of the function X{p). 
Using (2.16) we finally have 



Zk 



k\ 






j=l 



i=0 



Elements of the form {pj; where po is eigenelement 

and pk are associated elements of the pencil L(A), are called the elements of special 
form. 

Hence, the following assertion is proved: 

In each root subspace of the pencil F{p) a basis may be chosen that consists 
of elements of the special form. 
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8.2.4 Transformation to a Nondegenerate Pencil 

The pencil F{p) is degenerate in the following sense: The operator H in (2.10) has 
a nonzero kernel, Ker H ^ {0}, that consists of elements of the form (0;V^)^, where 
'ip e Ker B ^ {0}. Let IIo be the orthoprojector onto Ker H and IIi = / — IIo is the 
orthoprojector onto the closure of the range of operator H. Each element z e E‘^ 
admits the decomposition 2 = Uqz -\-Uiz =: zq zi. Obviously, operator Uq has the 
form diag(0; Qo), where Qq is the orthoprojector onto the kernel of operator B. That 
is why 

noi?no = 0, HUo = 0, (2.17) 

Substituting the decomposition of 2 : into equation (2.10) and taking into account 
(2.17), we obtain 

^0 T zi — Rzq + Rzi + fiHz\. 

Applying the operators Ilo and II 1 leads to the following equations: 



zo = IIoRzi, 

zi = IIiRzo + UiRzi H- jiHzi. 
Excluding zq, we come to the equation 



Z\ — III “t“ riii^IIiZi T pHz\. 



If this equation is written down in the matrix form, then it looks like the following 



zi 



AQ^A {A + B)Qi 
Qii^A + B^ 0 



(A 0 
0 -B 



zi =: Tzi + fiGzi, 



(2.18) 



where zi = {(p; ^)\ p e E.'ip e Ei\= QiE, Qi = I - Qq. 

Let zi be a nonzero solution of the equation (2.18). The inverse transition to 
nonzero solutions of the equation (2.10), that is, to the eigenelements of the pencil 
F(//), can be performed by the formula 



Z = Zo Zi = UqRzi -f- Zi . 



Similarly, the equations for associated elements can be transformed. 
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8.25 The Property of Two-Multiple Basicity 

Since the point /j, = 0 does not belong to the spectrum of the pencil F{/j.), then it does 
not belong to the spectrum of problem (2.18). Hence, it appears that the operator 
/ — T is invertible. Here the following two cases are possible: 

1) The eigenvalues of the operator T are less than 1; 

2) There is a finite number (let us denote it by k,) of eigenvalues of the operator 
T that are greater than 1. 

In the first case, the operator / — T is positive. In the second case, I — T 
does not have this property, but it can be represented as I — T = J\I — T\, with 
J = P_, where is an orthoprojector onto the invariant subspace corresponding 

to the positive part of the spectrum of the operator I — T and P_ = / — P_|_. The 
operator P_ is ^-dimensional. 

In both cases, let us perform the substitution |/ — = yi in equation 

(2.18) and apply the operator |/ — to both sides of this equation. Then equation 
(2.18) becomes 

yi=liKyi, (2.19) 

where K := {I - T)~^/^G{I - T)~^/^ in the first case, and K := J\I - T\~^^^G\I - 
T\~^^‘^ in the second case. 

In the first case, K is compact and self-adjoint. Here there exists an 
orthonormal basis in the space E^E\. This basis consists of the eigenelements yin^ n = 
1,2,..., of operator K that correspond to the eigenvalues An = An(i^). The elements 
^in = (^ ~ T)~^^‘^yin are solutions of the equation (2.18) for /i = fin = and 

they form a Riesz basis in the space P 0 Pi and satisfy the orthogonality conditions 

V / E®E\ 

( 2 . 20 ) 

In the second case, let us introduce on the space P 0 Pi the indefinite scalar 

product 

[u\,yi] := {Jui,yi)E®Ei, ( 2 . 21 ) 

that transforms this space into a space H^. The operator K is compact and J-self- 
adjoint, that is, 

[Kv^,yi] = {JKvuyi)E^E, = (\I-T\-^/^G\I-T\-^'^v^,yi) 

\ / E®Ei 

V / E^Ei 

( 2 . 22 ) 
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That is why the whole space E ^ E\ can be decomposed into the J-orthogonal sum 
E ® El = Eo[-\-]E^ whose terms are subspaces invariant relatively to K (see Section 
1.3.9). The dimension of the subspace E^ does not exceed 2n, the subspace Ej^ is 
infinite dimensional and the form [y,y] is positive definite in Ej^. In E^, there exists 
a J-orthogonal basis consisting of eigenelements y\n^ n = 1 , 2 ,..., and corresponding 
to the eigenvalues Xn{K) of the operator K. The elements zin = |/ - 
satisfy the equation (2.18) for pn = l/Xn{K) and form a Riesz basis in the subspace 

From the conditions of J-orthonormality it follows that 

= {-^yij^yik)EeEi = (2.23) 

The subspace Eq is finite-dimensional, therefore, there exists the basis of eigen- 
and associated elements of the pencil I — pK. 

For the mapping \I — the images of these elements form a basis in 

the space |/ — This basis consists of the eigen- and associated elements of 

problem (2.18). The union of this particular basis and the previously mentioned one 
forms a Riesz basis in the entire space E ® E\. 

Considering the pencil F{p) and then T(A), we obtain the following result that 
characterizes the property of two- multiple basicity of the pencil L{X). The system of 
eigen- and associated elements of the pencil L{X) that correspond to its spectrum 
{An}, has the following property. For each pair of elements (p and ip from E there 
exists a unique system of coefficients {cnk} for which 

^ ^ ^ ^nk^k,n •> 

n,k 

k 

n,k j=0 

Here the following series converge 



^ ^ \^nk\ ll7^/c,n||E ^ 
n,k 
k 

n,/e J=0 



(2.24) 
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8.2.6 Spectral Factorization of the Overdamped Pencil. 

Separate Basicity 

In Section 1, it was shown that if the overdamped condition (2.7) holds true, then 
problem (2.1) does not have nonreal eigenvalues and the eigenelements corresponding 
to the real eigenvalues do not have associate elements. 

Let us consider the quadratic pencil M(A) := AL(A). The totality of all A is 
called a root region of the pencil if for each A there exists an element (p 0, such that 
{M{X)(f^cp) = 0. Let us denote by p±{(p) the roots of the latter quadratic equation 
with respect to A: 



/ N ^ i‘P, <yj) ± \/ {‘P, (fi) 



(2.25) 



If the condition (2.7) holds true, then p±{p) are positive and distinct. By the 
homogeneity of these functionals, p±{(p) can be investigated on the unit sphere S of 
the space E. Let us divide the root region of the pencil M(A) into two root zones, A+ 
and A_. A-f (A_) consits of all values taken by the functional P-^{(f) (p_ ((/?)) on the 
sphere S. If the conditions (2.7) hold true, then the zones are nonempty connected 
subsets of the nonnegative semiaxis. 

It is easy to prove that inf^^ 5 A_ = 0 and sup^^^ A+ = Too. Indeed, if 
||(/Po|| == 1 and B(fo = 0, that is, ipo G KerB ^ {0}, then p-{(po) = 0. If B > 0, then 
let us choose a sequence of eigenvalues Xn{B) of the operator B and the corresponding 
sequence of orthonormal eigenelements (pn{B)- Then 



P-{ifn{B)) = 



1 \/l Xfi(^B^ 

‘li^AiPri') Pn) 

2Xn{B) 

1 + — 4:{A(pn^ Pn)Xn{B) 



Xji{B) ^0, n ^ oo. 



Further, if {An(A )}^2 is a sequence of eigenvalues of the operator A and {(pn{A)}'^^i 
is a sequence of its orthonormal eigenelements, then for the elements of this sequence 
we have 



P ^{( Pn { A )) = 



1 + \/l — 4 :Xn{A){B(Pn^ Pn) 

2KM) 



[An(A)l 



-1 



Too, 



n 



oo. 



Let us introduce the notations 



a- := sup A_, 



inf A+. 
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It turns out that, under the overdamped condition, the root zones A_ and A+ are 
separated from each other, that is, the following inequality holds true, 

= inf A_(_ > a_ = sup A_. (2.26) 

If condition (2.9) — called the rough overdamped condition — holds true, then the 
previous fact can be easily proved. Assuming (2.9) is true, let us introduce the quan- 
tities 

_ l±y/l- 411^11 -11511 
^ 2PII 

Obviously, p~{^) < r_ and p+{<p) > r+. That is why 

> r+ - r_ = V I I II > 0. 



If only the condition (2.7) is valid, then the proof of (2.26) is rather 
complicated. This proof is being omitted here. 

Now let us check that condition (2.7) is sufficient for the factorization of the 
pencil M(A) = AL(A) = XI — B — X^A relatively to the interval [a, b] = [— r, r], where 
r e (q;_, q;-^). For this matther let us use the conditions of spectral factorization of the 
operator- valued function M(A); these conditions have been formulated in the form 1° 
in Section 1.6.9, namely, if 



M{~r) < 0, M(r) > 0 (2.27) 

and the function {M{X)(p,(p) = 0 has exactly one root in some neighbourhood U of 
the interval [— r, r] for any ^ 0, then M(A) admits factorization. 

Existence of unique root of the function {M{X)ip^(p) on the interval [— r, r] 
is obvious in virtue of the fact that zone A_ = [0,a_] C [— r, r] and r G (a_,Q!+). 
Further, as far as A > 0, > 0, then M{—r) — —rl — B — r‘^A < —rl <C 0. Now let 

us prove the property M(r) 0. 

In virtue of the choice of r, this point does not belong to the closure R{M{X)) 
of the root region R{M{X)). Let us show that 0 ^ VF(M(r)), where W{M{r)) is the 
numerical range of operator M{r). Let us assume the opposite case: 0 G W{M{r)). 
Then there is a normalized sequence , such that {M{r)ipn^^n) ^ 0 as n — ^ oo. 

The sequence of quadratic polynomials (M(A)(/Pn, V^n) =• Pn(A) contains a subsequence 
that converges to the quadratic polynomial p{X) and p(A) ^ 0, because the coefficient 
of the first power of A is 1. Since p(r) = 0, then, according to the Hurwitz Theorem, 
in any neighborhood of the point X = r there is at least one root of a quadratic 
polynomial with a large enough subscript from the mentioned subsequence. This 
contradicts the condition r ^ i?(M(A)). 
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Hence, M{r) is a positive definite 0) or negative definite (<C 0) operator. 
Let us show that M(r) 0. Indeed, for any ip ^ 0^ the following decomposition to 
multipliers is valid 

{M{X)p,p) = {{XI - B - X‘^A)p,p) = -{Ap,p){X - p-{p)){X - p^{p)). 

If A = r G (a_, a+), then A — P-\-{p) < 0, A - p~{p) > 0, and since {Ap, p) > 0, then 
{M{r)p, p) > 0. 

Hence, it is proved that for any r G (q;_,q;+), 

{M{r)p,p) > S{p,p), (5 > 0, (2.28) 

i.e., the second property (2.27) is valid too. Therefore, the operator quadratic 
polynomial M(A) = XL{X) admits the spectral factorization 

M(A) = XI-B-X^A^ M+(A)(A7 - Z), (2.29) 

where cf{Z) C [— r, r], and M^{X) is a holomorphic and holomorphically invertible 
operator- valued function in the neighborhood of the interval [— r, r], r G (a_,o+). 
Moreover, since the spectrum of M(A) belongs to the union of the sets A_ and A+, 
then cr{Z) C [0,a_], and M_|_(A) is holomorphic and holomorphically invertible in the 
circle of any radius r G (o_, o;+). 

For the operator Z there exists a positive definite symmetrizator and that 
is why Z is similar to a self-adjoint operator. From the equality (2.29) for A = 0 it 
follows that Z = M^^(0)H, and therefore, Z is a compact operator. From the latter 
equality it also follows that KerZ = KerH / {0}. The last circumstance makes the 
situation more complicated, compared to the one considered in Section 6.5. 

Let us consider the spectral problem 

Zp — Xp^ p G E. (2.30) 

We represent the space as an orthogonal sum E = Eq ^ Ei, where Eq := KerH, 
and introduce operators of orthogonal projection onto the subspaces z = 0, 1. 
For p E E let us assume po = Pop and p\ = P\p^ and then p = poFpi. Substituting 
this expression for p into the equation (2.30) and projecting it onto E\ and Eq we 
obtain the following two equations, 

PiZPupi = (fo = X^^PoZPiipi. (2.31) 

The first equation contains only pi. After finding its solution, we determine po from 
the second equation. 
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Let us denote by F the positive definite symmetrizator of operator Z and 

define 



Fi :=PiFPi 

Ki = Pi ZF Pi =Kl 



Since Z(f = ZPi^p^ ip E then 



Ki = PiZPi • PiPPi PiZPi • Pi. (2.32) 

From the positive definiteness of P in P it follows that the operator Pi is positive 
definite in Pi. In particular, it has an inverse operator in Pi. Then PiZPi = Ki ■ F^^ 
and the first equation (2.31) takes the form 

KiF-^ifi = \ipi. (2.33) 



We next make the substitution 

e 

and apply the operator from the left to both sides of (2.33). Then we obtain 

:= = A^i, e E,. (2.34) 

Operator P' is a compact self-adjoint operator in Pi and Ker N — {0}. Indeed, 
if N^l^i — 0, then Kiipi = 0, where ipi — P^~^^^V^i G Pi. Then from (2.32) it follows 
that PiZPi ■ Fiifi =0 and therefore Ficpi =0 and xl^i = P^ ^^‘^Fiipi = 0. 

According to the Hilbert-Schmidt Theorem, the problem (2.34) has a discrete 
spectrum {A ~}^2 5 ~ ^n{N) ^ 0, which is located in the interval [0, a_] and has 

the limit point A = 0. The spectrum of operator Z coincides with the spectrum 
of operator N. The eigenelements {'0in}^i of operator N corresponding to the 
eigenvalues X~ form an orthogonal basis in Pi. For solutions ipn of the problem (2.30), 
the components (pi^ = P\iPn can be obtained from solutions ^l^in of the problem (2.34) 
by means of operator P^ which is bounded and invertible in Pi; therefore, these 
components form a Riesz basis in the space Pi . 

Until now we have considered the spectral properties of the operator pencil 
in the zone A_ = [0,o^_] which is bounded in M and adjacent to the coordinate 
center. To consider the similar issues for the root zone A+ = [o;+, oo), let us perform 
a transformation of parameter in the pencil L{\) by setting A = 1/p. Then instead 
of P(A) we have the following: 

Pn) := L (^ = I - nB - A. (2.35) 
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The new pencil L(/x) differs from L(A) only by notation, that is, using the formal 
substitution ji X, B ^ A and A B it can be converted into L{\). That is why 
all the reasoning performed above can be applied to L{ii). 

Here, let us note that the initial root zone A+ = [a+ , oo) is transformed to the 
zone A_ = [0, d_], o;_ = l/o;+, under the substitution /i = 1/A. It is still separated 
from the zone A+ = [d^_,oo], = 1/a-, and the new factorization of the pencil 

M(/i) := liL{ix) has the following form, instead of (2.29), 

M(//) = M+(/i)(/x/-Z). (2.36) 

Further we once again derive conclusions concerning the factor Z — M^^{t))A from 
(2.36), and performed a transition to a spectral problem of the form (2.30), 

Zlp = flip, ^ ^ E, jji = A“\ (2.37) 

which is being considered in the zone A_. Since operator A has a zero kernel, i.e., 
Eq = {0}, then this problem is simpler than problem (2.30). That is why it is not 
required to perform any transition to a problem of the form (2.31). 

Let us now formulate final conclusions that are based on considering the 
problem (2.37). 

1° In the zone A_, the problem (2.37) has a discrete spectrum 
consisting of positive eigenvalues with finite multiplicities and the only limit point 
fi = 0; to this spectrum, there corresponds a discrete spectrum {A+}^i, A+ = ^ 

of the pencil L{X) which is located in the zone A_|_ = [a^, oo). 

2° Eigenelements of the problem (2.37) or, similarly, eigenelements of the 
pencil L(A) corresponding to the eigenvalues A+ from A+ form a Riesz basis in the 
space E. 

Hence, if the overdamped condition (2.7) holds true, then the spectrum of 
the pencil L(A) is located in the zones A_, A+ and has two branches {A“}^i, 
A- ^ 0, n ^ 00, and A+ OO, n oo; the eigenelements }^i 

{(Pn}//Li that correspond to the two mentioned branches of the spectrum, have the 
above-formulated properties of basicity in E\ and E, respectively. 

82.7 Double-Sided Inequalities for the 
Two Branches of Eigenvalues 

To obtain double-sided estimates for the numbers {A~}^i and {A+}^i, let us use 
the variational principles stated in Section 1.6.11. 

We assume that the overdamped condition (2.7) holds true. Then, in the zone 
A_ = [0, q;_], the eigenvalues {A“}^^ of the pencil M(A) = AL(A) form a nonincreas- 
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ing sequence A“ \ 0, n — > oo. Further, for the pencil M(A) = XI — B — X^A (as it 
has already been proved in Section 8.2.6), conditions 1° in Section 1.6.10 hold true. 
These conditions are sufficient for its spectral factorization. Besides, for A = 0, we 
have M(0) = —B G ©oo- That is why, according to assertion 9° in Section 1.6.11, the 
following variational principles are valid for the eigenvalues {A~}^p 



A„ = min max »_((/?), 

dimN^=n-l0^ifeN 

X~ = max min p-((p). 

dimM=nO/c/pGM 



(2.38) 

(2.39) 



We recall that here M is an arbitrary n-dimensional subspace of E, and N is an 
arbitrary subspace of E with codimension n — 1. 

Let us make a formal substitution p = 1/X in the pencil M(A). Then after this 
substitution, the eigenvalues A~ are converted into the numbers = l/X~ located 
in the unbounded zone [d+,oo), = l/a_, and for them the following variational 

principles are valid, instead on (2.38)-(2.39): 






+ 

n 



1 






+ 

n 



1 



1 

max mm — — — 

dim N-^=n—l ((^) 

min max 

dim M=n 



max min p+((p), 

dimN^=n-lO^<peN 



(2.40) 



(2.41) 



We next use the obvious inequalities 



Then, 



^ v) + V - 4(A(p, (p)(B<p, V?) 

(B(p,<p) 2(Bip,(p) 

^ y) - \/ (<p, - 4(^(/7, (p)(B(p, (f) 

2(B<f,(p) 

2(Aip,(p) 



< 2 



(</?, ip) + \/ (<p, if)'^ - ‘iiAif, ip){Bif, ip) 

(Aip,ip) 



i^,v) 
i^,V>) 



<2||A||. 



-2PII <p+(ip) < 






(Bip,ip) (Bp, p)- 

Now, let us use the principle (2.40) and the following obvious principle. 



(2.42) 



max 

dim N-^=n— 



i<fi,‘p) 

mm G 

1 o^cpeN [Bcp, if) 



1 



min max 

dim N^=n—\ O^^pCiN 



{B<p,>p) 

{<p,y^) 



1 

Xn{B)' 
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Then, from the inequalities (2.42) it follows that 



\n{B) - A;^ - A„(B)’ 



and hence we finally obtain the double-sided estimates, 

Xn{B) 



^n{B) ^ ^ 



2Xnm\Ar 



n = 1,2,.. 



(2.43) 



(2.44) 



Inequalities (2.44) show that the branch {A“}^i of eigenvalues moves to the right 
relatively to the eigenvalues of operator B and formula (2.43) shows that for the 
inverse magnitudes the corresponding displacement to the left does not exceed 2||A||. 
Similar double-sided inequalities can be also obtained for the second branch 
fhe pencil L{\) = I — XA — A“^B, which is located in the zone [a+, oo). 
Without adducing the corresponding reasoning, let us note that the result can be 
obtained by the formal substitution A~ A. Then instead of 

(2.43) we have 

These formulas show that the branch {Aj}^i moves to the left compared to the 
eigenvalues An(^“^) = l/Xn{A) of the (unbounded positive definite) operator A~^. 
The magnitude of this displacement to the left for any number A^ compared to 
Xn{A~^) does not exceed 2||B||. The following asymptotic formulais are corollaries of 
the inequalities (2.44) and (2.45): 



A„ = A„(B)[1 +o(l)], n^oo, (2.46) 

A+ = ^^+0(l), (2.47) 

Summing up the result of the previous analysis of the spectral problem for the pencil 
L(A) == I — XA — X~^B under the overdamped condition, let us note the following. The 
given pencil can be considered as a perturbation of the linear pencil Li{X) = / — A^ 
and at the same time of the pencil L 2 (A) = 7 — A~^B, which can be reduced to a linear 
pencil. Obviously, for the pencil Li{X) the spectrum consists of isolated eigenvalues 
— 1/X^[A) — > oo, n oo, and the eigenelements form an orthonormal basis 
in E. In the second case, the spectrum of the pencil L 2 (A) consists of eigenvalues 
= Xn{B) ^ 0, n ^ (X), and the eigenelements corresponding to nonzero eigen- 
values form an orthonormal basis in Ei C E. For the mentioned perturbation of the 
pencils Li{X) and L 2 (A), i.e., the transition to the pencil 7/(A), the spectra of both 
nonperturbed problems move to the left with no more than 2\\B\\ in the case of Li(A), 
and to the right with no more than 2||A|| in the case of 7/2(A) for the inverse values 
1/Xn^ . Further, the eigenelements of the pencils Li(A) and 7/2 (A) are orthonormal 
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bases in E and Ei respectively; in the perturbed case, they become Riesz bases in E 
and (after projecting) in Ei. 



82.8 The General Case 



Before considering the general situation, i.e., when the overdamped condition (2.7) is 
not necessarily valid for the pencil L{\), we give some definitions. 

An eigenelement (po of the pencil M(A) = AL(A) = XI — B — X^A corres- 
ponding to the real eigenvalue Aq is called positive (negative) provided —(M'(Xo)po, 
Po) > 0 (< 0)- The eigenvalue Aq G M is called positive (negative) if all the 
corresponding eigenelements are positive (negative). 

Let us note that (as it has been mentioned at the beginning of Section 1.6.10) 
there are no associated elements corresponding to positive or negative eigenelements 
because in this case (M^(Xq)po, po) ^ 0. 

If the overdamped condition holds true, then for any 0, 

{M' {p±{if))(p, If) = -((/ - 2p±{f))f, (f) = ±\/{f, - A{Af, f) i- 0. 

(2.48) 

Hence it appears that all the nonzero eigenvalues of the pencil M(A) (or, which is 
the same, eigenvalues of the pencil L(A)) located in the zone A+ are positive, and 
the eigenvalues from the zone A_ are negative. It is obvious that in this case all 
eigenvalues of M(X) are positive or negative. 

If condition (2.7) is not valid and 4||A||-||H|| > 1, then the eigenvalues Aq G M 
that are neither positive nor negative (let us call them degenerate), are located in the 
interval [(2|| A||)“\ 2||B||]. Here, as it follows from (2.48), the negative eigenvalues 
{A“}^i are located in the interval (0, (2|| A||)“^) and the positive eigenvalues 
{A+}^i are located in the interval (2 ||jB||, -hoc). 

Now let us consider the issues on basicity of eigenelements corresponding to 
{A^}^^ and {A~}^i, the positive and negative branches of eigenvalues. We show 
that here the properties of Riesz basicity in E and Ei , that should take place in the 
overdamped case, are replaced by the property of Riesz basicity with finite defect 
accuracy. 

Let us consider the equation 

M(X)p := (XI -B- X^A)p = 0, p e E. (2.49) 



Since the operator B equals zero on the subspace Eo = KerH ^ {0}, then the vector- 
matrix form of equation (2.49) is the following. 



+ A^ 



PiAPi 

PoAPi 



PiAPo 

PoAPo 



X 



To 



Bi 0 \ / 

0 0 J \po 



Ti \ 

To) ’ 



(2.50) 
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where (po e Eq, (fi e Ei^ and Pq, P\ are orthoprojectors onto the subspaces Eq, Ei 
corresponding to the decomposition E = Eq ^ Ei, Bi := P\BPi. 

From the second equation (2.50) we have (for A 7 ^ 0) 

(/o - XPoAPo)po = XPoAPipi. (2.51) 

Let us assume that A does not belong to the spectrum of the linear pencil Iq — XPoAPq. 
For example, suppose that A is sufficiently small. Then, determining po from (2.51) 
and substituting it into the first equation (2.50), we obtain the spectral problem in 
the subspace Pi, 

Mi(A)y>i := (A/i - - A^PiAPi - \^PM{h ~ XPoAPo)-^ PoAPi) = 0. 

(2.52) 

It is easy to notice that Mi (A) is a self-adjoint operator- valued function, which 
is analytic at zero, and KerPi = {0}. Moreover, for Mi (A) the following conditions 
hold true. 



M[ (0) = 7i > 0 in Pi , 

Mi(0) = -Pi g6oo- (2.53) 

That is why, according to assertion 4° in Section 1.6.10, we get that for any sufficiently 
small £ > 0 the eigenelements of the pencil Mi (A) corresponding to (negative) 
eigenvalues A" from the interval (0,e) form a Riesz basis in Pi with accuracy to 
a finite defect. 

Since there is no more than a finite number of negative eigenvalues outside 
the interval (0,^), we can conclude that all negative eigenelements of problem (2.49) 
corresponding to the negative eigenvalues {A“}^i form a Riesz basis in Pi with 
accuracy to a finite defect (after projecting onto Pi). 

In order to find out the similar properties for eigenvalues {Aj}^i and their 
corresponding eigenelements, let us perform the substitution X = l/p in the pencil 
L(A) and consider the following pencil in the space P, 

M(/i) (2.54) 

this pencil differs from M(A) only in notation. Since in this case 

KevA = {0}, M'(0) = / > 0, M(0) = -Ae 600 , (2.55) 

then again we can use conclusion 4° in Section 1.6.10 on basicity with accuracy to 
a finite defect in P of eigenelements of the pencil M{p) corresponding to negative 
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eigenvalues from the interval (0,^). It can be easily checked that to these numbers 
there correspond positive eigenvalues of the pencil M(A); hence we have the following 
conclusion: all the positive eigenelements of the problem (2.49) corresponding to the 
positive eigenvalues form a Riesz basis in a subspace that has finite defect 

in E. 

The following natural question arises. How many and what eigen- and 
associated elements of the pencil L{\) should be added to the totality of positive 
eigenelements corresponding to the positive eigenvalues {A+}^i in order to obtain 
a Riesz basis in E7 A similar question for the set of negative eigenelements 
corresponding to the negative eigenvalues {A“}^i can be aisked: after extending 
and projecting it onto E\ will this set become a Riesz basis in E{! 

It turns out that we can add (following a certain law) a finite number of 
eigen- and associated elements corresponding to nonreal eigenvalues and also to the 
real ones that are neither positive nor negative to the set of positive eigenelements 
corresponding to the positive eigenvalues of the pencil M(A) = AL(A). Extended in 
this way, the set becomes a Riesz basis in E. Similarly, there exists a certain rule by 
which we can add eigen- and associated elements (possibly different ones) to the set 
of negative eigenelements to tranform it into a Riesz basis in Ei after projecting it 
onto El. 

Hence, the properties of separate Riesz basicity of two “one-halves” of the 
system of eigen- and associated elements of the pencil L{\) are valid, together with 
the properties of the two-multiple Riesz basicity of the system of eigen- and associated 
elements of the pencil L{\) that were proved in Section 8.2.5 and mean Riesz basicity 
of the system of eigen- and associated elements in the space E ^ Ei for the pencil 
(2.18). Let us note that the first “half’ meant is in E (the extended system of positive 
elements) and the second one in Ei after projecting onto Ei (the extended system of 
negative elements). 



83 Normal Oscillations and the Spectrum of the 
Hydrodynamics Problem 

Based on the general conclusions of the previous section, we formulate here the 
properties of normal oscillations of the problem stated in Section 8.1. 

83.1 General Properties of the Spectrum 

Let us consider the problem (1.41) on normal oscillations of a heavy viscous fluid in 
a partially filled container: 

L,{X)i := [/ - + gX-^B)]^ = 0 , £ € 



(3.1) 
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According to the conclusions of Section 8.1, the operator A~^ acting in the space 

is compact and positive and J5 is a compact nonnegative operator. In addition, 
the physical constants g (the acceleration of the gravity force) and ly (the coefficient 
of kinematic viscousity) are positive too. 

Hence, it appears that (3.1) is a special case of an operator pencil corre- 
sponding to problem (2.1). It can be obtained from (2.1) by the formal substitutions 
A A~^/iy, B 1 -^ gB/iy. That is why, using the conclusions of Section 8.2, the 
following general properties of solutions of the problem (3.1) can be formulated. 

1° The spectrum of the problem (3.1) is discrete and consists of a countable set 
of eigenvalues with finite algebraic multiplicity that are located in the right half-plane 
and have the points A = 0, A == oo ais accumulation points. 

2° Depending on the value of viscousity u, the spectrum of problem (3.1) can 
be naturally divided into three, or two subsets. That is, if the following condition 
holds true, 

iy^<Ag\\A-^\\-\\Bl (3.2) 

then the branch {Aj}^^ of positive eigenvalues with the limit point A = +oo is 
located in the interval A^. = {2giy~^\\B\\; Too); the corresponding eigenelements 
have associated elements and the following conditions are valid, 

-((AL,(A))' ^+,^+) >0, k = l,2,.... (3.3) 

\ k y L/ 2 

The branch of negative eigenvalues, A^ ^ 0, A: co, is located in 

the interval A_ = (0; iy{2\\A~^\\)~^ . The corresponding eigenelements do not 

have associated elements and 

~{i^^iyW)x=x-^k^^k^ <0, A:=:l,2, (3.4) 

Finally, in the segment 

Ao = {A : ReA > i,{2\\A-^\\)-\ |A| < 2gp-^\\B\\} (3.5) 

there are only a finite number of nonreal eigenvalues that are located symmetrically 
relative to the real axis, and real eigenvalues for which the corresponding 
eigenelements have cissociated elements. Let us call this finite (or empty) set of 
eigenvalues for problem (3.1) from the segment Aq the set of intermediate eigenvalues. 

3° If the rough overdamped condition 



v^>Ag\\A-^\\-\\B\\ 



(3.6) 
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holds true, then there are no intermediate eigenvalues. In this case, the branch of 
positive eigenvalues is located in the interval (r+,+oo) and the branch of negative 
eigenvalues is situated in the interval (0,r_), 



r± 



u±y/i.^-Ag\\A-m-\\B\\ 



0 < r_ < < 00. 



(3.7) 



4° To positive eigenvalues {A^ } with large numbers k there correspond quickly 
fading nonperiodic modes of normal movements of the viscous fluid. Indeed, in this 
case, the dependence of the normal solutions on time has the form exp(— ^A^), where 
the (logarithmic) fading decrements Aj are big. Such movements, which are similar 
to the corresponding normal oscillations of a viscous fluid in a wholly fllled container 
described in Section 7.1, can be naturally called the internal dissipative waves. 

5° To negative eigenvalues {A^} there corresponds a new form of normal 
movements that does not have an analogue in a wholly filled container: for large 
numbers k, these movements are modes with arbitrarily small fading decrements A^. 
Their appearence is caused by the presence of the free surface of the fluid and by the 
influence of the gravitation field. Such movements are called the surface gravitation 
waves. 

6° Finally, if condition (3.2) holds true, then the finite number of fading 
decrements A located in segment (3.5) is possible in the system. The corresponding 
normal oscillations are called the intermediate waves. For this type of movements the 
dependence of time for real fading decrements A can be described not only by the 
law exp(— tA), but also by exp(— tA) with some integer m, which correspnds to the 

existence not only of eigenelements, but also of associated ones. Moreover, to nonreal 
fading decrements A that are located in the mentioned segment, there correspond 
normal movements taking place according to the law exp(— ^ Re A) exp(— him A). 
Hence, it appears that the presence of the free surface of a fluid generates the 
appearance of oscillating time fading modes of normal oscillations (in the case of 
small viscousity). 

7° For the decrements A^ of internal dissipative waves the following double- 
sided inequalities hold true. 



jyXk{A)-2gi^-^\\B\\<X+ <iy\k{A), (3.8) 



from (3.8) the asymptotic formula below follows for /c ^ oo, 

/ qx-2/3 

= i^Xk{A)[i + o(i)] = 1 / 



(3.9) 
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Respectively, for the decrements Xf, of surface gravitation waves the following 
inequalities, 



gp ^Xk{B) <X^. <gv ^ 



Xk{B) 

l-2gXk{B)\\A-^\u-^^ 



(3.10) 



and the asymptotic formula 



K =9^ ^Afc(B)[l +o(l)] = ^ 




(3.11) 



take place. 

83.2 Influence of Fluid Viscosity on the 

Structure of the Spectrum of the Problem 

The conclusions of Section 8.3.1 show that the spectrum structure of problem (3.1) 
depends on the value of the fluid viscousity v. Let us consider the quantitative 
changes of spectrum in the process when all parameters of the physical system remain 
unchanged, fluid viscousity u changes from sufficiently large to sufficiently small values 
and turns zero after transition to the limit. 

Obviously, for big v the condition (3.6) holds true and, therefore, only internal 
dissipative and surface gravitation waves take place in this system. The distance 
between the branches and of these waves is not less than the 

magnitude 









IIAl 



-ll 






00 . 



For decreasing v this difference lessens and turns to zero for v — where = 
i9\\A-^-\\B\\ > 0. Here, during the process of decreasing ly, the positive eigenvalues 
A^ (as shown by (3.8)) move to the left and the negative eigenvalues move to the 
right according to (3.10). 

Further, the following phenomenon takes place. If for some z/ < z/* a collision 
of any positive and any negative eigenvalues occurs, then a qualitative modiflcation 
of spectrum structure takes place. The essence of this modiflcation is the following: 
these eigenvalues move from the real axis and become a complex-conjugate pair of 
eigenvalues of the problem (3.1): this pair is located in the segment (3.5). If the 
parameter u decreases continuously from one positive value to another, then there is 
no more than a flnite number of such collisions. This fact explains the finiteness of 
the number of eigenvalues of the problem (3.1) for any z/ > 0. 

If ly decreases from z/ = z/* to z/ = 0, then the segment (3.5) extends and after 
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transition to the limit moves to the right complex half-plane. In this case, the number 
of intermediate eigenvalues increases to infinity and the complex-conjugate pairs (Aq)^ 
come close to the imaginary axis foru^O (the smaller the number of pairs, the 
closer they come to the imaginary axis). Such a qualitative situation can be easily 
explained physically because for u — 0 there should be a countable set of intermediate 
eigenvalues {(A^)^}^^, they should be located on the imaginary axis and generate 
oscillation frequencies of a heavy ideal fiuid in a partially filled container (see Section 
3.3). 

For small values of u, the eigenvalues (A^)^ determine oscillation frequency 
and fading decrement and are expressed by the asymptotic formula 

(A°)± + + 0(1.), 1.^0, (3.12) 



with 



dk 




^dS 




where uj^ are oscillation frequencies of an ideal heavy fluid in a container which are 
defined by (3.3.21) and (3.3.25), and = ^fc(^) is a potential of the fluid velocity 
corresponding to the frequency uj = uj^. 

Another limit case, that is, when u oo^ will be considered in detail in 
Section 8.5. 



833 Properties of Surface and Internal Waves 

To specify the properties of internal and surface waves, we perform the transition 
from (3.1), that is, from the equation 

XA-^^PgX-^B^ (3.13) 

to the system of equations 

$,=11 + 8. (3.14) 

Performing substitutions inverse to (1.26) and introducing the deviation C, of the free 
surface F, we obtain the following relations instead of (1.23) in the case of normal 
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oscillations, 



uAs = Xu, 

-AC = 

UW = -gTC, 

u = s F w. (3.15) 

Let us note, that in the latter sum the fields s and w can be univalently determined 
by the given field u; this fact is also true for the last sum in (3.14). 

We normalize the solutions of problem (3.13) by the condition 

||^||jo,s(^^) = N + = 1* 

Then, for the solutions of problem (3.15) we have the following, 

^ II^IUo.s(^b = 1 = 11^ + (3.16) 

At first let us consider the properties of the solutions of either problem 
(3.13), or of the equivalent problems (3.14) or (3.15), for the case of dissipative 
waves. Since in this case the eigenvalues A = A^ oo as k oo, then from the 
second equality in (3.14) it can be obtained that S = ^ 0 (in Jo,s{^))- That 

is why w = 0 (in g{Ll)). Further, since the operator 7^ acts 

continuously from Jq ^(fl) to , then from the second equality (3.15) we obtain 
C = -iFr^JnUt - 0 (in i^y^). Finally, from the first and last equations (3.15) 
it follows that 

^ {K)~^ ^4 -4 = in Jo,sW^ 

Summing up the results of this reasoning, let us formulate them in the form 
of the following conclusions. 

1° Any field u corresponding to some normal oscillation of a viscous fluid 
can be represented in the form of two summands s and w that can be univalently 
determined by u and are of diflFerent physical nature. Specifically, the component 
w = —gi'~^T(^ is univalently determined by the deviation C of the free surface of the 
fluid from its equilibrium position; this component can be naturally called the surface 
component of the solution u. The other summand s in the sum for u is called the 
internal component of the solution u. 

2° For the positive eigenvalues A = A^, the following properties are valid as 
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k oo: 

^ 0 in 

C - 0 in 

ll«fc llj„‘g(n) ^ 1. 

M - y ^ 0 inJo\s(n). (3.17) 

These relations show that the solutions corresponding to the numbers have the 
properties of internal waves: asymptotically, for such solutions, the deviations of the 
free surface of the fluid are very small in the process of oscillations for /c — > oo, and the 
main problem (3.15) is converted into the spectral problem uAs = As which is close to 
the problem in Section 7.1 on oscilations of a viscous fluid in a wholly fllled container. 
Let us note that both the mentioned simple problems have similar asymptotics of 
eigenvalues for k ^ oo. 

Now let us consider the solutions of problem (3.13) that correspond to the 
negative eigenvalues A = K 0 as k oo. If for the flelds u = 
the norm || ji = 1, then from the first equation (3.15) it follows that 
^^4 = K 0 in Jq ^(fl); from this fact it also follows that ^ 0 in Jq ^(fl). 

Here, I1 ji = \\W^ — || j^i 1 for /c ^ oo. From the first and third 

equations in (3.15) we have 

- T-y„w~ = T 7 „s“. 

Now let us note that the operator acts boundedly from Jq g{ft) to Jq ^(^l). That 
is why, in virtue of the property s^-^0, /c-^(X), we have 

^0 in (3.18) 

Hence, the component w'j^ of the solution satisfies the equation 

iy\g-^w -T-ynW = 0 , ||t«|| = 1, (3.19) 

after transition to the limit. Equation (3.19) can be called the auxiliary equation of 
gravitation waves in a viscous fluid. Indeed, on one hand, problem (3.19) is equivalent 
to the eigenvalue problem for the operator 

gu~^BS gu ~^ = XS, S = (3.20) 

and an the other hand it is equivalent to the problem 



gv ^CC := gv Sn^C = AC, 



w = 






(3.21) 
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which is an eigenvalue problem for the operator giy~^C, where C = 'jnT is the operator 
appearing in the abstract scheme of Section 1.8 and ( e i/p is the deviation of the 
free surface. After the substitution ( = we come to the following equation, 

gu~^Cv = At’, V G 1/2. r* (3.22) 

Hence, we conclude that the problems (3.19)-(3.22) have the same spectrum, and 
V = V8, where V C~^l^'^nA~^l^ is an isometric operator acting from Jo,5(fi) into 
i>2,r- 

The above-mentioned facts allow us to formulate the following assertion in 
addition to properties l°-2° of the internal and surface waves. 

3° For negative eigenvalues A = the following properties are valid for 

k ^ oo: 

^ 0 in 

II^A: 

and relation (3.18) holds true. Hence, asymptotically, the internal component of 
the field equals zero for k ^ oo, and the main problem (3.15) is transformed into 
either the spectral problem (3.19) or the equivalent problems (3.20)-(3.22), which are 
eigenvalue problems for the operators B and C related only to the surface oscillations 
of the system. Here, as already mentioned above, the asymptotics of the negative 
eigenvalues A^ is determined by the eigenvalues of operator B (or by the ones of 
operator C which equal the ones for B). 

83.4 On the Basicity of Modes of Normal Oscillations 

The general results of Section 8.2 enable us to find the properties of basicity for the set 
of all the modes of normal oscillations and for its separate subsets in problem (3.13) 
and the corresponding problem (3.15). At first let us consider some issues related to 
the decompositioin of spaces Jq and Jo.s(r^) into some orthogonal subspaces 
that are connected to the operators A, 7„, T, and C — '^nT. 

We recall that, according to the general scheme of Section 1.8 as well as 
the conclusions of Sections 1.3 and 2.2, the space g{fl) admits the orthogonal 
decomposition 

Jo,si^) = Mi(fl) 0 ATi(f]), (3.23) 

where Mi{D) is the set of solutions w = Tip the auxiliary boundary value problem 
II (see (1.13) and (1.14)) corresponding to all elements ip G i/p and 

Ni{Ll) := {u G jQ ^(fi) : = 0} is the kernel of operator 7^. Since Jq g{0) = 

C Jq^s{D)^ then the following decomposition corresponds to the decomposi- 
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tion (3.23), 



Jo,s(n) = Mo(^l)©lVo(^l), 

Mo(fi) := iVo(fi) ;= (3.24) 

It turns out that the subspace Nq{Q) coincides with the kernel Ker^ of 
operator B. Indeed, if := = 0 , then ||7n^“^^^^||L2,r = 

because Hence we obtain that G Ni{Q) and therefore 

^ G No{Q). If ^ G ATo(r^), then ^ s G iVi(f7), 7^8 = 0 and, therefore, 

B^ = A1/2T7,s = 0. 

Let us now introduce the operators 

V* := (3.25) 

where C = acting from Jo,5($l) to Hr — L2X from Hr to Jo,5(f^), 

respectively. By the equality {A^^‘^Ty = 7„.A“^/^ and the fact that C is self-adjoint, 
V and V* are mutually adjoint. Moreover, according to the general considerations of 
Section 1.8, V* is an isometric operator acting from Hr to Mo{n); as it was mentioned 
at the end of Section 8.3.3, the operator V has the isometry property as well. 

We prove next that the following properties hold true for V and V*: 

VV* = / in Hr, 

V^V^Qmo. 

where Qmq is an orthoprojector onto Mo(0) C Jo,s{^)- 
Indeed, since C = 7^T, 

Further, 

V*V = [a^/^TC-^/^^ (c-^l^yr.A-^1^) = A^/^TC-^ynA-^/^. 

If 5 G Mq{D.), then S = AAI^^w^ w G Mi{Q) and, therefore, 

V*VS - A^^^TC-^^nW = A^^^T (T-^n InW = A^l^w = 5 . 

If ?7 G ATo(Q), then 77 = AAI^s^ s G Ni{Q) and, therefore, V*Vr] = A^^‘^TC~^jnS = 
0 , because = 0. 
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Using these proved facts, let us describe the properties of basicity of modes 
of normal oscillations for a viscous fluid. Since the pencil (3.1) is a special case of the 
pencil (2.1), the general conclusions of Sections 8.2.5 and 8.2.6 on the two-fold basicity 
of the system of eigen- and associated elements of the pencil (2.1) are applicable to 
(3.1). Namely, let be the set of eigenvalues of problem (3.13) counted with 

regard to their multiplicities and is the corresponding set of eigen- and 

associated elements ^ = 0, . . . , — 1, where ruj is the multiplicity of the eigenelement 

Let us recall that only the intermediate eigenvalues can have associated elements 
and that is why there is no more than a finite number of intermediate eigenvalues. 

We introduce the following elements of a special form 

e Jo.s(f^)©Mo(fi). (3.26) 

As it was proved in Section 8.2.5, the set of these elements forms a Riesz basis in the 
space Jo,s(f^) 0 Mo(fl). 

Let us introduce the elements Uj^q = ^ G Jq ^(fl) corresponding to the 

solutions ^j^q G Jo, 5 (fl) and then, according to (3.15), let us introduce the elements 
0.<? = e Since Qm„ = , then the 

set of elements of the form 



I / A 
I 






forms a Riesz basis in the space Jq ^(fl) 0 Mi(fl). From the latter and the isometry 
properties of operators T (from to Mi{Q)) and C~^ (from to it 

follows that the set of elements of the form 

5 ^^(~1)^~^ (Aj) (3.28) 



is a Riesz basis in the space g{Q) 0 

Hence, from the properties of two- fold basicity for the solutions of 

the problem (3.13) we get the corresponding properties of two- fold basicity for the 
solutions {Uj^q} and {Cj,g} of the problem (3.15). 

Let us consider now the basicity of the sets of eigenelements for problem (3.15) 
that correspond to positive and negative eigenvalues. 
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First let us assume that the rough overdamped condition (3.6) holds true, 
that is, when the spectrum of problem (3.13) consists only of branches of positive 
and negative eigenvalues. In this case, the positive eigenelements }T=i problem 
(3.13) form a Riesz basis in Jo, 5 (fl). 

Further, for the negative eigenvalues the corresponding negative 

eigenelements form a Riesz basis in Mq{FL) after projecting onto Mo(f^). 

Let us introduce the elements along with the elements of the 

basis {QMoC}r=i = }r=i- Then, the set 

is a Riesz basis in Mi{fl) C Now if we introduce the displacements 

= — (A^)“^7ntA^, then, according to the properties of operators T and we 
obtain that the set forms a Riesz basis in Hence, it appears that the 

elements form a Riesz basis in Hr and the elements {A^C“^C^ 

form a Riesz basis in ifp 

If condition (3.6) is not valid, then the spectrum of problem (3.13) can contain, 
besides positive and negative eigenvalues, intermediate ones as well. In this case, to 
the positive eigenvalues {A^}^^ there corresponds a set of positive eigenelements 
{^k}T=i form a Riesz basis in Jo^si^) up to a finite defect. Hence, we obtain 
that the elements {u ^ with form a Riesz basis in Jq ^(f^) np to a 

finite defect. For negative eigenvalues the set of corresponding negative eigenelements, 
that is, the set {QMo^k}T=i^ forms a Riesz basis in Mq{Q) up to a finite defect, after 
projecting it onto Mq{0). As it was argued previously, from the latter fact we can find 
the following: the sets and form Riesz bases in Mi{0) 

and up to a finite defect. 

According to a certain rule, eigen- and associated elements of problem (3.18) 
corresponding to intermediate eigenvalues can be added to the above-mentioned basis 
elements from Jq^(Q), Mi (11), and This is done so that the sets of these 

elements form Riesz bases in the corresponding subspaces after extension. 



8.4 Oscillations of a Heavy Rotating Fluid 

In this section we consider a problem, which, on one hand, is a generalization of the 
problem in the previous section and is connected with uniform rotation of the whole 
system and Coriolis forces, and, on the other hand, generalizes the problem in Sections 
6. 3-6. 6 for the case of small movements of a viscous fiuid. 

8.4.1 Statement of the Problem 

As in Section 8.1, let us assume that a heavy viscous fluid with density p partially 
fills a container and rotates around the vertical axis Ox^ with the angular velocity 
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coq. In the state of relative equilibrium, the fluid occupies the region C bounded 
by the solid boundary S and the equilibrium surface F. The equilibrium pressure of 
the fluid is given by 



Pequilix) = Pa - P9^:i + ^P^o (^1 + > 

where Pa is a constant atmospheric pressure. 

Let us consider those movements of the fluid that are close to a uniform 
rotation with an angular velocity loq > 0. In the coordinate system OX 1 X 2 X 3 rigidly 
connected to the container, we can obtain the following linear equations that are 
similar to the ones in Sections 8.1 and 6.3, 

du 1 

2u;oU X 63 = — Vp + uAu + /, divn = 0 in Q, (4.1) 

ot p 

and the boundary stickiness condition 



u = 0 on 5. (4.2) 

Kinematic and dynamic conditions on the surface F can be written down 
in the curvilinear coordinate system (see Section 4.1.2). In this coordinate 

system, the equation for F has the form = 0, the Lame coefficient is hajr = 1 and 
the normal n on F is directed outward D. The following kinematic condition can be 
obtained, 

^=Un on r, (4.3) 

if we assume that the free moving surface has the equation = C(L<^\^^)- The 
dynamic conditions on F are the following: the tangent stresses equal zero and the 
normal stress equals the leap of pressure caused by the centrifugal and gravitation 
forces. If the covariant derivative of the covariant vector Ui by the variable is 
denoted by then the above-mentioned conditions on F have the following form: 

P^(^2,3 = 0, i = 1,2, 

+ 2pz/U3,3 = a(0C, 

a(0 := (VPequii • n)r , C := (4-4) 

As in Section 8.1, the initial conditions are given by 



u{ 0 ,x) =u^{x), C(0,O=C°(O- 



(4.5) 
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8 . 4.2 Transition to a System of Operator Equations 

In this section we investigate the initial boundary value problem (4.1)-(4.5) according 
to the scheme stated in Section 8.1. We should note here that, for the mentioned 
geometry of the region the Green formula (2.2.27) remains unchanged by 
substituting the ordinary derivatives of a vector field with its covariant ones. It makes 
it possible to apply the reasoning carried out in Sections 8. 1.2-8. 1.4 to the problem 
(4.1)-(4.5) and to obtain a system of operator equations similar to (1.23), that is, 

u{t) = s{t) 4- w{t), 

dC 

lyw T = 0 , 

vA}^I^s -h - 2'iuJoSou - f{t)^ = 0. (4.6) 

Here, u{t), s(t), and w{t) are functions with values in jQ^(f7), 7^ is the normal 
trace operator acting from Jq to A is the operator of the boundary value 

problem I in Section 8.1.2 (where the ordinary derivatives were substituted with the 
covariant ones on F), and T is the operator of the boundary value problem II. As in 
Section 8.1.4, it is assumed that the field of external forces f{t) is a function with 
values in Jq,s(^ 2). Further, the operator Sq is defined by SqU x ^3) for any 

u G Jo, 5 (f^), where Pq,s is an orthoprojector onto Jo,s(12). This operator — naturally 
called the gyroscopic operator — has the following properties: 

5o = 5o*, ||5o|| = l. (4.7) 

Let us denote by Bq an operator defined for any ( G Hr by 

PoC Pra{i)Pr. (4.8) 

Here, a(^) is a function on F defined by (4.4) and Pr is the orthoprojector onto 
Hr = L2,r- Since a{^) is a continuous function on F, Bq is a bounded self-adjoint 
operator acting in Hr. 

8.43 Solvability of the Nonstationary Problem 

Using equations (4.6), let us prove the univalent solvability of the initial boundary 
value problem (4.1)-(4.5). From the second equation in (4.6) we have 

C{t) = C°+f 7„(s + w)(r)dT, 

Jo 



(4.9) 
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and, therefore, the third equation leads to 

i^w{t) = -TBoC° - [ TBo^nis + w){r)dT. (4.10) 

Jo 

Then, from the first and last equations in (4.6) we obtain 

A~^l‘^TBQ'yn{s + tn) + ^“^/^(2io;oS’o(s + tn) + /). (4.11) 

Performing the substitution (1.26) in (4.10) and (4.11) and applying the 
operator A^C from the left (further considerations will make it clear that this operator 
is applicable), we obtain 

d{t) = -v-'^A^/^TBqC - [ B{r] + d)(r)dr, (4.12) 

Jo 

+ uA^^^ri = A~^/‘^B{r} + d) + 2iwo5o>l“^'^^(T? + S) + f, 

B := A^^^TBo'fnA-^/^. (4.13) 

Further, let us assume that the state of relative equilibrium of the rotating 
fluid in the container is statistically stable in linear approximation, that is, the 
operator Bq is positive definite in Hr = T 2 .r- This condition is equivalent to the 
following: 

a{i) > ao > 0, ie r. (4.14) 

It has been already proven previously that the operators and A^^^T = 

{inA-y^Y are compact and Bq is a bounded and positive operator by virtue of 
(4.14). Then the operator B in (4.13) is compact and nonnegative. As before, its 
kernel Ker B and the closure of its range are infinite dimensional. 

To make the transition from (4.13) to an integral equation, let us write down 
(4.13) for t — apply the bounded operator exp[— z/(t — r)A] from the left, and 
integrate between the limits 0 and t. Thus we obtain 

rj{t) = exp{—i'tA)r]{0) -f ( exp[—i'{t — r)A]B{rj + S){r)dr 

Jo 

-\-2i(Jo ( A^^‘^ exp[—v{t — r)A\SoA~^^‘^(r] A 8){T)d.T 

Jo 

+ f exp[—i'{t — r)A]A^/^/(r)dr. 

Jo 



(4.15) 
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Let us consider both the integral equations (4.12) and (4.15). They represent 
a system of Volterra type integral equations with respect to the functions rj{t) and 
S(t) with values in Jo,5'(^2). In this system, all the kernels are continuous operators 
except for the one that has the weak singularity 



exp[—i'{t — t)A]ASqA 



< 



const 

|t-r|V2 






ll^oll = 1. 



That is why the solution of the system (4.12), (4.15) can be obtaind by the method 
of successive approximations and it exists for any 



f7(0) € e Jo,sm (4-16) 



if f{t) is a continuous function with values in Jq si^)- 
Thus, we obtain the following conclusion: 

If in the initial boundary value problem (4.1)-(4.5) 

n°(x) e Jlsm, C°(l) e Hr, (4.17) 

and the field of external forces f{t,x) is a continuous function oft with values in 
then the problem (4.2)-(4.5) has a unique generalized solution for which 
u{t,x) is a continuous function of t with values in C(^?0 ^ continuous 

function of t with values in Hr- Here the kinetic and potential energies of the system 
are continuous in t for the above-mentioned solution. 

Indeed, if conditions (4.17) hold true, then 

t«(0) = G Jlsi^), 

5(0) = A^/^w{Q) G Jo.s(n), 

therefore, t]{0) = A^/‘^{vP - to(0)) G Jo,s(0). Moreover, A^/‘^f{t,x) is a continuous 
function with values in Jq, 5 '(^^). 

Since the Coriolis forces do not perform any work, then the law of full energy 
balance — in the form mentioned in Section 8.1.5 — holds true for the generalized 
solution of problem (4.2)-(4.5). The remark at the and of that section applies to 
this solution too. 
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8.4.4 Equations of Normal Oscillations 

Let us assume in (4.6) that f{t,x) = 0 and consider the solutions that depend on t 
according to the law exp(— At). Thus we obtain 



M = s + tt), 

-AC = 7n«, 
vw + TBoC = 0) 

vA^/^s + A-^/^(-\u - 2iwoS'o«) = 0. (4.18) 

From the latter, after the substitutions (1.26), we obtain the following system of 
equations: 



^ = Q + ^, 

v8 = 

C = 

VT] = -h 2ia;o*5^, 

From (4.19) for ^ = ?7 -h <5 we have the following, 

+ 2icJo5^. (4.20) 



This equation is a generalization of the equation (3.13) for the case of a rotating 
fluid. For cjq ^ 00 , the last summand in the right hand side of (4.20) disappears, 
is continuously converted into a region with a horizontal equilibrium surface F, the 
operators A~^ and B change continuously also and coincide with the operators A~^ 
and gB of problem (3.13) after transition to the limit (in particular, the latter fact 
follows from the representation (4.8) of operator Bq and formulas (4.4) and (4.1) for 
^(0 ^nd F^equil(^))* 

Let us point out the asymptotic property of the eigenvalues of the operator 
B = A^/^TBojnA-^C: 



^k{B) = ^/^[l+o(l)], k ^ 00 , 

1 [ l«(C)Pdr 

c„ = —h 

^ 167T p2 



(4.21) 



In particular, from (4.21) it follows that jB G 6p for p > 2. 
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8.4^ Investigation of the Spectral Problem 

Since S = S*, a transition can be made from (4.20) to the equivalent equation 

■= [I - Vo(A^-' + A-ifi)] ^ = 0, 

Io:= {I -2icooiy~^S)~\ (4.22) 

Though at a first sight this equation is only a little bit different from equation (3.1), 
problem (4.22) looses many of the properties found out for the solutions of problem 
(3.1). In particular, since Iq ^ I for cjq ^ 0, the property of self-adjointness of the 
pencil is no longer valid. Nevertheless, many spectral properties of the pencils 

Liy(X) in (3.1) and Ly^^^^{X) in (4.22) coincide. 

First let us note that for the operator Iq, the following properties hold true: 

(1) 7o = / + ^o, ^oe6oo 

(2) l|7o|| = 1. (4.23) 

The first property is easy to prove and the second one can be proved as follows: If 
= A/e (5), k = 1,2,..., is the sequence of eigenvalues of the operator 5 = 5* G (5oo 
corresponding to the orthonormal elements {<^/e}^i, then 

= 1 - 2iwoAfe(5) -^1, ask-^oo. 

On the other hand, for any (p from Jo,s(^2) 

Re(GV,v)j„^(0) = llv>lljo.s(n)- 

and therefore, ||7o|| < 1. Both properties lead to the second relation in (4.23). 

Let us find out some of the properties that the operator pencil 
1° The spectrum of either problem (4.20) or (which is the same) problem 
(4.22) is no more than countable with possible limit points A = 0 and A = oo. All the 
other points in the spectrum that are different from 0 and co are eigenvalues with 
finite algebraic multiplicity. 

Indeed, since the operators B, and S are compact, there is a Fredholm 
holomorphic pencil uI — A{X), where A{X) := XA~^ X~^ B -\-2[ujqS, that corresponds 
to equation (4.20), invertible on the negative semiaxis because 

Re((7 - ^(A))^,0^„(O) = ml.sm - 

^ ll^lljo.s(n)’ 



A < 0. 
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2° All eigenvalues of problem (4.20) are located in the right half-plane. 
Indeed, for the eigenelements ^ of problem (4.20) we have 

> 0 . 

The next step we are going to take in the investigation of problem (4.20) is 
based on posibility of reducing it to the Keldysh pencil. This reduction is similar to 
the transition from equation (2.1) to (2.10) and then to the degenerate pencil (2.18) 
in Section 8.2. Specifically, we perform the following substitutions, 

A- A-^ =/i, 

A~^Qmo^ = ^ e Mo(fi), (4.24) 

where Qmq is the orthoprojector onto the subspace Mq{Q) from the orthogonal 
decomposition (3.24). As in Section 8.3, Mq{Q) is the closure of the range of operator 
B in the norm of Jo,5(f7). 

Let us next apply the operator Qno = I~Qmo fo fhe both sides of (4.20) and 
use the property QnqB = 0. From the thus obtained equation, we find the following, 

Qnq^ = Az/ ^Iqn {Qnq^ (a ^Qmo^)) ^ 

where /qtv •= Qno{^ — ‘^'^^oJ^~^QnoSQno)~^Qno- Applying now the operator 
A ^Qmq to the both sides of (4.20) we obtain a relation, which together with the 
initial equation and the just obtained expression for Qnq^ can be written down as a 
vector-matrix equation in the space Jq,s{^) 0 Mo{Q): 

vz = \xGz -h Toz, (4.25) 

with 

G = diag(A“^; -B), 

T = ( “Au)qS + A~^ Iqn A~^ CQmo A~^ IqnSQmo A 

° \QmoC + 2iujov-^Qm,SIonA-^ 2iujoQmoSQm^ - ^Ip-^QmoSIonSQmJ' 

where C = B + A~^. 

Since A~^ G ©p for p > 3/2 and B G 6p for p > 2, then G G ©p for p > 2. 
Moreover, the operator Tq in (4.25) is compact because the operators S', and 
B are compact. Let us point out without a proof that, by the substitution A i-^ aA 
with some a > 0, we can always obtain the invertibility of operator I — v~^Tq. For 
^ ^ 11^0 II 7 ffic invertibility of the operator is obvious. Therefore, it can be further 
assumed that the bounded inverse operator exists and 

{I-v-^ToY^ + 



€ ©cx)- 



(4.26) 
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In virtue of (4.26), problem (4.25) is equivalent to the eigenvalue problem 

{I + Fo)Gz = fi-h (4.27) 

for the weakly perturbed self-adjoint operator (/ -h Fq)G. Since Fq G ©oo, ^ 
is invertible, and G is a complete self-adjoint operator from the class ©p for p > 2, 
then, according to Keldysh theorem, we can infer that problem (4.27) has a discrete 
spectrum with the limit point zero and all the eigenvalues except 

for maybe a finite number of them, are located in the sectors |arg//p^| < e and 
\tt — arg/i^^l < e for any e > 0. Moreover, the system of eigen- and associated 
elements of problem (4.27) corresponding to the eigenvalues is complete in 

the space Jq,s(S^) 0 A^o(^)- Thus, in addition to Properties 1° and 2°, we obtain the 
following properties of the problem (4.20). 

3° The spectrum of problem (4.20) is countable and consists of two branches 
of eigenvalues and with the limit points oo and 0, respectively. For 

any 5 > 0 all eigenvalues A^ and A^, except for maybe a finite number, are located 
in the angle |argA| < e. 

Indeed, let us denote by y/z the branch of the root for which Re y/z > 0. 
Then, by the connection A — A“^ = /x, the eigenvalues A = A(/i) can be obtained 
by the formula A(^) — {fi \/ fF F 4)/2. Since the eigenvalues of the 

operator (7 F Fq)G are located in the right and left half-planes, all the eigenvalues A 
can be devided into two branches assuming that A = A^ if A = (/x/c F yf^F 4)/2, 
Re ixk > 0, and A = A“ if A = {fij F + 4)/2, Re/x^ < 0. Here the arguments of all 
eigenvalues A, except for maybe a finite number, are located in the sector |argA| < £ 
for an arbitrarily small e > 0. 

4° The system of eigen- and associated elements of problem (4.20) is two- 
multiply complete in the space Jo, 5 (r^), namely, the system of eigen- and associated 
elements of problem (4.27) is complete in Jo,s{f^) 0 Mq{0). 

5° For any 5 > 0 the following inequality holds true 

|Im A/e| < 2u;o(l 0 ^)^ (4.28) 

for all the eigenvalues of the problem (4.20), except for maybe a finite number of 
them. 

To prove property (4.28), it is sufficient to consider the branch 
because for the branch {A^}^^ we have |argA^| < e for any ^ > 0. Let 
be the normalized eigenelements of problem (4.20) corresponding to the eigenvalues 
A = AJ ^oc,/c— >oo. Then by the definition of the operator S we obtain from (4.20) 
the following 
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- (Re A;^ + i Im A^) A + |A^| ^ (Re A^ - i Im A^^") 

Hence, we obtain 



= Re A^ 



- 2w„ = ImAj (||>|-‘'^tf f - lAjf^ ||b'/^{ 



(4.29) 



(Here, the norm and the scalar product are to be calculated in Jq^s{^)-) 

Since ||5o|| < 1 and taking into account the second equality in (4.29) we obtain 

that 



Im A J I < 2uo 















with 



< 2cuoMk, 



Mk-.= 






=: |1 - Qfcl ^ 



(4.30) 



Let us prove that ak 0 as k —> oo. Indeed, from the first equality in (4.29) we have 

(ReA+)-' - |A+P^ " 



therefore, 



O'k = 






ReA+ A+ 






iA^r 



Since |A^| 11^ < |A^| ^||5|| — » 0 as A: — » oo and for any sufficiently large k 

we have the following inequality 



|A 

1 < 



Re 



< (cose) \ 



where s is an arbitrarily small positive number providing the inequality |argA^| < e, 
k > N{s), then the term within the square brackets in the expression for ak is close 
to 1 • 1 / for large /c’s. From the latter and the definition of ak, it follows that a/c 0 
as k oo. 
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Now from (4.30) we obtain that Mk 1 as k ^ oo and assertion (4.28) is 
proved for the branch 

The following assertion is a corollary of this fact: 

All the eigenvalues {Aj} of problem (4.20) with the exception of a finite 
number of them are located in the region 

^£,5 — {A G C : |arg A| < |Im A| < 2a;o(l + <^)} (4-31) 

for any positive s and S. 

6° The asymptotic behavior of the two branches of eigenvalues is the following: 

A^ = iy\k{A)[l + o(l)], /c oo, 

A- = + o(l)], A: ^ oo. (4.32) 

Both the equalities in (4.32) follow from the assertions in Section 1.6.11 
regarding the asymptotic of eigenvalues of an operator pencil. The pencil of problem 

(4.20) is a special case of the pencil considered in Section 1.6.11. Here it is important 
that the operators A~^ and B — as it has been previously established — have power 
asymptotics of eigenvalues. Let us notice that the second formula in (4.32) can be 
obtain from the results in Section 1.6.11, after the formal substitution A = 1/A is 
performed in problem (4.20). 

Formulas (4.32) show that the fading decrements A J of the considered problem 
depend asymptotically (for k oo) on gravitation, centrifugal and dissipative forces 
acting in the system, and do not depend on the Coriolis forces at all. 

7° As for the problem in Section 8.3, let us consider valid the rough over- 
damped condition 

iy^>A\\A-^\\^\\Bl (4.33) 

Then the eigenvalues A^ are located in the semicircle D_ := {A G C : |A| < 
r_. Re A > 0} and the eigenvalues A^ are located in the region := {A G C : 
|A| > r+. Re A > 0}, where r± = {u± — 4HA~^|| • 1|B||)(2||A“^ ||)“^. Here, to the 

eigenvalues {A^}^^ there correspond the eigen- and associated elements of problem 

(4.20) . These elements form a complete system in the space Respectively, 

to eigenvalues {A^}^^ there correspond eigen- and associated elements that form a 
complete system of elements in after projecting them onto 

Let us prove the above-mentioned statements. If (4.33) holds true, then the 
pencil Liy^ujoW in problem (4.22) admits a spectral factorization in two forms. Indeed, 
introducing the operator- valued function 

:= -AL,,^„(A) = -XI + + X'^u-^IoA~\ 
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we can check that, for r G (r_,r_(-), the following condition 

(||/oS||r-' + \\IoA-^\\r) < {\\B\\r-^ + \\A-^\\r) < 1, ||/o|| = 1, 

holds true for this function and this is sufficient for the spectral factorization relatively 
to the circle of radius r. Therefore, for we have a decomposition into linear 

multipliers and for the decomposition has the form 

i.,u.o(A) = IoY-\l - \i^-^YA-^){I - {Xp)-^YB), 

Y = Io{I + i^-^A-^YBY), (4.34) 

where the expression in the first set of parantheses is a holomorphic and holomor- 
phically invertible operator- valued function for |A| < r G (r_,r_^) and the spectrum 
of the pencil I — {Xiy)~^YB coincides with the spectrum of for 

|A| < r. 

Hence, for |A| < r_, it is sufficient to consider the spectral problem 

YB^ = Xiyt ^ e Jo.sm^ (4-35) 

where T = / + G 600 , ^ ^Jo.si^))- Here H is a nononegative compact 

operator in the class &p for p > 2. Its kernel coincides with the subspace No{fl) and 
the closure of its range coincides with the subspace Mq{Q). 

By performing the substitution A = 1 /A and by applying the operator 
= / -h l>, G 600 , to (4.35), we can reduce (4.35) to the following problem 
with a degenerate Keldysh pencil: 

(\iy-'^B -/-!>) C = 0. (4.36) 

Since in this case the operator I + Qnq^Qnq = Qno(^ + ^)Qnq = QNoy~^QNo is 
invertible on the kernel Nq of operator B, the conclusions in Section 1.6.8 apply to 
equation (4.36). According to these conclusions, the system of eigen- and associated 
elements of the problem (4.36) forms a complete system of elements in the space 
Mq{Q) = Jo, 5 (n) ©iVo(r^) after projecting them onto Hence, we proved that 

the branch is located in the semicircle |A| < r_, ReA > 0, and the property 

of completeness for the system of eigen- and associated elements. 

The second part of 7° regarding the branch eigenvalues of the 

problem (4.20) can be proved in a similar way. For condition (4.33), we use here the 
existence of the following factorization relatively to the circle |A| = r G (r_,r+) for 
Ly^UJo (A) , 



= hX-\l - {\v)-^XB){I - \u-^XA-^), 
X = Iq{I + v-^BXAX), 



(4.37) 
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as well as the property of invertibility of operator X, its structure as indicated in 
(4.37), the property A~^ G 6p for p > 3/2, and the fact that KerA~^ = {0}. Since 
we obtain thus a nondegenerate Keldysh pencil, then to the eigenvalues 
with |A^| > r+, there correspond a system of eigen- and associated elements that is 
complete in 

8° If condition (4.33) is not valid, then instead of the above-proved properties 
of completeness of subsystems of eigen- and associated elements of problem (4.20), 
similar properties of completeness with finite defect hold true. Specifically, the 
following result is valid. For arbitrary viscousity u > 0 and any r > 0, the system of 
eigen- and associated elements of problem (4.20) corresponding to eigenvalues from 
the semicircle |A| < r, ReA > 0, has no more than a finite defect in after 

projecting onto Mq{Q), and the system of eigen- and associated elements of problem 
(4.20) corresponding to eigenvalues in the region |A| > r. Re A > 0, has no more than 
a finite defect in the space Jo, 5 (^l). 

Let us prove only the first assertion, because the proof of the second one is 
easier and does not require additional projecting onto the subspace Mo{f}) C Jq^s{0>). 

First, let |A| < ri Since ||/o|| = 1, the operator / — i'~^XIoA~^ 

is invertible for |A| < ri, and the pencil L^,^^q(A) can be represented as 

= I - 

/ OO 

= (7 - Ai/- VoA-i) I - (z^A)-i loB 

V k=0 

:= (7 - Ai/-VoAl-i) (7 - {i^XyioB - Gi(A)B) , 

OO 

Gi(A) := y^A'=-V-'=-'(7oAl-i)'=7o, (4.38) 

k=l 

where Gi(A) is an operator- valued function which is analytic in the circle |A| < ri 
and take compact values. Since the first multiplier in (4.38) is invertible for |A| < ri, 
the pencils Ljy^^^{X) and F'i(A) := / — {iyX)~^ I qB — G\{X)B have the same eigenvalues 
and systems of eigen- and associated elements for |A| < ri. 

Let us show now that the system of eigen- and associated elements of the 
pencil Fi(A) has no more than a finite defect in Mq{Q) after projecting onto 
We apply the orthoprojectors Qmq and Qmq fo the left and right hand sides of the 
equation Fi{X)^ = 0 , respectively. Considering the equalities BQmq = QmqB and 
BQno = 0, we obtain 

Qmo^ = {^^)~^{Qmo^oQmo)B{Qmo^) + {QMoGi{X)Qmo)B{Qmo^)^ 

Qno^ = {^^)~^{QNohQMo)B{QMo^) + {QNoGi{X)Qmo)B{Qmo^)- (4.39) 
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If Qmq^ is known, then Qnq^ can be determined from the second equation in (4.39). 
The first equation contains only to this equation it corresponds the following 

operator- valued function, 

F\{\) := -A/mo + {Q Mo^oQ M o) B + KQmqGi{X)Qmo)B, (4.40) 

that acts in Mq{D). 

Since Qmq^oQmq = ^Mq + with 4>i G Soo {I Mo is the identity operator 
in Mo(f))), the operator B is complete in Mo(f^), and the last term in the right 
hand side of (4.40) is an operator- valued function holomorphic in the circle |A| < ri, 
then, according to the theorem in Section 1.6.10, the system of eigen- and associated 
elements of the first equation in (4.39) has no more than a finite defect in Mo{D). 

If we consider the semicircle | A| < r. Re A > 0, with an arbitrary r > 0, then in 
the semiring of the right complex half-plane enclosed between the circles |A| = r and 
|A| = ri there are no more than a finite number of eigenvalues of the problem (4.20). 
Each of these eigenvalues has a finite algebraic multiplicity. Hence, it appears that 
the proved statement on completeness with accuracy to a finite defect takes place not 
only for eigenvalues A with |A| < ri but also for A with |A| < r for any r, 0 < r < oo. 

This proof shows that the second part of assertion 7° can be proved similarly 
by performing the substitution A = 1/A without projecting onto Mo{Q). 

Summing up the results in this section, let us compare them with the similar 
ones for the problem in Section 8.3. on normal oscillations of a nonrotating fluid. In 
short, we can say that if the fluid rotates, then the spectrum of the fluid moves out of 
the real axis and all the eigenvalues, with the exception of maybe a finite number, are 
located in the region D^ s defined in (4.31). Moreover, the property of Riesz basicity of 
the corresponding systems of eigen- and associated elements can be replaced in this 
case by the property of completeness (for a fluid with sufficiently high viscousity), 
and the property of defective basicity (for arbitrary viscousity) can be replaced by 
the property of defective completeness in the same space. 

8.4.6 On the Completeness of Systems of 

Modes of Normal Oscillations of the Initial Problem 

The conclusions of the previous section on the completeness of the systems of eigen- 
and associated elements of problem (4.20) make it possible to prove (as we did in 
Section 8.3.4) the properties of completeness for solutions of the initial problem on 
normal oscillations or, which is the same, for eigen- and associated elements of the 
problem (4.18). Here one can repeat the conclusions of Section 8.3.4, in which the 
word “basicity” is replaced by the word “completeness.” The reader can do this inde- 
pendently; we would like to formulate the final properties for the solutions of problem 
(4.18). 
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1° All the elements of the special form 






i=0 



(4.41) 



where (j^q = (—Xj)~^jn'^j q, that correspond to the eigenvalues Aj of problem (4.18), 
form a complete system of elements in the space Jj ^(Q) 0 H^^^. 

2° If the condition (4.33) holds true, then the eigen- and associated elements 
{'^k,q} corresponding to the eigenvalues |A^| > r+, ReA^ > 0, form a 

complete system in the space Jq ^(f]). Similarly, the elements of the form = 
~('^k)~^7riU^q, where are the eigen- and the associated elements of problem 
(4.18) corresponding to the eigenvalues {A^}^^, |A^| < r_, ReA^ > 0, form a 
complete system in the space 

3° For arbitrary viscousity i/ > 0, the above-mentioned elements 
corresponding to the eigenvalues {A^}^^ located in the region |A| > r, ReA > 0, for 
any r > 0, form a system that has no more than a finite defect in Jq ^(Q). Similarly, 
the elements corresponding to the eigenvalues {A^}^^ located in the region 

I A] < r, ReA > 0, form a system that has no more than a finite defect in • 



8^ Asymptotic Solutions for High Viscosity 

In the case of high viscousity, z/, we can apply the asymptotic method stated in Section 
1.7 to the problems considered in the previous sections. 



85.1 The Cauchy Problem 

First, let us investigate the problem on free oscillations of a fluid in an open immovable 
container. We can write down the equations (1.34) as 

= -Ay + gv~‘^By, 2/(0) = ?/“, (5.1) 

where 



y = (77; € Jo.s(fl) © Jo.s(^l), 



.4 = 
B = 



A 0\ 

0 oj ’ 

B B \ 
-B -B)' 
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Unlike the caise when the fluid fills completely the cavity (see Section 7.4), 
here the operator coefficient A does not have an inverse one in the space E = 
Jo,s{^) © This space is naturally decomposed into the orthogonal sum of 

subspaces E\ and E 2 ^ which consists of elements of the form (? 7 ; 0 )^ and (0;<5)\ 
respectively. The restriction A\ of the operator A to E\ coincides with the operator 
A and the restriction A 2 of the operator A to E 2 equals the zero operator. Let us 
recall that A is a positive definite self-adjoint operator in Ei and has a compact 
inverse operator A~^ > 0. 

Assuming that 6 = i/“Ms a small parameter, we can use the methods in 
Section 1.7 to construct the third approximation to the solution of the Cauchy problem 
(5.1). Comparing equation (5.1) with (1.7.7), we realize that in (5.1) —A plays the 
role of A in (1.7.7) and gy~^B plays the role of L. With this in mind, the solution of 
problem (5.1) should look like (1.7.8), that is, 

y{t) = {lFy-^Y)v{t), ( 5 . 2 ) 

where Y is an interlacing operator that does no depend on t. Here, the new unknown 
function, v{t), can be found as a solution of equation (1.7.9), that is, 

= -Av -h (5.3) 

at 

where the linear operator C = C{iy~^) keeps the subspaces Ei and E 2 invariant. 

In this case the decomposition (1.7.27) for L — following, 

^(0)^0, A; = 2,3,.... 

Therefore, by using (1.7.40) we get that 

^ 2 ^= 0 , YlP=gA-^B, Y,f=0, 

4°^=0, Y^P=gBA-\ F27=0. 

Hence, for the partial sums Tij(Ar) we have 

Yi 2(2) = g^ ^A ^21(2) ~ gi' ^BA 

Further, by using (1.7.30) we get that 

5 |°) = 0 , S^^^=gB, 5 |?^= 0 , 

5 ^ 2 ^ = 0 , S^^ = -gB, S^^=0. 



(5.4) 
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Then 



5' ii (2) = ^gB, 522(2) = -I' ^gB. 
Therefore, according to (1.7.31) for iV = 3, equation (5.3) becames 



A (3) 



dt 

,i(^ 

dt 



-gv 



Hence 



vf\t) = exp(-i(i/^ - gv ^B))v('^'(0), 



By (1.7.33) we obtain that 






(5.5) 



(5.6) 



and in virtue of (5.4) and (5.6) we have 
= v[^\t) + iy-^Yi2(2)vi^\t) 

= exp{—t{i'A — gu~^ B))v[^\o) + gu~^ A~^ B exp{—tgiy~^ B)v^\o) , 
S^^\t) - -h i^~^Y2i{2)v[^\t) 

= exp{—tgu~^B))v^\o) + gu~^BA~^ cxp{—t{uA — gu~^ B))v^^\t)) . 

The initial values i;p^(0) and t^ 2 ^(^) can be determined using equations of 
the form (1.7.25), that is, 

v^^^(O) + gu~^ A~^ Bv^^\^) — V^\ 

V2^^(0) + gu~^BA~^v[^\o) = S^. 

Hence, with accuracy up to terms of order not less than we obtain the following: 

'yJ^^^(O) = rf — gi 2 ~^A~^BS^, 
v^2^\0)^S^ -giy-^BA-^rj^. 



Finally we get 

= exp{—tu{A — gv~^ B)){rf — gv~^ A~^ B8^) + gv~^ A~^ B cxp{—gtu~^ B)5^ , 
= cxp[-gti2-^B){5^ - gv-^BA-^rf) + giy-^BA~^ exp{-tu{A - gv-^B))rf. 
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Let us recall that the velocity field of a fiuid in a container is u{t) = s{t)-\-w{t), 
where s = w = A~^^‘^S. Therefore, 

- A~^^^exp{-tiy{A - gu-^B)){A^^^s{0) - gu'^A'^BA^^^w{0)) 

+ A~^!^ exp{-gti'~^ B){A^^^w{0) — giy~^BA~^^^s{0)) 

+ gu-^A-^/^Bexp{-gtiy-^B)A^^^w{0) 

+ gv-^A-^'^BA-^ exp{-tiy{A - gu'^ B))A^^^s{0). 

If in this expression the terms containing are omitted, then we obtain the main 
members of the decomposition of the velocity field by powers of the parameter 

= exp{—tiyA)s{0) + exp{—gtu~^B)w{0). (5.7) 

Now let us point out that, according to (1.25), 

^( 0 ) = -gu-^TC^, 

s(0) = — t/;(0) = + gu~^T(^, (5.8) 

where u^{x) is the initial velocity field and C^(xi,X 2 ) is the initial deviation of the 
free surface. Therefore, 

= exp{-tiyA){u^ + giy-^TC^) - gi^-^A-^/^ exp{-gtiy-^B)A^^^T(^. (5.9) 

For high viscousity i/, the first term in (5.9) decreases quickly enough with 
time (it decreases not slower than exp{—ti'Xi{A)) with Xi{A) > 0) and the second 
term for 7^ 0 decreases slow enough (because Xk{B) ^ 0 for /c ^ oo). That is why, 
for large t, the first term in (5.9) can be omitted and we may assume that 

^ -giy-^A-^^^exp{-gtiy-^B)A^^^TC^. (5.10) 

Hence, the approximate solution does not depend on the initial field u^{x) in 

the fiuid, but depends only on the initial shape (^{x\,X 2 ) of the free surface. 

852 Normal Oscillations 

In order to find modes of normal oscillations of a fiuid in the form 



y{t) = exp{-Xt)z, 



z = {v;S)\ 



(5.11) 
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where 2 : does not depend on t, one should obtain the following equation from (5.1), 

-Xu~^z = —Az -f gu~^Bz. (5-12) 

After splitting it according to the scheme in Section 1.7, we obtain the system 
of equations of type (1.7.63) and (1.7.64), 

-Avi -y SiiVi = 

S22'^2 — ~XV2^ 



where v — {vi\V 2 Y and 2 : in (5.12) are connected by (5.2). Taking into account only 
the values (5.5) for C = C(z/“^), the following approximate equations can be obtained, 

Av\ — gi2~^ Bvi = Xi2~^Vi^ (5.13) 

gu~^ Bv 2 = Xv2> ( 5 - 14 ) 



Hence, we have two independent eigenvalue problems for the self-adjoint operators 
uA — gy~^B and gu~^B. For a sufficiently large u, all the eigenvalues A = of the 
first problem are positive and have a limit point A = + 00 . The eigenvalues A == A~ 
of the second problem are nonnegative and have a limit point A = 0, which is also 
an eigenvalue with infinite multiplicity. However, as it follows from Section 8.3 and 
can be directly deduced from (5.12), the number A = 0 is not an eigenvalue of the 
problem (5.12) and this number should not be considered. 

Let us look now for the solutions of problem (5.13) in the form of asymptotic 
series by the powers taking into account the first two terms only: 

Vi = X/u — (5.15) 



Substituting them into (5.12) leads to the relations 

= 0, 

Av[^^ — = gBv[^^ y (5.16) 



From the first equation we obtain the the numbers should coincide with the 
eigenvalues Xk{A) of the operator A, and the elements should coincide with its 
eigenelements ^k{A). To obtain further corrections for (5.15), let us aissume that the 
eigenvalues Xk{A) are simple. Then, using the orthogonality condition of the right 
hand side of the second equation in (5.16) to the normalized solution ^/c(^) of the 
homogeneous equation, we obtain 






( 1 ) 









2 

Jo, sin) 



InA ^/^^/e(A) 



Hr 



= -9 



— 9\\lfnSk{A)\\f^^. 



(5.17) 
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Here Sk{A) are eigenelements, which are normalized in Jq of the boundary value 
problem 



-As + Vp = divs — 0 in Ll, s = 0 on 5, 



dsj 

dx3 



dss 

dx, 



2 = 1 , 2 , 



9x3 



= 0 on r. 



Finally we obtain 



(5.18) 



^ = = ^^k{A) - gv ^|| 7 „Sfe(yl)|||^^[l +o(i/ ^)], fc = l,2,...; v ^ co. 

(5.19) 

This formula shows that if u increases, then the eigenvalues move to the right 
(this fact has been pointed out already) and are located to the left from the numbers 
y\k{A). For any /c, the difference between these numbers is not greater asymptotically 
than the magnitude and, therefore, this difference converges to zero as 

V ^ oo. 



As for the solutions of problem (5.14), it is obvious that for its eigenvalues we 
have the following asymptotics. 



^ = ^Afc(.B)[l +o(l)], fc = 1,2, . . . , 00 , (5.20) 



and the eigenelements can be determined by the formula 



V2 = V2k=^k{B), /c = l,2,.... (5.21) 

From (5.20) it follows that, for increasing z/, the eigenvalue A^(z/) moves to the left 
and after transition to the limit for z/ ^ oo it coincides with Aq = 0. 

Let us note that, in classical terms, the problem on determining the eigen- 
values A^ (z/) is equivalent to the boundary value spectral problem below. 



-Aw + Vp = 0 , 

~P + 2— — /i2C3, 

9X3 

dm dm _ ^ 

9x3 dxi 



dWw = 0 in fl, It; = 0 on 5, 
F = 

2 = 1,2; on r, 



(5.22) 



due to the relations B = A^I‘^T^j^A~^l^ , and = Apl^w. 

Let us deduce the final formulas that characterize the two types of normal 
movements of a fluid with high viscousity in an open container. For quickly fading 
movements, that is, when the fading decrements equal A = A^ (z/) and can be 
calculated using (5.19), the corresponding normal movements u — it^(t,x) have the 
form 



u+ {t, x) = exp (-A+ {u)t) g+ ^ 

= exp (-A+(i.)i) Al-i/2 (/ + ^,{A) 

= (Afc(A))“^/2 exp (-Aj (iy)t) {^k{A) + v~"^ gT^nik{A)) . (5.23) 
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Here we used (1.7.66) and the fact that ^k(A) = s and Xk{A) = are the solutions 
of problem (5.18). 

For the second class of movements, some similar formulas can be obtained by 
using (1.7.65) and (5.4). Finally we have: 

(^, x) = exp (-A^ (u)t) ^-1/2 ^ 

= exp {-X~ (^I + *) ^k{B) 

~ exp {-gu~'^Xk{B)t) {wk{B) + gv~'^ A~^T-^nWk{B )) , (5.24) 

where Wk{B) := are the eigenfunctions of the boundary value problem 

(5.22). 

Formulae (5.20) and (5.24) show that for the second class of movements which 
can be considered as slowly fading normal movements, a logarithmic fading decrement 
corresponding to the kth movement decreases with the increasing of ly. 

Let us note that, according to Section 8.3, all the eigenvalues A = A^(z/) are 
located in the interval [0, r_] and the eigenvalues A = A^(z/) are located in the interval 
[r_^, oo), where 

_ i^±V^2_4gp-i||.||g|| 

and therefore. 



r-{iy) ^ gy ^ ^ 0 , 

~ ,l\A-‘ll . IIBIl ^ “• 

Hence, it appears that the following holds true uniformly for all A: == 1, 2, . . ., 
A^(z/)-^0, A^(i/)->oo, V oo. 

8^3 Motions Under Mass Forces 

Let us consider again the evolution problem of the motion of a fluid in a container, 
but assuming now that the held of external forces /(L x) influences the system. Then, 
according to Section 8.1.4, we obtain that in the right hand side of (5.1) we have an 
additional term, where T = (A^^^/;0)^: 



^^ = -Ay + gi^ '^By + v t/(0) = j/°. 



(5.25) 
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According to the general theory of asymptotic solutions for equations of a 
similar type stated in Section 1.7.6, the Nth. approximation := to some 

particular solution yin{t) of the inhomogeneous problem (5.25) can be determined 
from the following equations: 



(/ + z/ (5.26) 

+ ^“V(iv-i), (5-27) 

— v4/i(]v) + ^ (5.29) 

where Y = Y{iy) and C — C(i') are the same operators as in Section 8.5.1. 

It is natural to solve the system of equations (5.26)-(5.29) in reverse order. 
We will do this for the case N = 3. 

Substituting the expressions for A and E into (5.26), we obtain the system 



(A^) _ 



y 

_.duW 

^ ^ — 

dt 

(7 + i/“^Y(iv-i)) ‘P(N-i) 

1/ ^ ^ 

dt 



^-1^=0. 

dt 



(5.30) 



The field h 2 (s) = 0 satisfies the second equation in (5.30). 

Looking for Aiqa) in the form of an asymptotic series by powers of 
substituting this solution into (5.30) and equating the coefficients by the same powers 
of z/~\ we obtain 



Ahf^ 

dh^ 

dt 



= 0 , 

= -Ah[^^ + 



dh(fe) 

dt 



-Ah\ 



(k+i) 



k = 2,3,---. 



= 0 , 

h?m = 



Hence 
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therefore, 

hi(3) W = (5.31) 

Now let us determine (/^( 2 ) from (5.20) or, which is more concrete, from the 

system 

^ 1 ( 2 ) + ^ ^^ 12 ( 2 )^ 2 ( 2 ) = ^ 

^2(2) Via ^1^21(2)^1(2) = ^^^frl(2)- (5.32) 

Equating the coefficients by the equal powers of ia~^ we obtain 

= <^ 2 °^ = = '^ 2 ^ = 0 , 

<pf = -gBA-^/^f, 

hence, it appears that 

<P2(2) = -i2-^gBA-^^^f. (5.33) 

Further, the function t'^^^(t) is a solution of equation (5.27) for = 3, that 
is, it is a solution of the following system of equations, 

iA~^ + v~^ f , 

A 

= -v~‘^gBv''^^ - v~^gBA-^l‘^f. 

Hence we obtain 

= exp(-ti/(A - ^z/“^5))v|^\o) 

+ f exp{-p{t - t){A - gi'~‘^B))BA~^^'^f{T)dT, 

Jo 

nt 

v^\t) = exp{—gtiA~^ B) v 2 ^\o) — gv~^ / exp(-(t — r)gu~^ B)BA~^^‘^ f{r)dT. 

Jo 

(5.34) 

Since we are looking for any particular solution of the initial problem (5.25), it can 
be assumed that (0) = (0) = 0 . 
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By (5.26) and taking into account (5.4), (5.34), and (5.31), the asymptotic 
particular solution of the nonhomogeneous problem (5.25) can be obtain as follows: 

[ exp{-iy{t - t)(A - giy~‘^B)){BA~^^'^)f{T)dT 
Jo 

at 

= -gv~'^ ( exg>{-v{t - T)gB){BA~^/'^)f{T)dT. (5.35) 

Jo 

If in (5.35) the terms of order are omitted, then we can obtain that 

<5(i)(t) =0. 

Therefore, the main member of the asymptotic decomposition by powers of of 
the velocity field of forced motion of a fluid has the form 

«for(0 = = v-^A-^f{t). (5.36) 

In classical terms, formula (5.36) states that the field u = it[Q^(t,x) is a solution, for 
each of the following problem, 



i/Atx + Vp = /(^, x), divi/ = 0 in ^1, w = 0 on 5, 
dui du^ 



dx3 dxi 



^ = 1,2, 



-p + 2i/^^ = 0 on r. 

0x3 



85.4 The Case of Rotating Viscous Fluids 



Let us now obtain the asymptotic solution of the problem on free movements of a 
viscous fluid in a rotating partially filled container. If in the system of equations (4.6) 
we perform the change of variables r/(t) = and 5{t) = the system 

can be rewritten as 

= -Ay + 2\LOQV~^A^^'^Vy Fv~'^By, y = {t}\S)\ (5.37) 

dt 

where the operator matrices A and B are as in (5.1), 

I>=(q D = SoA-^^^ e 600, Sou - iPo,s{u X 63), (5.38) 



and B = (see Section 8.4). 
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As in Section 8.5.1, we apply the asymptotic method stated in detail in Section 
1.7 to problem (5.37). Without going into too much detail, let us write down the 
formulas to be used in the sequel. 



Vi2(i) = 2iuJoV + (A-^B - 4u;y^) , 

V := = V*, 

y 2 i(i) = 

'S'ii(i) = ^ ^B + IvjJqAV^ 

^22(1) = -v-^B. (5.39) 

The splitted system of equations for the second approximations has the form 

A ( 2 ) 

A ( 2 ) 

^-i^ = _^-2^^(2). (5.40) 

Since D =■ SqA~^^‘^ G ©oo? the operator A^I^D is quite subordinated to the operator 
That is why the operator in the right hand side of the first equation in (5.40) 
multiplied by v generates an analytic semigroup U(f). Then, 

v^\t) = exp{-iy~^tB)v^\o). ( 5 - 41 ) 

From (5.39), (5.41), and the following formula 

= {1 + U~^Y^i^{u)) 

we obtain the following, with accuracy up to terms of order 

,7(2) (i) = ^ 

exp{-i/ ^tB)v^\o), 

S^^\t) = + iy~^Y2pi)V^^\t) = exp{-iy-hB)v^^\0). 

For the initial data we have the system 



i;p^(0) + 2iuJoiy ^Vv^\o) = rf , 
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Hence it can finally be obtained that 

= U{t) {rf - 2\ujy~^V 5^) + exp(-z/~4H)5°, 



Therefore, for the velocity field u = A + 5), the asymptotic solution equals — 

with accuracy up to terms of order — the following 



= A~^^^ {I + 2iuoiy~^V) exp{-iy-hB)d^ -f A'^'^Uit) {rf 
where U(i) is the semigroup generated by the operator 



2iijiy , 

(5.42) 



— lyA “h 2i(jjQA^^‘^D v ^ B. 



From (5.42) it follows that the main member of the asymptotic decomposition 
of a solution can be determined by the formula 

u{t) ^ A-^^^U{t)A^^^s{0) + A~^^^ exp{-iy-hB)A^^^w{0). (5.43) 

Here, the first term is the quickly fading with time part of the solution and the 
second one is the slowly fading part. Formula (5.43) shows that the slowly fading 
motion of the system does not depend explicitly on uq. Yet it obviously depends on 
ljq implicitly, because the shape of the region Q that is filled with fluid in the state 
of uniform rotation depends on loq. Therefore, the operators A and B depend on 
too. Hence, the slowly fading part does not depend on the Coriolis forces influencing 
the system. 

Summing up the results related to the evolution problem, let us note that for 
the forced movements of a rotating fluid we can obtain an asymptotic solution in a 
similar way as in Section 8.5.3. The reader can do it independently. 

Let us consider normal movements in problem (5.37) while assuming y{t) = 
exp{—Xt)z. Then 



~\jy ^ z —Az 2i(jJoiy ^A^^‘^T>zFiy ^Bz, 

and, according to (5.40), the splitted system takes the following form: 



— 1 / = —Avi + TiLOoiy ^A^^‘^Dvi + u ^Bvi, 

— l'~^\V2 = —1'~^BV2. 



(5.44) 
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From the second equation in (5.44) we obtain that 

X = v2=^k{B), (5.45) 

where ^k(B) = A^^’^w^iB) are the eigenelements of the operator B, that is, they are 
nontrivial solutions of the problem 

—Aw + Vp = 0, divii; = 0 in f], it; = 0 on S', 

'^ 2,3 + ^ 3,2 = 0 , ^ = 1 , 2 , 

-p -f 2 u; 3,3 = X~^BoWn on F, 

where Bq is the operator acting in Hr that has been defined in Section 8.4.2. 

Expanding the solutions V\ and X/iy of the first equation in (5.44) into series 
by powers of and taking into account the first and zero approximations only, we 
obtain the first equation (5.16) and the following equation 

pW - i.Xk{A). (5.47) 

Assuming that the eigenvalues are of multiplicity one and using the solvability 
conditions for equation (5.47), the following formula for can be obtained, 

p(') = -2iwo 

~ — 2io;o (Sq^A:(A), ^/e(A)) . 

Hence, 

^ (^) = i^Afc(.4) -2iwo (5o^A:(^),^fc(^))j„5(S2) +0(i/“'), fc = 1,2. . . , u ^ oo. 

(5.48) 

Since So = Sq and ||So|| = 1, then (5.48) leads to the following conclusions. For 
large z/, the fading decrements of quickly fading normal movements equal uXk{A) 
with accuracy up to magnitudes of order and the frequencies of their oscillations 
equal 2u;o(So^/c(A), ^^(A)) where ^k{A) are the eigenelements of the operator 
A normalized in Jo,s{0.). The absolute values of these frequencies do not exceed 2uJo 
and do not depend on fluid’s viscousity. 



8.6 Oscillations of a System of Nonmixing Fluids 

In this section we review the C 2 Lse when a cavity in a body is filled with a system 
of homogeneous incompressible fluids with different densities.lt will be shown that, 
according to Section 3.6, Chaper 4 and Section 6.3, this class of problems can be 
reduced to the same type of operator equations as in the case of one fluid partially 
filling the container. 
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8.6.1 Statement of the Problem on Small Oscillations 

Let us assume that a container D is filled with a system of m unmixing viscous fluids 
with the densities pi > P 2 > ' ' ' > pm > 0. These fluids in an unperturbed state are 
rotated uniformly together with the container with an angular velocity a;o = cuoes. 
In this case, if the gravitational field is directed against the rotation axis Ox^, the 
pressures Pok{oo) in fluids are distributed according to the law (6.3.41). The equations 
of the separation boundaries T^ between the fluids are described by (6.3.42). 

We denote by /i^, k = l,2,...,m, the dynamic fluid viscosities and put 
Pk = i^Pk^ where u > 0 is the average kinematic viscosity of the system and also a 
parameter of the problem, and p^ are positive constants with density dimensionality. 
From now on, whenever we will mention a change in the system’s viscosity, we will 
mean a change of the parameter u alone. 

Consider now small motions of the system of fluids close to the uniform 
rotation. As in (4.1), (4.2), and (6.3.46), for the velocity fields ix^(t, x) and the dynamic 
presssures pk{t,x) we get 

1 

- 2uj^u^ X 63 = Vpk + Vk^u^ F /, 

at pk 

divu^ = 0 in fl/e, u^— 0 on Sk, A: = 1, 2, . . . , m. (6.1) 

Here Uk = pk/Pk are the kinematic fluid viscosities, Qk is the domain occupied by the 
fluid k in an unperturbed state, 5/e = 5 D 0/e is the corresponding part of the rigid 
wall 5, and / = f{t,x) is a small field of external forces. 

To write the boundary conditions on the equilibrium separation boundaries 
r^, i = l,2,...,m — 1, which in this case are the paraboloids of rotation (6.3.42), 
we proceed similarly to Section 4.1.9. In the neighborhood of each surface T^, we 
introduce a curvilinear coordinate system just like in the case of the system 

of capillary fluids. Then the dynamic and kinematic conditions on T^, consisting of a 
continuity of velocities and stresses on the moving surface Ti(t), take the form 

Hi (w }_3 + ul j) = Hi+1 {uyi + ) on Ti, j = 1, 2, i = 1, 2, . . . , m - 1, (6.2) 

( Pi ( Pi+l + 3 ) ~ ^i(^i)Ci! 

■= (VPo.i - VPo.i+i) • Tij on r,, i = 1,2, . . . ,m - 1, (6.3) 

^ u* = on Ti, i = 1,2, . . . ,m - 1. (6.4) 

Here (i = G(L deviation along the normal to of the moving free surface 

Li{t) from Ti and := (^/,^f). Because the equilibrium pressures are equal, 

Pok(x) = -pk9X3 + [xl + xf) + Ck, fc = 1, 2, . . . , m. 
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then 

aiiii) = {pi-pi+i) [sfcos(n7Te3) - Wo^cos(n77er)] , r = \Jx\ + x\, i = l,2,...,m. 

The initial conditions in the considered initial boundary value problem have 
the form 



x) = A: = 1, 2, . . . , m; 

Ci(0,|,) = C°te), i = (6.5) 

8.6.2 Transition to a System of Operator Equations 

Let us now introduce, as we did in Section 2.1, the Hilbert space L2{0) of field sets 
u := with the norm squared 

m « 

wiL„,^=E»/ 

and think of the solution u{t) = of the problem (6.1)-(6.5) for every t 

as an element of the space Then from (6.1) it follows that ii £ E Jq, 5(^)7 

where Jo,s'(^2) is a subspace of L, 2 {fl) associated with it by the orthogonal expansions 
(2.1.42)-(2.1.44). 

Consider further the space F := g{fl) densely embedded in jE = Jq^s{0.) 
and characterizing the energy dissipation of the system. The properties of the elements 
ii = from Jq and of the two basic boundary value problems (2.2.44) 

and (2.2.45) related to F are described explicitly in Section 2.2.8. 

From (6.1) and (6.2) we get that for every A, it{t) — can be 

considered as an element not only in Jq,s{0<)^ but in its dense subset Jq ^(fl) as well. 

Let us next represent the solution u{t) of the problem (6.1)-(6.5) as a sum 
u{t) — s{t)-\-w{t), where s{t) — {s^(A, is the solution of the following boundary 

value problem I of type (2.2.44), 

- + 2 loo{u'^ X 63 ) + f, 

Pk Pk dt 

divix^ = 0 in Ftk, = 0 on Sk, /c = 1, 2 , . . . , m; 

S* = (s* 3 + slj) - vpl^^ {s]y + 4+/) =0, j = 1, 2, 

(-^y + 2i/p°S3 3^ - (-pj+1 + 2i/p“3_iS3y j = 0 on r*, i = 1,2 , . . . ,m - 1 , ( 6 . 6 ) 
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and w{t) = {w^ {t , is the solution of the following boundary value problem II 
of type (2.2.45), 

- pplAw^ + = 0 , 

divm^ = 0 in fife, = 0 on 5fe, fc = 1, 2 , . . . , m; 

up° (w},3 + w\ j) - up%^ + w?+/) =0, j = 1, 2, 

+ 2vp^iW\^ - (-p 1+\ + 2i/p“+i«;3+3^) = -ai (c,) C» on T,, 

2 = 1, 2 , . . . ,m - 1. (6.7) 

We choose the norm squared in not to be defined by a scalar product as in 

(2.2.39), but rather in the following form, 



u 






:='£pkEk{u^u^ 



( 6 . 8 ) 



k=l 



where Ek{u^-,u^) is a corresponding bilinear form of the kind (2.2.3) for the domain 
Then, in short, a solution of problem I can be written as 



du 

vs — A ^ T 2[ujqSoU + / ) , 



(6.9) 



where A is the operator generated by the Hilbert pair (F;E) = ^ Jq ^(17); Jq,5(^^)) ^ 

f = PoAf\nL}T=v 

Sou:=iPo.s{u^ (6T0) 



and Po,5 is the orthoprojector onto Jq^s{^)- 

Following the abstract scheme in Section 1.8, we get that A is positive 
definite and unbounded in Jo,s{^) and that = Jq ^(f]), 0 < A ^ G &oo- 

Its eigenvalues Xk{A) are obtained as successive minima of the variational ratio 
\W\\^ considered on nonzero elements ii in Jq 5(^1). The asymptotic 

behavior of the eigenvalues Xk{A) as A: 00 is the following. 



Afe(i) = (C^) 2/3fc2/3^1 






1 

37T^ 



>0- 

j=i 



( 6 . 11 ) 



Whence it follows that A~^ G &p for p > 3/2. 

It can also be verified that the operator defined by (6.10) is bounded and 
self-adjoint and that its spectrum is a{So) = [—1,1]- 
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Let us denote by T the operator solving the boundary value problem (6.7), 



that is, 



i^w = -fBoC ( 6 . 12 ) 

(6-13) 

In (6.12) and (6.13) it is natural to assume that ({t) = {Cj}jLl^ is a function 
with values in the space I/2,r where •= ^2(Lj) © {Ij}- The 

orthoprojector on I/2,r is denoted by Pp in (6.13). Just as in Section 8.4, we assume 
that all the functions %(^j), j — 1, 2, . . . , m — 1 are continuous on Tj. Then (6.13) 
defines a self-adjoint bounded operator Bq acting in I/2,r* 

According to the general scheme in Section 1.8, it follows that the operator 
T acts boundedly from Pp := (P^^)* in Jq ^(f]). 

All the above-mentioned results point out the fact that problem (6.1)-(6.4) is 
equivalent to the system of equations (6.9), (6.12) and to the following relationships 

u{t) = m) +w{t), (6,14) 

where the trace operator 7^ is defined for elements from Jq by 

%u := • rij)r^ • (6-15) 

As it follows from the embedding theorems and the abstract scheme in Section 1.8, 
the operator % is acting continuously from Jq ^(17) in Pp^^. 

We need to add to equations (6.9), (6.12), and (6.14) the initial conditions 
arising from (6.5), that is. 



u(0)=*° := K'“(x)}7^, 

/s .s r 'i btl—i 

C(0) = C":={e°(^,)}^.^^ . (6.16) 

8.63 The Theorem on Existence of a Generalized Solution 

Some further considerations of the initial problem (6.1)-(6.5) based on the problem 
(6.9), (6.12), (6.14), and (6.15) may be done similarly to the scheme developed in 
Section 8.4.3 for the problem on small motions of a rotating viscous fiuid. It is obvious 
that these considerations lead to formulas similar to (4.9)-(4.16) where we have to 
add the sign to all the elements, operators and spaces. 

In particular, the state of relative equilibrium of the fiuid system in a container 
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will be called statically stable if the following condition is satisfied, 



min aj(^^)>ao>0. (6.17) 

In this case, the operator B := A^^‘^TBo'ynA~^^^ is nonnegative and compact with 
an infinite-dimensional kernel. If condition (6.17) is satisfied, then the eigenvalues of 
B have an asymptotic behavior as A: — > oo. 



A,(B) = (c^)V2fc-l/2[l+o(l)], 

^ m-1 „ 

^b--=y^E dr,/(pO + > 0, 

j=l 



(6.18) 



whence we get that B e 6p for p > 2. 

As in Section 8.4.3, we come to the following conclusion. Let the conditions 

C°ei2,r (6.19) 

be satisfied and let the field of external forces f{t,x) be a continuous function of t 
with values in for every k = 1,2, ...,m. Then problem (6.1)-(6.5) has a 

unique generalized solution 



u{t) = 






for which u{t) is a continuous function with values in Jq ^(fl), and ({t) is a continuous 
function with values in I/ 2 ,r. For this generalized solution, both the kinetic and the 
potential energy of the system are continuous in t and the law of balance of full energy 
is satisfied similarly to the one presented in Section 8.1.5, that is. 






u(r) 



,(n) 



dr -h 



tCfir), 

Jo 



u{t)) 



i2(n) 



dr. 



( 6 . 20 ) 



8.6.4 Normal Oscillations of a System of Fluids 

We consider now the solutions of the problem on free oscillations that depend on time 
by the law exp(— At). As in Section 8.4.4, we obtain equations similar to (4.18)-(4.20) 
by a notation change and a new meaning for the parameter i/, which in this case will 
denote the average kinematic viscosity of the system of fiuids. 
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Therefore, all the general results obtained in Sections 8.4.5 and 8.4.6 for 
one fluid that rotates in a partially fllled container apply to the problem on normal 
oscillations of a system of rotating fluids as well. In particular, Properties l°-8° in 
Section 8.4.5, and the asymptotic formulas (6.11) and (6.18) for eigenvalues of the 
operators A and B are preserved. 

If the system of fluids and the container do not rotate {ujq = 0), then at 
rest the equilibrium surfaces Ti are horizontal and, therefore, = 63 for i == 1, 2, 
. . . , m — 1. The corresponding evolution equations for such a problem are obtained 
by performing a formal transition cjq 0 in the system of equations (6.9), (6.12), 
(6.14), and (6.16). In this case, the asymptotic formula (6.11) stays the same (with a 
new meaning for Oj) and the functions ai{^i) equal {pi — that is, they become 

contants. At the same time, in the asymptotic formula (6.18), the constant cg becomes 



2 ^-1 / \2 

j — 1 

The basic equation for normal oscillations takes the form 
i/ff = xA~^f} + f)£Jo.s{^), 



( 6 . 21 ) 



( 6 . 22 ) 



which was previously studied in detail in Section 8.3 for the problem on normal oscil- 
lations of one fluid partially filling a stationary container. Therefore, all the results 
in Section 8.3, namely, the structure and the asymptotics of the spectrum of the 
problem, the basicity and the double basicity of the eigenelements, the presence of 
the dissipative, surface, and intermediate waves, etc., hold true for equation (6.22) as 
well. The reader can independently follow these properties of the solutions. 



8.6^ On the Stability of the Relative Equilibrium State 

Let us assume now that condition (6.17) of static stability in linear approximation 
is not satisfied, and at least one of the functions a^(^j) turns negative at some point 
G Tj. Then the considered system of rotating fluids is not dynamically stable: there 
is at least one normal motion of the system for which the eigenvalue A is located in 
the left complex half-plane. 

To prove this theorem on instability, we note that in virtue of its continuity 
that was previously mentioned, the function Uj(Cj) will take negative values in a 
neighborhood of the point G Tj. In this case, one can easily notice that the 
form ^ takes negative values and, therefore, the form {BoTJ, t])j^ is also 

negative for some rj G Jo,5(f^). Hence it follows that the operator B has besides the 
positive eigenvalues A = A^ (H) a branch of negative eigenvalues {A^(H)}^^, where 
lim/e^oo ~ asymptotic behavior of these two branches of eigenvalues is 
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defined by the following formula, rather than formula (6.18): 



Since the branches of positive and negative eigenvalues have power 

asymptotics according to (6.23), then from the conclusions in Section 1.8.11 we can — 
as we did in the proof of Property 6° in Section 8.4.5 — single out two branches 
of eigenvalues of the considered spectal problem tending to zero. The asymptotic 
behavior of these two branches is given by 

+o(l)], k^oo. (6.24) 

In particular, in virtue of (6.23) the branch contains a countable set of eigen- 

values in the left half-plane, that is, a countable set of unstable normal oscillating 
modes. Thus we proved the theorem on instability. 

We note that this theorem is valid for the problem on oscillations of one 
rotating fluid if in condition (4.4) the function a(^) takes a negative value at some 
point G r. Moreover, the oscillations of the system of nonmixing fluids in a station- 
ary container described by problem (6.22) are unstable if instead of the inequalities 
pi > p 2 ‘ pm > 0 we have pk < Pk+i for at least one pair of the numbers pk 
and p/e+i. 

The latter situation occurs when in a state of equilibrium a fluid with greater 
density is situated above a fluid with lesser density. Therefore, the resulting motion of 
the fluids will be nonlinear, that is, not small, and it leads in the end to the mixing and 
reconstructing of the complete system of fluids to such a state when the conditions 
Pi > P2 > • • * > Pm > 0 are satisfled. 

8.7 Small Motions Around a Fixed Point of a Body 
with a Cavity Partially Filled with Fluid 

In this section we consider an evolution problem similar to the one in Section 3.5 for 
a viscous fluid. 



[cfj k i/2[i^o(l)]. 



00 , 



.. m— 1 « 






^ Jrj (P° + 



> 0 , 



\aj\ ±aj 



(6.23) 
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8.7.1 Basic Equations 



As in Section 3.5, let us assume that, in the nonperturbed state, the body, whose cavity 
is partially filled with a viscous fluid, is immovable and it is fixed at the pole O, which, 
generally speaking, does not coincide with the mass center C in the immovable state. 
We consider some small movements of the fluid, which are close to the nonperturbed 
state. Taking into account the influence of the homogeneous gravitational field and 
the smal field of external forces, using the previous notations, we obtain the following 
equations and boundary and initial conditions: 



dt 



Je + p X dO + mga(6iei + 6262) ~ P9 J (^3 x r)Cdr = M{t), 

dU 1 VT A 

-y e X r — — Vp + v/Au + /, 

P 

divi 6 = 0 in ^ 7 , u = 0 on S, — = Un on F, 

at 

( dui du2,\ ^ _ 

du 

P - ^ Pd^^^ ~ '^22:1 + S1X2) on r, 

U{0,X) = U^{x), C{0,Xi,X2) = C°{xi,X2), < 5 ( 0 ) = 5 °, 



(7.1) 



(7.2) 

(7.3) 



(7.4) 



The law of full energy balance holds true for the classical solutions of the 
problem (7.1)-(7.4): 

- — {p \u\‘^dQ + J(jj ' uj F2p J (u; X r) • udo)j 

+ {pfl'^ICI^dr + mga (df + <S|) + 2 pg J (- 62 X 1 +<5iX2)Cdr| 

= -puE{u, u)-\-p / • udQ + M • u;. (7.5) 

Jn 

The deduction of relation (7.5) is similar to the one of the law (3.5.6) for an 
ideal fluid with the additional usage of the Green formula (2.2.10) and the dynamic 
boundary conditions (7.3) that contain the coefficient of kinematic viscousity. 



8.7.2 Transition to a System of Operator Equations 

The general method that have been used in Section 8.1 for the case of an immovable 
rigid body, can be applied to problem (7.1)-(7.4), too. In particular, the system 
of equations and boundary conditions (7.2) and (7.3) can be obtained from the 
corresponding equations in Section 8.1 if in the Navier-Stokes equation (1.1) / is 
formally replaced by f — e x r and in the dynamic boundary condition ^ is replaced 
by C ~ ^2^1 + S\X 2 . That is why, in the considered problem, we obtain the following 
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equations instead of (1.36), 



1/ = s 4- tu, 

(-^ - Po.sis xr) + Po.s/) , 

vA}!^w + gA^I'^TiJ^ - ^ 22:1 + 61X2) — 0 , 

^=7nt*. C^-®) 



where Pq, 5 is the orthoprojector onto Jo. 5 (f^), and A and T are the operators of the 
boundary value problems I and II in Section 8.1. 

Hence, the initial problem (7.1)-(7.4) is reduced to the evolution problem 
(7.1), (7.6), which is condidered for the initial data (7.4). 

Let us now transform this problem by reducing it to a system of integral 
Volterra equations with respect to functions with values in the space Jo,5(^) and the 
angular velocity u;(t). 

To this end, let us apply the tensor J~^ to (7.1), determine the angular 
acceleration, e = da^/dt, and substitute it into the second equation in (7.6). Thus we 
obtain 



{I 



-U)^ +uAs = L{t) + [ Fi{u>,T)dT- [ F 2 {r,'Tnu){T)dT, (7.7) 
di Jo Jo 



where 



L{t) := Po,sf - Po.s{{J~^M) X r) - pgPo 



J {e-i X r 



)C°dr X r 



+ mgaPo^s {{J ^ (<^?ei + 5262)) x r) , 

Fi{u;,t) ■=mgaPo^s j (wi(r)ei +W2(r)e2)dr) x r) , 

P2{r,-fnu) ■■= pgPo,s (("^"^ J j 7n«('r)drdr) x r) , 

ITw := pPo^s ((*^~^ f ^ v)df 2 ) X r) , v € Jo,s{^)- 

In deducing (7.7)-(7.11), we used the following relation. 



(7.8) 

(7.9) 

(7.10) 

(7.11) 



C{t,xi,X2) = (°(xi,X2) + [ (7„«)(r)dr, 

JO 



(7.12) 
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that follows from the kinematic condition (7.6), the formula 

S(t) — 5^ F [ o;(r)dr, (7-13) 

Jo 

and the initial conditions (7.4). 

The operator II defined by (7.11) is naturally called — similarly to Section 
7.2 — a transition operator. A comparison with formula (7.2.8) shows that it extends 
the transition operator employed there from the space to the space Jo,s'(r^). 

Reasoning according to the scheme in Section 7.2.3, we deduce that II is a finite- 
dimensional self-adjoint operator acting on Jo. 5 (f^) and that 0 < II < /. Thus, 

0 < / - n < 7. 

Let us apply now the bounded operator (7 — 11)“^ to the left part of (7.7) and 
make the following substitution in the obtained equation, 

u = s = w = (7.14) 

We make similar substitutions in the first and the third equations in (7.6) and (7.12) 
and then substitute the obtained expression for d(f/dt into the modified equation 
(7.7). Thus we obtain 

+ z/(/ - 

= {I-U)-^L{t) 

+ {I-U)~^ j Fi(w,r)dr - (/ - n)“^ y F 2 dr 

+ + (p){t) + F3(w, t), (7.15) 

where B = is the nonnegative compact operator that we have 

investigated in Section 8.1, 

t) := gi/~^A^^'^TPr{-ui2it)xi + uji{t)x2), (7.16) 

and Pr is the orthoprojector onto Hr — 7y2,r- 

8.73 Auxiliary Results 

The main special feature of equation (7.15) is that the unbounded operator is 
not applicable from the left to all the terms in that equation. This has to do with 
the fact that, generally speaking, the operator (7 — 11)“^ does not act on the space 
Jo7(Jl) = V{A^/^). 
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In order to overcome this difficulty, let us consider the compact positive oper- 
ator A~^^^{I — U)A~^/^ and its inverse positive definite operator 

An.= A^I^{I-U)-^A^/‘^ (7.17) 

with the natural domain of definition P(An), which is dense in Jo, 5 (f^). There is 
an analytic contractive semigroup of operators, exp(— that corresponds to the 
operator uAu and for which the following estimate holds true for ^ > 0: 

^exp(-^/M^) < (7-18) 

Using the properties of the operator / — II we get that the following inequality 
is valid for some C 2 > 0, 









Jo.s(iL 






or, equivalently, the inequality below holds true. 



C2\\A < A^^/^v 



\Jo.s(n) 



If we assume that ^ v = w e ' ), then 



C2 



iJo,s(n) 






Let us estimate (with regard to (7.19)) the scalar product 



<=2 (-4l'V /!„■'"») =« {a~'I^A'^‘w,z) 






<C2 24 ^/'^A\i‘^W • lk||jo,s(n) 

Jo,sW 

for any z G Jo, 5 (r^). From this inequality it follows that A~^^‘^z G V{AII^) and 



C2 A\I^A-^l^z 






Therefore, operator A\^‘^ A is bounded on Jo, 5 (f^). 
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We now consider the following operator for ^ > 0: 

exp{-utAu)A^^‘^{I - n)~^ = exp{-i'tAu)AuA~^^‘^ 

= Alf^ exp(-utAn) [aIC^ . 

From this equality it follows that the operator in left hand side is defined in the set 
(/ — n)P(A^/^), which is dense in and coincides with the product of two 

bounded operators in this space. Therefore, this operator admits a closure to the 
bounded operator 

G{t) := exp{-utAn)Ay^{I -n)-^ = (a^^^ exp(-yMn)) (a^^^A-^/A , (7.20) 



which is defined in the whole space Jo, 5 (Dl). From (7.18) and (7.19) it follows that 

||G(t)||= exp{~vtAn)A^/\l-I[) < ^. (7.21) 

C2Vt 

8.7.4 Existence of Solution of the Boundary Value Problem 

Using the just proved facts, let us replace ^ by r in (7.15). By assuming 0 < r < t, 
we can apply the operator exp{—u{t — r)Au)A^^‘^ to both sides of (7.15). Then in the 
left side we obtain 

exp(-i/(i - t)Ayi)^ + J/exp(-i/(i - T)Au)AnV = ^(exp(-i/(l - r)Au)'n{T))- 

Integrating this expression between the limits 0 and t, we get rj{t) — exp{—iytAu)'n{0) . 
Therefore, the modified equation (7.15) with regard to the third relation (7.6) for 
^ = 0 takes the following form 



rj{t) = exp{-i/tAu)r]{ 0 ) + f G{t - r)L(r)dr + f G(t - r)dr f Fi(u?, s)ds 

Jo Jo Jo 

- j G{t- T)dr J F2 (r, 7„ A "^/^(?7 + <p)(s)) ds 

+ giy^^ [ exp{-i/{t - T)An)B{r] + (p){T)dT 

Jo 

+ [ exp{-u{t-T)An)A^/'^F3{u},T)dT, ( 7.2 

T7(0) = A^/^(ti(0) - w(0)) = - <p(0), 

^(0) = -gp-^A^'^TPr (C° - + <5?X2) . 



(7.23) 
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According to the estimate (7.21), the function in the first integral in the 
right hand side of (7.22) has a weak singularity for r — t, therefore, integrating this 
function between the limits 0 and t yields a continuous function in [0, t] provided L{t) 
is continuous. Further, since — according to the previously proved facts — the operator- 
valued function exp{—u{t — r)Au)A^^‘^ is bounded, and if the functions ?7(t), (f{t) 
(from Jo,s(f^)), and iv{t) are continuous, then the last two integrals in (7.22) are 
also continuous functions of t with values in Jo,5(f^). As for the second and the third 
integrals in the right hand side of (7.22), each of them is an expression of the form 



R{t) = [ G{t- r)dr 

Jo 

Uf3{s) is continuous, with regard to (7.20) we obtain the following integral 




R{t) = j Anexp{-i/{t - T)Au)dT^ A ^/^/3(s)ds 

= - [ {I - exp{-i^{t - T)An))A~^^‘^^{s)ds 

^ Jo 



with a continuous integral function. 

Hence, for continuous functions r/(t), (f{t) from Jq^s{D)^ and u{t) from R^, 
the right hand side of (7.22) is a continuous function of t with values in Jo,5(^) for 
rj{0) G Jo,5(f^), and the integral operators satisfy the conditions required for applying 
the methods of successive approximations. 

Now, taking into account the substitutions (7.14) and relations (7.12) and 
(7.13), let us transform equation (7.1) and the third condition in (7.6). Since = 
ujQ + fo ^(^)dr, we obtain the following two equations 



(p(t) = cp(0) - giy ^ f B{t) + (p){T)dT 
Jo 

-gy-^ f A^^^TPr{-xiU2iT) + X2U>i{r))dT, (7.24) 
Jo 

{t) + KA~^^^{r]{t) + ip{t)) = ~ mgaJ~^ j (i - r)(o;i(T)ei + W2(T)e2)dr 

Jo 

- pgJ~^ [ {t - T)F4{'n + (p){T)dr, (7.25) 

Jo 



where 



— KvP — t (^gaJ ^ {SiCi F <^262) + pgJ ^ (^J (^3 x r)(^dT 
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M(r)dr, 

Jo 

F4V := j (63 X r) 7 „A“^/^vdr, 

Kv ;= pJ~^ [ {rx (7.26) 

Jo. 

and <^(0) is determined by formula (7.23). 

In order to get rid of the second term in the left hand side of (7.25), let us 
multiply both (7.22) and (7.24) by the bounded operator add up the left 

sides, and subtract the result from (7.25). Thus, the system of equations (7.22) and 
(7.24) and the modified equation (7.25) turn out to be a system of integral Volterra 
equations with respect to the functions r}{t), with values in Jo, 5 (^), and the 
function cv{t) with values in R^. These equations contain integral operators whose 
kernels are continuous in t with the exception of one of them, which has a weak 
singularity. This singularity admits the estimate (7.21). Therefore, we can apply the 
method of successive approximations to the above mentioned system. 

Let us note now that all the initial conditions (7.4) of the initial boundary 
value problem (7.1)-(7.4) are included in the right hand sides of the just obtained 
Volterra equations and also in the relations (7.12) and (7.13). Suppose the following 
conditions are true: 

r. u^{x) G C^(^1,^2) eHr = T2,r, e R^ u? G R^; 

2°. M{t) is a continuous function with values in R^ and f{t^x) in (7.4) is a 
continuous function in t that has values in ^ 2 (^ 2 ). 

Then L{t) in (7.8) is a continuous function with values in Jo,5(r^), tp{t) in 
(7.26) is a continuously differentiable function with values in R^ (with regard to the 
boundedness of the operator K), and r]{0) and cp(0) — according to (7.23) — belong 
to the space Jq^s(^)- Therefore, the system of integral Volterra equations has a 
unique generalized solution {rj(t); cp(t); cv(t)}, for which the functions rj(t), (p(t), and 
^(t) = rj{t) -h (f{t) = A^^‘^u{t) are continuous and take values in Jo, 5 (^l), and u;(t) is 
a continous function with values in R^. 

Thus, if conditions l°-2° are satisfied, the initial boundary value problem 
is uninvalently solvable and has a generalized solution {u{t);u;{t)}, where u{t) is a 
continuous function with values in ^{Q) and is continuous in R^. According 
to (7.5), for this generalized solution the law of full energy balance holds true. 
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8.8 Normal Oscillations of a Pendulum Partially Filled with a Fluid 
(The Plane Problem) 

In this section we consider a problem that, on one hand, generalizes the plane problem 
studied in Section 7.5 in the case of a cavity in a pendulum partially filled with a 
viscous fiuid, and, on the other hand, is a particular case of the problem in Section 
8.7, connected with a transition from a three-dimensional problem to a plane one. 

Since the evolution (initial-boundary value) problem in the three-dimensional 
case has been studied already in Section 8.7, we are going to turn our attention here 
to the spectral problem and study it through a specific approach, which although 
different from the one in Section 8.7, allows us to study an initial-boundary value 
problem. 



8.8.1 Statement of the Problem 

We consider the plane analog to the problem (7.1)~(7.4), that is, let us suppose that 
a body with a cavity partially filled with a viscous homogeneous fiuid has small 
oscillations with respect to a fixed point O. At rest, the fiuid occupies the region Lt 
limited by a wall of the cavity S and the free horizontal surface F. 

If C 0x2^3 and the vector of the angular displacement of the body is 5 = 
<5iei, for the displacement field w{t, x), the dynamic pressure p{t, x), x = (x2; X3) G D, 
and the deviation function X3 = C(t, X2) of the moving free surface of the fiuid from the 
equilibrium surface F, instead of (7.1)-(7.4) we get the following equations, boundary 
and initial conditions: 



d‘^w ( d^6 
d2 

r = X 2 C 2 + X 3 S 3 , 



dxv 

-Vp-h/iA-^, div t/; = 0 in 



f d^ ^ f 

jjx X •w)dfl + Ji — + mgl5 ~ P9 J (ea x r)Cdr = 0, 



w 



0 on S, J Cdr = 0, C ;= 7 nW, 



d f dw2 dw3 \ _ 

^dt (ax 3 ^ 8x2) 

d duo 

P - 2/^-3: = P9{C + S 1 X 2 ) on r, 



dt 5x3 



dw , 



w{0,x) = w^{x), —{0,x)^u°{x), S{0)^S°, 



d5(0) _ 0 

(jJ . 



( 8 . 1 ) 

(8.2) 

(8.3) 

(8.4) 

(8.5) 



( 8 . 6 ) 
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8.82 Transition to a Differential Equation in a Hilbert Space 

Let us assume that w{t,x) and Vp(t,x) are functions of t with values in the Hilbert 
space L 2 (n). From (8.1) and (8.3) we get that w{t, x) G Jo,s(fl) and Vp(t, x) e G{Q). 
Applying the orthoprojector Pq ,5 on the subspace Jo, 5 (n) to both sides of (8.1), we 
have the equation 

d‘^w _ f d^5 \ ^ dw 

V d^ X r j = -Vp + /xPo.sA — , Vp = Po, 5 Vp, (8.7) 

where Vp G Gh,5(f^)- Since Vp — Vp G Go.r(^^) thusp — p = 0 on F, then in (8.5) 
we can change p|r by p|r. Moreover, since Jp Sica/^XadF = 0 (see equation (2.2.25)) 
and we may require /ppdF == 0 for p, then, by virtue of the second condition (8.3), 
the boundary condition (8.5) becomes: 

= pgiC + Si0x2), (8.8) 

where 6 is the orthoprojector onto the subspace I/ 2 (F) ©{l}=:L2,r. 

Let us now find a solution of the changed problem (8.1)-(8.6) by means of two 
additional boundary value problems. Let Vp = Vpi + Vp 2 , and the fields u = dwfdt 
and Vpi satisfy the following equations and boundary conditions. 



Problem 1. 

^ * dw ^ ^ dw 

-^P„,sA^ + Vp, 

dw 

«:=^=0o„S, 

f du2 ,dU3\ 

Pi — 2/x- — = 0 on r. 
ax 3 



Problem 2. 



d^ 



w 



dt^ 



pPo,S 



d^5 



X r — Vp 2 



(8.9) 



Ap 2 = 0 in fl, 
dp2 



dn 



= 0 on S, 



P2^i^ ’= pg{( + Si0X2) on r. 



( 8 . 10 ) 



It is obvious that all the equations and boundary conditions (8.7), (8.3), (8.4), (8.8) 
hold true for the functions w and Vp == Vpi -h Vp 2 - If G Jo, 5 (fl), then the resolving 
operator A, as in the space problem, has all the well-known properties studied earlier. 
As for the problem (8.10), if 2p e it has a unique solution that belongs to the 
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subspace ifp(O). Therefore, 

Vp2 = Gip = pgG(C + 616x2), ( 8 . 11 ) 

where G is a bounded operator from in 

Substituting (8.11) into the first equation (8.9) we obtain 

d^w f \ dw 

P-^ +pPo,5 ( -^ X rj JJ.A— + pgG{jnW 4- {S • € 1 ) 6 x 2 ) = 0 (8.12) 

in the subspace Jo,s(r^). This equation together with (8.2) written as 

f d^5 f 

P-^ jjj X w)dn + -^1 ~ J ^ r)^nWdT = 0 , (8.13) 

can be considered as a system of two evolution equations with two unknown functions 
w = w{t) and S = Si{t)ei. 

Introducing the following notation 



and 



Inw := pw, 

I 12 S := pPo,s{S X r), 

hiw := p {r X w)dQ, 
Jn 

122^ 



(8.14) 



Biiw \= pgG-fnW, 

B12S pg{S • €i)G{ 0 x 2 ), 

B21W := -pg j (ea x r)7^ti;dr, 

B22S •= mglS, (8.15) 

equations (8.12) and (8.13) together with the initial conditions (8.6) turn out to 
be a Cauchy problem for a second order differential equation in the Hilbert space 
H := JoA^) 0 C, namely, 

^ 1/(0) = 2/°> y'(o) = (8.16) 

with 

i ■= {Iik)lk=i, B := {Bik)lk=i, A := diag(di;0), 
y:=(w,S)\ y0 = (m°;d°)‘, = (ri°; (8.17) 

Here, I is the operator of kinetic energy, A is the dissipation operator, and B 
is the operator of potential energy of the system. 
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8.83 Properties of Operator Coefficients of the Evolution Equation 

We next analyze the properties of the operators I, A, and B in (8.16) and (8.17). Since 
A 0 and A~^ G 6oo? ^ is an unbounded, nonnegative operator, whose spectrum 
consists of the eigenvalues with finite multiplicities Xk{A) of the operator A, and the 
number Aq = 0, which — in the case of the plane problem — is a simple eigenvalue. 

Furthermore, the operator of kinetic energy, /, is bounded and positive definite 
in H. Instead of proving these properties, it is enough to compare the definitions of 
its matrix elements, lik^ given in (8.14) with the corresponding formulas (7.5.4) in 
Section 7.5 that describe the matrix elements of the operator of kinetic energy for the 
problem on the oscillations of a pendulum with a cavity entirely filled with fiuid. (See 
also Sections 6.2.2, 6.2.3, 7.3.2, and 7.3.3.) 

Let us study now in more detail the properties of the operator B. First, we 
note that B22S = mglS = JilUqS^ where cjq > 0 is the frequency of the oscillations 
of a pendulum filled with a hardened fluid. Therefore, B22 is a bounded, positive 
definite operator acting in the one-dimensional space C. Next we show that G and 
7n are mutually adjoint unbounded operators acting from T>(G) = C L 2 X iiifo 
Gh,s{0) C and from T>(7n) C Jo. 5(^1) into I/2.r, respectively. In particular, 

Hue Jq ^(Q), then e Thus, each of the observed operators is defined on 

a dense set and acts on the second space. 

Let p{x) be a smooth scalar field for which p\r e and let w e Jq ^(fi). 
Then G and 



(p|r,7n^)L2(r) = / FynWdT = / pWndS = / div{pw)dfl 
Jr Jan Jrt 

— / pdivwdflF / Vp ■ wdQ = {G{p\r),w)j 
Jn Jn 



(8.18) 



Hence it follows that after extending 7^ from to P(7n), the operators G and 

7n are mutually adjoint. 

The trace operator 7^ may be further extended to the entire space Jq, 5(H) if 
it acts from Jq^s{0) into JTp If it; G Jo.5(fl), then (8.18) still holds true and the 
left hand side turns out to be a functional defined on the elements p|r ^ and 

7„w e Fp 

The facts proved above ensure that Bn in (8.15) is an unbounded nonnegative 
symmetric operator in Jq^s{0). If we assume that T>{Bn) = *^o,s(^) ^ Jo,s{0), then 
the the entire space i7p^^ = V{G) is included in the set with all w G Jq g{Q) 

and the entire space Gh,5(fl) C Jo, 5(^1) is included in the set {Gyn'^}> Since 
KerG7n = M^) = Jo,s{0) O we can assume that the operator Gy^i is 
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defined on V{G^n) — Jq 5(H) H Gh,s{^) and acts in Gh,s(fi). Moreover, we can 
extend G^n from T>{G'yn) to the entire g{Ll) by setting it to be the zero operator 
on Jo{D). 

To establish the properties of the operator Gyn, let us consider the following 
problem on eigenvalues, 



G'ynU = An, u e V{G^n) C (8.19) 

Setting u — Vp + tt;, tn G Vp G Gh^s{0>) H V{G^n)^ we have = 0 and, 

therefore, (8.19) yields the following two relations: 

Xw - 0 , Gy^Vp = AVp - AG(p|r). (8.20) 

From the first equation we get that problem (8.19) has a solution A = 0, for all 



w G Jo(f^), that is, the zero eigenvalue has infinite multiplicity. The second equation 
in (8.20) is equivalent to the spectral boundary value problem 



Ap = 0 in 0, 

|^=0o„S, 

on 

dp . p 
— = Ap on r, 
on 



( 8 . 21 ) 



called the Steklov problem. In Section 3.3, we dealt with a slightly different version 
of this problem, namely, the problem of eigen oscillations of a heavy ideal fluid in 
an open container (see (3.3.19), (3.3.22), and (3.3.23)). By introducing the operator 
G 7rT, applying the operator 7^ to the second equation in (8.20), and denoting 
7 nVp = dp/dn =: u, we get the following problem 

C-'^v = 'ynGv ^Xv, ve L 2 X ( 8 . 22 ) 



on eigenvalues for the unbounded positive operator G“\ with G a positive compact 
operator. Whence it follows that operator G^n acting on Gh^s{^) is an unbounded 
positive definte operator, with a positive compact inverse operator, and its eigenvalues 
XkiG'jn) coincide with the eigenvalues A^^(G). The asymptotic behavior of Xk{C) in 
the three-dimensional space problem is represented by formula (3.3.24). 

We check now that the operators B12 and B21 in (8.15) are mutually adjoint. 
For every 5 G C and every w G Jo,5(r^), by using (8.18) we have, 

s(n) = <^i [ G{6 x 2) ■ wdQ. = Si [ {ex2)%wdT, 

Jn Jr 

{pg)~^S ■ B21W = -5i J €i ■ (63 X r)o^dr = j X2%^dV 
= J {0X2)y^dr = (pp)“^(Bi2d,W))j„ 3(0), 
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which proves the statement. Thus, we came to the conclusion that the operator of 
potential energy, B, is unbounded, self-adjoint, and defined on V{B) = Jq ^(fl)0C C 
Jq,s{0>) 0 C =: if. Its quadratic form is 



{By, y)H := P9 / G^nW • wdQ 0 pgSi / G{0x2) ■ wdfl 
Jn Jn 

- P9 J (^3 X r)ynWdT • S 0 

^ P9^ j iTn-w^Pdr 0 (5i j {6x2)y^drFSi j {9x2^ 

,o /• ._ .o 

0 



with 



it;dr 



^ \9x2\^dr - ^ |0X2pdr| 0 JiiullSf 

= J bnW + (5i(6la:2)0r + |(5i|^ (JiWq - pga22) , (8.23) 



<^22 



:= J \0X2\^dr = J {6x2)x2dT > 0 . 



We will say that for the considered hydrodynamic system the condition of 
static stability in linear approximation is fulfilled if 



mgl = JiWq > pga 22 - 



(8.24) 



This condition takes place evidently if the distance I from the fixed point O to the 
mass center C of the system in equilibrium state is large enough, or the mass of the 
entire system m = mb 0 mf is sufficiently large. 

If condition (8.24) holds true, the operator B is nonnegative on V{B) = 
Jq s{^) ® C; if {w;6y e Jq fl G\^^s ® C, then on this set the operator B has 
the positiveness property. Indeed, if the property {By,y)H = 0 is satisfied for such 
elements y = {w;Sy, then from (8.23) and (8.24) we obtain first that = 0 and, 
therefore, 5 = ^lei = 0, and then we have 

{By, v)h = 99 bniopdr = 0, 

whence it follows that 7 ^ 1 ^ = 0 and, therefore, w = 0. Next we show that in reality on 
the above mentioned set, under condition (8.24), the operator B is positively defined. 
From (8.23) we have 

{By,y)H > pgi^j | 7 „M;|^dr - 2 J \'ynw\-\6i{ex2)\dr + \Sya22^ +c\6y, 
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where c = JiWq “ P 9<^22 > 0. Using the inequality 2ab < sa^ + e e > 0, we get 
{By,y)H > pg (^{1 - £) j | 7 „tnpdr + Q! 22(1 - + c|(5ip. (8.25) 

We use next the inequality 

[ \-fnwfdT>ci [ w = \/ip e Gh,s{^)^ (8.26) 

Jr Jn 

which follows from the properties of the above mentioned operator C and its inverse, 
Since C~^ > 0, then ci := > 0, and (8.26) proves the fact that C~^ 

is a positively defined operator. 

Using inequality (8.26) in (8.25) and choosing e > 0 to satisfy the condition 
£ < 1/(1 + c{pga 22 )~^) < 1, we get 

{By,y)H > min [pg{l - e)ci;a 22 {l ~ e~^)pg + c] |ti;|^df] + \Si\‘^ 

= 'C2\\y\\H, C2>0. 

If condition (8.24) is not satisfied and 

c = JiWq - pga 22 < 0, (8.27) 

then the form {By,y)H takes negative values on the one-dimensional subspace jE^q of 
the elements 

{wo;Sy e H : jnWo - -^ 1 (^X 2 ), S - Jiei, V5i G C. (8.28) 

Therefore, in this case, the operator B has a negative eigenvalue that hcis but one 
eigenelement. 

8.8.4 Normal Oscillations. Properties of the Spectral Problem 

Taking into account the properties of the operator coefficients in problem (8.16), we 
consider in this section the normal oscillation corresponding to this evolution equation. 
Since such a solution depends on t according to the law exp(— At), for amplitude 
elements y e H we arrive to the spectral problem 

A^/y - XpAy + By = 0, y= {w; 5)‘. (8.29) 

Let us now list the general properties of the solutions of problem (8.29). 
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1 ° The number A = 0 is an eigenvalue with infinite multiplicity that 
corresponds — according to condition (8.24) — to the set of eigenelements of the form 
yo = (wo; 0)\ for all wq e Jo{0). 

2° There are no eigenvalues of problem (8.29) situated on the imaginary axis 
beyond zero. 

In fact, if A = iy, 0 / 7 G M, then from (8.29) we get 

iy{iy,y)H ~ i^{Ay,y)H + {i-f)'\By,y)H = 0, 

whence it follows that ^ therefore, it; = 0. Moreover, taking also 

the imaginary part, from here we get the relation |Jip(Ji — y^^cjg) = 0. It is possible 
either with (5i — 0 and then the problem’s solution is trivial, or with 7 = ±ujq. In the 
latter catse, problem (8.29) has a trivial solution. 

Indeed, let 7 = icjo- Then, from (8.29) with it; = 0, we have -UJQI 12 SFB 12 S = 
0 and —uJqI 22 ^ + B 22 S = 0. The second equality is satisfied in our case. Using the 
notations (8.14) and (8.15), the first equality yields 

(5i {-uj^PoAei X r) + gG{ 0 x 2 )) = 0. 

We can prove that the expression in paranthesis is not equal to the zero vector. If it 
were, then by using the orthoprojector Pq we would get -cuQPo{ei x r) = 0. Hence, 
Cl X r = Vip G G{Q), that is, — 62^3 + ^ 3^2 = V(/p = {d(fldx2)e2 + {d(p/ dxz)e‘^. 
Whence it follows that dp^jdx^, — — X 3 and we arrive to a contradiction because 
d^if! dx2dx:^ ^ d^Lpj dx^dx2- Statement 2° is proved. 

3° As a rather important consequence of Property 2° we list the principle of 
stability change, which states that the eigenvalues of a hydrodynamic system that 
loses its stability, can shift from the right half-plane to the left one only by passing 
through zero. 

4° Problem (8.29) has a discrete spectrum with possible limiting points A = 0 
and A = 00 . 

To prove this property we will write (8.29) as a system of two equations, that 
is. 



\^{IiiW + I 12 S) - XyAw + Bnw + B 12 S = 0 

A^(/ 2 i'^ T ^22^) T B2i'm + B22^ — O 7 (8.30) 

where Uk and Bik are defined by (8.14) and (8.15). From the second equation we have 

(A^ + Lul) J,S = - {B 21 + x^hi) W. (8.31) 




156 



MOTION OF VISCOUS FLUIDS IN OPEN CONTAINERS 



According to Property 2°, A ±i^o for the solution of problem (8.30). Then finding 
S from (8.31) and using it in the first equation (8.30) we get the following spectral 
problem for A 7^ 0, 

(^^A — XI — gX + {pXJi (u;q + + B 12 ) {E 21 + A^/21)^ w = 0, 

(8.32) 

where w e V{A) C Jq ^(fl). 

Performing now the substitution 

A^^‘^w = veJ^,s(P) (8.33) 

and using the operator A~^G the left hand side, we come to the following form of 
the same problem, 

£(A)w := - g{uX)-^B 

- {puJiX { loI + A 2 ))“^ ^-1/2 (a2/i2 + S12) (B21 + A2/2i) 

= 0 , (8.34) 

where B := {A~^^‘^G){^nA~^Gy 

As stated in Section 8.1, the operator 'ynA~^^‘^ =: Q acts compactly from 
Jo,s{^) to ^2,r and, therefore, A~^Gq — = Q* is also compact. Whence 

it follows that (8.34) is actually a problem on the eigenvalues of a Fredholm operator 
pencil of the form I + T(A), where T{X) is a holomorphic operator-function that takes 
compact values on the entire complex plane C except the points 0, 00, and ±icjo- 
As it was stated in Property 2°, for the points A situated on the imaginary axis, 
problem (8.30) as well as problem (8.34) have a trivial solution, that is, the pencil 
C{i'y) with 0 7^ 7 G R is reversible. Therefore, according to Section 1.6.3, the pencil 
C{X) is regular and its spectrum consists of finitely multiple eigenvalues with possible 
limiting points A = 0 and A = 00. It will be shown later on that the points A == =bio;o 
are not limiting points of the eigenvalues. 

Here we note that equation (8.34) is a generalization of a corresponding 
equation in Section 8.1 for the case of a moving container (a pendulum with a partially 
filled cavity). If in (8.34) we perform a transition to the limit J\ -t-00, then we 
retrieve equation (1.41) that desribes the process of normal oscillations of a viscous 
fluid in an open immovable container (the two-dimensional problem). 

5° If the condition of static stability (8.24) is satisfied, then all nonzero 
eigenvalues of problem (8.29) are situated in the right half-plane. 
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Indeed, if A 7^ 0, from (8.29) we have 

Kiy,y)H - n{Ay,y)n + \~^{By,y)H = 0, 
whence it follows that 



Re A = 



y{^y,y)H 

{Iy,y)H + \\\-^{By,y)H 



> 0 



because the operator I is positive, and the operators A and B are nonnegative. 
However, there are no eigenvalues of problem (8.29) on the imaginary axis and, 
therefore. Re A > 0. 

6° In problem (8.34) there are two branches of eigenvalues {Aoonj^i and 
{Aonj^i with limiting points A = oo and A = 0, respectively. The branch {Aoonj^i 
consists of positive eigenvalues and has the asymptotic behavior 

Aoon = i^An(A)[l + o(l)], n OO, (8.35) 



and the branch {Aon}^i consists of positive eigenvalues as well and has the 
asymptotic behavior 



>^0n=gi^ Un(^)[l + o(l)], n ^ OO. (8.36) 



We are not going to prove formulas (8.35) and (8.36) but we will note here 
that £(A) in (8.34) can be written as an operator- function, namely, 

I — ^ + A(/9i^t7i) ^A ^^‘^Ii2l2\A ^^^^+T(A), (8.37) 

where T(A) ^ 0 as A — > oo and A~^ has a power asymptotic just as in the space 
problem (see (8.1.12)). Hence, according to the statements in Section 1.6.8, it follows 
that the pencil (8.37) has a branch of eigenvalues with an asymptotic behavior similar 
to the one of the shortened pencil I - {I - I 12 I 21 1 {pJi))A~^^‘^ . Here again a 

one-dimensional disturbance does not influence the asymptotics and as a result we get 
formula (8.35). Similarly, after performing the substitution A = A“^, we find formula 
(8.36) on the base of power asymptotics in the plane case for the numbers \n{B) of 
the operator B (in the three-dimensional problem, a similar formula is presented in 
(8.1.33)). At last, we note that the eigenvalues of the series {Aoon} and {Aon} are 
positive because the pencil £(A) is self-adjoint, and the eigenvalues Xn{A) and Xn{B) 
are positive. 

7° The eigenvalues A of problem (8.30) are the solutions of the following 
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characteristic equation, 



+ cjq + /jy(A) — 0, (8.38) 

where 

MX) := (pi/JiA)-! ((A 2/21 + B21) A-^I‘^LZ\X)A-^I^ [X^h^ + S12) ei, d) 

L,(A) - ^(Az/)-^5. (8.39) 

Equation (8.38) follows immediately from the system of equations (8.30) if 
from the first equation w is expressed in terms of 5 and then substituted in the second 
one. Let us notice here that the characteristic equation (8.38) is a generalization 
of another characteristic equation of the problem on normal oscilations of a plane 
pendulum with a cavity fully filled with a viscous fluid presented in Section 7.5. If in 
(8.38) and (8.39) we let B = B \2 — B 21 = 0 and replace Po,5 by Pq and A by Aq, 
then we arrive at equation (7.5.24). 

8° For large enough values of viscosity, i/, problem (8.38)-(8.39) has a complex 
conjugate pair of eigenvalues A^(i/) situated in the neighborhood of the points ibicjo^ 
that is, 

AJ(z/) = ±ia;o + o(l), u 00 . (8.40) 

The proof of this property uses the Rouche theorem applied to equation (8.38). 
Since it is almost similar — with only a few difficult steps — as the one employed to 
check Property 4° in Section 7.5, we are omitting it here. 

Thus, equally with two branches of positive eigenvalues {Aon} and {Aoon} the 
problem (8.30) has a pair of nonreal complex conjugate eigenvalues, if the viscosity ia 
is large. It seems the fact takes place for any value ia > 0. 

The physical meaning of the solutions {Aoon}, {Aon}, and Xq{ia) is the 
following. The branch {Aoon} — ^jast as in the case of an immovable container — 
corresponds to the internal dissipative waves with decrements of the oscillation 
fading as large as possible; the branch {Aon} corresponds to the surface waves with 
decrements of the oscillation fading as small as possible; and the numbers A^(i^) give 
the oscillation frequency and the decrements of fading of a pendulum with a fluid 
Ailing as a whole. Besides these types of normal motions, the system can also have — 
like in the case of an immovable container — boundary waves that correspond to the 
nonreal eigenvalues of problem (8.30). For large viscosity z/, these nonreal eigenvalues 
are probably absent (except for the pair of values AJ(z/)). 

Let us also note that the eigenelements {t/^cx^n} and {won} corresponding to 
the two branches of eigenvalues {Aoon} and {Aon}, respectively, have the properties 
of Riesz and p-basicity as described in Section 8.3. We are not presenting these 
statements here. 




Normal Oscillations of a Pendulum Partially Filled with a Fluid 



159 



8^^ Theorem on Instability 

We consider now the case when condition (8.24) of static stability in linear 
approximation is not satisfied and inequality (8.27) is valid. Then we have the 
following statement, which in mechanics is called the reversal of Lagrange theorem on 
a system stabilty. If condition (8.27) is satisfied and, therefore, the form (By,y)H of 
potential energy of the hydrodynamic system takes negative values, then the spectral 
problem (8.30) has only one real eigenvalue in the left complex half-plane. In the 
evolution problem (8.16), this corresponds to a certain type of normal oscillations 
that are increasing in time exponentially. 

We will prove the theorem on instability in six steps. 

1° In problem (8.30), we replace by v and use the operator in 

the left hand side of the first equation to obtain 

;^2(^-l/2jii^-l/2^ H- 

— XfjLV + + A~^I^B\ 28 ) — 0 , 

\^{l2xA-^!^v + 7225) T {B2iA-^'^v + B22^) = 0 . (8.41) 

In short, the system can be written down as 

Az — \yPz + Bz = 0 , z = [v\ SY G Jo,s{^) 0 C =: iT, (8.42) 

where P := diag(7;0), the operator matrices A and B are compact and self-adjoint, 
and 4 > 0 because the matrix 7 = {likY (8.30) is bounded and positive definite 
and A~^!^ is a positive compact operator. Since and A~^I‘^G = (7^^“^/^)* 

are compact operators as well, the elements of the matrix B (see (8.41) and (8.15)) 
are compact operators too and, therefore, the operator B is compact and self-adjoint 
in H. 

2° We introduce now a new parameter 77 = —A, and for 77 > 0 we consider 
the operator D{r]) := 77^^ + rjfiP. It is obvious that this operator is bounded and 
positively definite in H. This follows easily from the the relations [ly^ y)n ^ ^^\\y\\%[i 
{Pz,z)h = y ~ substitution w = A~^l^v. We note 

also that if the quadratic form of the potential energy operator B in (8.29) and (8.30) 
takes negative values, then the same happens to the quadratic form of the operator 
B in (8.41) and (8.42). 

We consider now the equation 



D{t])z = -Bz. 



(8.43) 
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If this equation has a nontrivial solution for some ry > 0, then problem (8.42) will 
apparently have a nontrivial solution for A = —rj < 0, that is, it will verify the above 
formulated statement on the system instability. 

3° To generalize problem (8.43), let us consider the following problem on 
eigenvalues, 

-Bz = (3D{rj)z, (8.44) 

where (3 = (3{rf) is a new spectral parameter. Since D(ry) > 0 for r/ > 0, then there 
exists a bounded inverse operator D~^{r]). Performing the following substitution 

i (8.45) 



in (8.44), we come to the next problem on eigenvalues for a compact self-adjoint 
operator K{rj)^ 

K{r,)^ := = f3^. (8.46) 

As it easily follows, the quadratic form of this operator takes positive values. 

Let us denote by the maximum positive eigenvalue of the operator 

K(rj). For this eigenvalue the maximum principle is satisfied, that is. 



^4,) = ,„ax = max 

{D{tj)z,z)h 



(8.47) 



If P-\-{t]) = 1 for a certain ry > 0, then equation (8.43) has a nontrivial solution and 
the theorem is proved. 

4° We next notice that the following inequalities are satisfied. 



(p-{rj){A + /iP) < D{t]) < ip+{r]){A + /iP), (8.48) 



where ip~{rj) := and := max{rj,rj‘^}, for 77 > 0. Hence, from (8.47) 

we get 



{—Bz^z)h 1 (—Bz^z)h {~Bz^z)h 1 

max — — < max < max — — . 

^7^0 ((A + /iP)z,z)// ^+(r/) z^o {D{t])z,z)h (^(^a + fiP)z, z)h 

(8.49) 

If we denote the left and right maximum in (8.49) by 7 +, it is obvious that 7 ^ equals 
the only positive eigenvalue of the problem 



-Bz = 7 (A + /iP)z, 



(8.50) 



which exists due to the fact that the quadratic form of the operator —B takes positive 
values on an one-dimensional subspace. 
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From (8.49) we obtain the two-sided estimates 



7+ 

¥’+(v) 



< P+(v) < 



7+ 



(8.51) 



5° Using the estimates (8.51), we solve equation (8.43) graphically. We 
construct the graphs of the functions 7 + (r/) , /9+(ry), 7+/(/?_(ry), and the unit 
function. There exist rji > 0 and rj 2 > 0 such that 7+/(/?_^(?7i) = 1, 7_^/(/^_(ryi) = 1, 
and rji <772- Then, using inequalities (8.51), there exists at least one number ?7o > 0 
in the interval [771,772] such that /d-i-(rjo) = 1. Thus, the number A = Aq = —rjo < 0 
gives an unstable solution of the evolution problem (8.16) that depends on t by the 
law exp(77o^). 

6° We show now that there is only one negative eigenvalue of the spectral 
problem (8.29). From Property 5° in Section 8.8.4, it follows that 



ReA=^ 

{Iy,y)H + \\\-'^{By,y)H 

Here, the quadratic form in the denominator is nonnegative, the quadratic form 
{^y^y)H is positive, and the quadratic form {By,y)H may take negative values only 
on an one-dimensional subspace. 

This concludes the proof of the theorem on instability. 



8^.6 On the Solvability of the Initial Boundary Value Problem 

Let us return now to problem (8.16) and assume that condition (8.24) on the static 
stability of the system in linear approximations is satisfied. 

In (8.16) we make the change 

iB^l^y = du/dt, it(0) = 0 (8.52) 



to obtain the following relation 



dt^ ^ dt dt 



that can be integrated on t if we take into account the initial conditions (8.16). Thus, 
we obtain 

7 ^ + yAy — iB^^‘^u = ly^ + I^Ay^ = const. 



(8.53) 
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The system of equations (8.53) and (8.52) leads to the following Cauchy 
problem 



fi 0\±fy\ f pi -iSi/2 

VO I ) dt\u) ^ \ 0 

(y(0);u(0))* = (y°;0)‘. 



y 

U 



iy^ + jj.Ay° 

0 



(8.54) 



Here the operator diag(/;7) is apparently bounded and positive definite in He if, 
and the second matrix operator, A, satisfies the following property 



ReA = IJ. dmg{A; 0) > 0. (8.55) 

Therefore, applying the operator 7 diag(7“^; 7) to both sides of (8.54) and 

introducing on H 0 H a new scalar product associated with the bilinear form for 
the operator we obtain an evolution problem with a dissipative operator (see 
Section 1.5.4). The reader is invited to formulate a theorem on the solvability of 
problem (8.16) and the initial- boundary problem (8.1)-(8.6), to obtain the stability 
of its solutions, and to formulate conditions for the initial data (8.6), by using all the 
information available so far. 



8.9 Convection in a Partially Filled Container 

The problem considered in this section is closely related to both the problem in Section 
7.7 and the one in Sections 8. 1-8.4. 

8.9.1 Statement of the Problem 

Let us assume that a nonuniformly heated fluid that fills partially an arbitrary 
container occupies in the state of mechanical equilibrium the region ft which is 
bounded by the solid boundary S and a free surface F. Using the notations in Section 
7.7, the pressure field Pq = Po(x^) takes the following form in the immovable state, 

^0(^3) = Pa - pgX3+Po{x3)^ 

Vpo = pg(3To{x3)es, 

To{x 3) = -ax3 + ao, 

Po{x3) = pgf3 , (9.1) 

where is the atmospheric pressure, po(^3) is the pressure of the fluid caused by 
the equilibrium gradient of the temperature VTq == — 0^63, a 7^ 0, in the state of 
mechanical equilibrium, and (3 is the coefficient of thermal extension. 
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As in Section 7.7, if we consider small convective movements of the fluid in 
the container, we obtain the following equations and boundary conditions, 

du 1 

— = --Vp + lyAu + g(30e3, 

ot p 

divtx = 0, 

do 



— = au ■ 63 + x^O in fl, 
u = 0, 0 = 0 on S. 



(9.2) 



for the velocity field u{t,x), the deviation p{t,x) of the pressure P{t,x) from its 
equilibrium pressure (9.1), and the deviation 0{t,x) of the temperature from the 
equilibrium temperature Tm + Tq{x:^). 

The linearized dynamic and kinematic conditions on T, which are similar for 
a unheated fluid, have the form 



pu 



dui du^ 
dxs dxi 



= 0, 



i = 1,2, 



dt 

p-2pi^^ = pg{l- l3ao)Conr, (9.3) 

dx'^ 

where ^ = C{t^Xi^X 2 ) is the deviation of the moving free surface. 

Let us assume that the next general condition of heat exchange holds true on 
the perturbed moving boundary r(^), that is. 



d 

X^(7’m +To{X 3 ) +e{t,x)) +a{Tm + T()(X 3 ) + 6{t, x)) = const, 

where a > 0 is the interphase coefficient of heat exchange. For a = 0, we obtain 
from this condition a heat flow from fluid into gas. Let us assume that this general 
condition of heat exchange is satisfied also in the state of mechanical equilibrium. 
Then, after linearization and after taking into account (9.1) we obtain the following 
relation for the temperature field 6{t^x), 



do 

X~^ — V aO — aa( on T. 
dn 



(9.4) 



In order to complete the mathematical formulation of the initial boundary 
value problem (9.2)-(9.4) we need to take into account the initial conditions 



tx(0, x) — vP{x), 

^(0, x) = 0^{x), 

C(0,a:i,a;2) = C”(a:i,a:2). 



Since usually /3ao 1, then we can further assume that /3ao = 0. 



(9.5) 
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S.92 Transition to a System of Operator Equations 

As in Section 8.1, let us assume that u{t^x) is a function of variable t with vaules 
in Jo,5(^)- Applying the othoprojector Pq.s (onto the subspace Jo, 5 (fl)) to the first 
equation in (9.2) and then performing transitions similar to the ones in Sections 
8. 1.2-8. 1.3 to equations (1.23), we obtain for the field u(t) the following equations 
from (9.2)-(9.3): 

— InU, 

vw — -gTC^, u = s-\-w, (9.6) 

where A, T are the operators in the boundary value problems I and II. 

Let us perform for the temperature field 6{t,x) a similar transition in the 
last equation (9.2). With this purpose in mind, we consider the Hilbert space of 
scalar functions E = L 2 (f^) equipped with the ordinary scalar product and the space 
F = HQ g{Q) densely embedded into E with the following scalar product. 



— / V(/^-V'0dfl+ / ax a > 0, x > 0. 

J ^ J Y' 

The elements Lp in satisfy the Dirichlet condition (/? = 0 on 5. 

Since F = Hi g(Q) is compactly embedded into E = L 2 (^), the Hilbert pair 
{F] E) generates the unbounded positive definite operator A\ that has a positive 
compact inverse, . A\ is the resolving operator for the following boundary value 
problem HI: 



— A(/? = / in fl, 

(/9 = 0 on S', 
dx) 

V = 0 on r. (9.7) 

For its eigenvalues, = Xn{Ai), we have the following asymptotic formula, 

Xn{Ai) = + o(l)] as n oc, where ca^ — ^ . (9.8) 

67T^ 

From (9.8) it follows that G 6p for p > 3/2. 

Let us introduce the operator Ti , which will make it possible to find a solution 
of the following boundary value problem IV: 




(9.9) 
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using the known function ry. From the abstract scheme in Section 1.8, it follows that the 
operator Ti acts boundedly from to g{Q). Here = TiT] is a generalized 

solution of problem (9.9). 

The two operators A\ and Ti allow us to perform a transformation, along the 
same lines as the scheme in Section 8.1, from the equations and boundary conditions 
(9.2) and (9.4) for the temerature 6{t,x) to abstract equations of the form (9.6). 
Specifically, let us assume that 6{t^x) is a function of t with values in L 2 {Ft) and it 
can be represented as 6{t, x) = 6i(t, x) + 92{t, x), where 9i and 92 are the generalized 
solutions of the boundary value problems III and IV with the functions determined 
from (9.2) and (9.4). Then the last equation in (9.2) and the boundary condition (9.4) 
are equivalent to the system of operator equations 

d9 

xAi9i = yau- 63 , 9 = 9i y 6 > 2 , 

at 

x92=aaTi(. (9.10) 

Hence, the problem (9.2)-(9.4) is equivalent to the system of equations (9.9) and 
(9.10). The initial conditions (9.5) should be added to this system. 

8.93 Solvability of the Evolution Problem 

If in (9.6) and (9.10) we perform the following substitutions 

u — s = w = 9^ = z = 1, 2, (9.11) 

then the problem (9.6), (9.10), and (9.5) takes the form 

^ + uAt] = giy~^B{rf + 5 ) + + ^^ 2 ) 63 ) , 

i^S = -gA^/^TC, ^=Q{t, + S), i = v + S, 

^ + x^ivi = -aax~^Q*iQiTj + < 5 ) + (^A~^^‘^{t] + S) ■ 63 ^ , 

V2 = aax~^Ql(, v = Vi+V2, 

e(0)=^i/V, t;(0)=?;i(0)+^;2(0)=>l'/'^“, C(0) = (9-12) 

where we used the following notations 

Q = ^nA~^^\ Q*^A^^^T, B = Q*Q, Q*, = A^Ti, ( 9 . 13 ) 

that have been partially used in Section 8.1. 
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As in Section 8.4.3, the Cauchy problem (9.12) can be reduced to an equivalent 
system of integral Volterra equations. Indeed, from the third equation (9.12) and 
taking into consideration the initial condition, we have 

C(i)=C°+/ Q(r/ + 5)(r)dr, 

Jo 

and then the second equation in (9.12) takes the form 



S{t) = -giy ' f B{t] + S){T)dT. (9.14) 

Jo 

Further, in the first equation (9.12) we replace t by r, apply the operator- valued 
function exp{—iy{t — r)A) from the left, and integrate by r between the limits 0 and 
t. Using the initial conditions derived from (9.12) and (9.14), we obtain the following 
equation 

r/(t) = exp{—vtA){A^^^vP -h [ exp(— z/(t - r)A)B{rf + (5)(r)dr 

Jo 

+ 90 J exp{-u{t - t)A)A^^'^Pq,s + V 2 )(r)e 3 ) dr. (9.15) 

A similar reasoning can be done for the second group of equations (9.12) and 
that leads to the following equations 



(9.16) 



V2(t)=aax + + ^)('r)d'^> 

Jo 

Vi{t) = exp(-xi^i) (^aY^O^ - aax~^Q*iC'^ 

-aax~^ f exp{-x(t - T)Ai)Q\Q{-n + S){T)dT 

Jo 

tj j^exp(-x(t - r)dli)^}/^ (^“^/^(?7 + (5)(r) •e 3 )dr. (9.17) 



+ a 



Since the operators Q, Q*, B — Q*Q, Ql, are compact and 

the operator-valued functions exp(— z^(t — r)A)A^/^ and exp(— y(t — t)A)AJ^^ are 
continuous and have a weak singularity for r ^ t, the equations (9.14)-(9.17) 
represent a system of integral Volterra equations with continuous operator kernels 
that have weak singularities. Therefore, if conditions 



C^Gi/r, 



(9.18) 
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are satisfied, then the problem (9.14)-(9.17) is univalently solvable. In this case, 
S{t) and r]{t) are continuous functions with values in Jq^s{^) and vi{t), V 2 {t) are 
continuous functions with values in L 2 (f^). 

Hence it appears that if conditions (9.18) are satisfied, then ^{t) — r){t)-yS{t) 
is a continuous function in Jq_s{^) and v{t) = + V 2 {t) is a continuous function 

in L 2 (f^). Using now the substitutions in (9.11) we conclude that the initial boundary 
value problem (9.2)-(9.5) on convective movements of a fluid in a partially filled 
container is univalently solvable and has a generalized solution {u{t,x); 6{t,x)\ 
({t,x)}. For every the functions n(t,x), 0(t,x), C(^^)UGr belong to the spaces 
Jq Hq ^(f^), i7r, respectively, and are continuous in t on these subspaces. 

In conclusion, let us notice that the nonhomogeneous problem (9.2)-(9.5) can 
be treated similarly. For this problem, the small field of the external forces f{t, x) (in 
the equation for u) and the density of the heat sources x) (in the equation for 0) 
should be defined in the right hand sides of the equations (9.2). In this case, if /(t,x) 
is a continuous function of t with values in Jq x) is a continuous function of t 

with values in 7 /q ^(f^), and conditions (9.18) are satisfied, then the nonhomogeneous 
problem (9.2)-(9.5) is univalently solvable and its generalized solution possesses all 
the above mentioned properties. 

8.9.4 Normal Convective Movements. Reduction to an Operator Pencil 

Let us consider a solution of problem (9.12) that depends on t according to the law 
exp(— At). Then for the corresponding amplitude functions depending only on x, we 
obtain 



-AC = Q€, ^ = n + S, i^5 = gX-^B^, 

uAt] = A(t7 + (5) + gfiA^^'^Po.s (^^^^( 1)1 + V2)e3^ , 

XV2 = -X~^aaQlQ{ri + S), v = vi+V2, 
xAiVi = \{vi + V 2 ) + + 5 ) • 63 ) . ( 9 . 19 ) 

Hence, for ^ + J in Jo.s(^l) and u = +U 2 in L 2 (FL) we obtain the system 

of equations 



^ — glSu ^Cv = Xu ^^-\-u ^g\ 

+ u = - ax~"aX-^QlQt (9.20) 



with 



Cv := A~^/^Po,s (^r'^'ves) , C*^ := A\^'^ [A~^l'^i ■ 63) 



(9.21) 
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For Of = 0, that is without heating, the system (9.20) splits into two inde- 
pendent problems. In the first problem, the solutions — nonperiodically fading heat 
waves — should be determined from the second equation in (9.20). Then we solve the 
first equation for the obtained A and u ^ 0. Therefore, in the sequel, we are going to 
assume that a ^ 0. 

While we are still at it, let us note that in (9.20) the operators C and C* 
defined by (9.21) are compact. It can be proved also that these operators are mutually 
adjoint. Indeed, for any v G L 2 {Ll) and any ^ G Jo, 5 (f^) we have 

= j^Po.s 

• Po.s(A^^)dQ. 

(^-1/24 . eg) dn 

= j V (^- 1 / 2 ^ . ea)) <m = {v,C*OL,iuy 

To make the system (9.20) more symmetrical, we perform the substitution 




I \a\iA 

xgP 






The (9.20) becomes 

i^y = \Ay + X~^By, 

where the operator matrices are defined by 



le ■■ = 



B : 



I -eC 
esignaC* I\ 

A := diag ) 

gu~^B 0 

— assign ajBi 0 



y = (^;^)S 






>0, 



(9.22) 



(9.23) 



(9.24) 



where Ii is the identity operator in L 2 {D) and B\ Q\Q. 

Since A~^ and A]^^ are compact positive operators from the class 6p for 
p > 3/2, then these properties take place for the operator A in (9.24). Further, the 
operator B is compact because the operators -B, Q* and Q are compact. Obviously, 
the operator 1^ is equal to the difference between the identity operator I = diag(/; Ii) 
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and the compact operator 



^(signaC* o)' 

Further investigation of the normal oscillations is based on the properties of 
the operator pencil 

L(A) := i -ek - XA- \-^B, 

corresponding to problem (9.23). For e = 0, that is, when 1^ = /, the pencil L(A) 
coincides with the operator pencil studied in Section 8.2. 



8.95 Dissipatively Thermal and Surface Waves Under the General Law of 
Heat Transfer 

If the system is heated from below, that is, when sign a = 1, then the operator k in 
(9.25) is self-adjoint. Since C is a compact operator, then k has a discrete spectrum 
with the limit point zero. Hence it appears that the kernel of the operator I — ek is no 
more than finite-dimensional for a > 0. In the sequel, we are going to consider only 
the case of general assumption, that is, we will assume that, for a > 0, the operator 
Is = I — ek is invertible. 

If the system is heated from above, that is, when a < 0, we have 

k = -iv, 

and the following representation takes place 

i-ek = i + ieV = i~eJVi, (9.27) 



where 



J = 



I 0 
0 -7i 



Vi 



0 c\ 

C* 0 )' 



Since V = V* , then from the first formula in (9.26) it follows that I — sK is invertible. 
As in the cooresponding proof for the operator /q in Section 8.4.5, we can prove that 
when the system is heated from above, the inverse operator has the property 




= ||(/-eA)-i|| = l, 



a < 0. 



(9.28) 



Applying the operator ^ to (9.23) from the left, we obtain the problem 
L{\)y := (/ - iy{XA + B)) y = Q. 



(9.29) 
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The pencil L(A) in (9.29) differs from the pencil (4-22), obtained 

by considering the normal oscillations of a rotating fluid, by notation only. The new 
feature in (9.29) is the following: operator B defined by the matrix (9.24) is not 
a nonnegative and self-adjoint operator, unlike in (4.22). That is why, the general 
reasoning stated in Sections 8.4 and 8.2 is not influenced by the new feature and can 
be applied to (9.29) as well. 

Without presenting the detailed proofs, let us formulate the general properties 
of the pencil L(A) and the properties of the solutions to problem (9.19). 

1° The spectrum of problem (9.29) is no more than countable and can have 
A = 0 and A = oo as limit points. All the other points in the spectrum that are 
different from 0 and oo are eigenvalues with finite algebraic multiplicity. 

2° If the following condition is satisfied. 



4 






then the pencil L(A) admits the factorization 



L{\) = i-^x-\i - \-^xB){i - XX A), 



(9.30) 



(9.31) 



with 

X = i-\IFBXAX), 

relatively to the circle |A| = r G (r_,r^.), where 



r± = 



1± Wl-4 



l|i|| • ll^ll 






(9.32) 



(9.33) 



Here the operator X is invertible, I — X~^XB is also invertible for A > r, and the 
spectrum of the pencil Li{\) i — XX A is located outside the circle |A| < r+. 

From (9.24) it follows that condition (9.30) is satisfied for sufficiently large 
values of viscousity u > 0 and the rest of the parameters of the system fixed. 

3° Outside the circle |A| < r+, problem (9.29) has a discrete spectrum 
{AJ}^^, with limfc->oo A^ = oo. The eigen- and associated elements where 

y'l^ ^ that correspond to this spectrum form a complete system in the 

space Jo,s{^) 0 ^ 2 (^ 1 ). 

Indeed, the problem on the spectrum of the pencil Li{X) is equivalent to the 
eigenvalue problem 



XAy = A-iy. 



(9.34) 
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Therefore, Assertion 3° follows from the first Keldysh theorem because A > 0, A e &p 
for p > 3/2, and X — I with X\ G &oo^ is an invertible operator in virtue of 

(9.32) and the structure of = / -(- with G ©oo- 

4° For any 5 > 0, all the eigenvalues except for maybe a finite number of 
them are located in the sector | arg A| < e. 

5° If condition (9.30) is not satisfied, then for any u > 0 and r > 0 the system 
of eigen- and associated elements corresponding to the eigenvalues Aj 

outside the circle |A| < r has no more than a finite defect in the space Jo, 5 (f^) 0 T 2 (r^). 
6° The asymptotic behavior of the eigenvalues A^ is the following, 

A+ = Afci(i)[l + o(l)] = Afe(i-')[l+o(l)], k-.^, (9.35) 



where A~^ = diag(i/A; yAi). 

7° The above-mentioned class of normal movements corresponding to the 
spectrum can be called naturally the internal dissipatively thermal waves of 

problem (9.19). 

Indeed, for the normalized solutions y = of problem (9.23) we have 
lly||^ = ll^lljo,s(n) + Ilv^lli2(n) = Wn + ^lljo.s(n) + ^2||i2(n) = 1 - 



For such solution from (9.19) we obtain 






= gi^ 

\\v2k\\ = a\a\x~^ |A^f ^ 

(KV' - vtl ^ 0 - 
IICII = l^fcr'l|QCI0O- 



0 , 



x(A+) 'Aiv+f^-v+ 



0 , 



(9.36) 



Hence, the deviations ^ of the free surface of a fluid converge asymptotically to zero 
ior k ^ oo and problem (9.19) splits into two independent eigenvalue problems for 
the operators uA (the dissipative waves) and yAi (the thermal waves). 

Let us consider now the existence of the surface waves under the general law 
of heat exchange (a > 0). Let |A| < r := Then from the second equation 

(9.23), written down in a vector-matrix form, we have 



(p = esigna [I - \\ ^A^^) ^ (C*^ - aA ^Bi^) . 
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Substituting this relation into the first equation we obtain the following spectral 
problem 



gu ^ B — ae^signaC [l — X\ 



A 



I - e^signaC (/ - ^ ^ 



=: £(A)^ = 0, £ e Jo,s(fi). 

Let us consider the shortened pencil 

Boix)^ := - XI)^ = 0, ^ G Jo,s(^^)• 



As it follows from the previous facts, its nonzero eigenvalues X^ = gu~^ Xk{B) form a 
nonincreasing sequence of positive numbers with the limit point zero and the eigen- 
elements form an orthogonal basis in the subspace Mq{Q) C Jo,s(f^). 

Let us prove that C{\) can be considered as an analytic perturbation of the 
pencil £o('^)- Indeed, the expression in the first pair of brackets in the definition of 
£(A) can be written down as 

gu~^ [I - ae‘^u sign ag~^CQl{Q*)~^] -h AFi(A)^, |A| < r, 

where Fi{\) is an analytic operator- valued function taking values in 600 • From the 
properties of the solutions of the auxiliary boundary value problems I-IV and from 
the abstract scheme in Section 1.8, it follows that 

with T~^ = 9, acts boundedly from Mq{Q) to L2(f^). Since C is a compact operator 
from L2(f^) to Mo(f^), it follows that K := CQl{Q*)~^ is a compact operator acting 
on Mo(f)). The expression in the second pair of brackets in the definition of C{\) has 
the form / — signaC*C-h AF2(A), where C*C > 0 is a compact operator and F2(A) 
is an analytic operator- valued function for |A| < r with values in ©00 • 

Hence, the pencil £(A) can be written down as 

gu~^ [l - ae^vg~^ signaK] B — XI AF(A), 

where F{\) is an analytic operator- valued function with compact values. Since B E &p 
for p > 2 and Ker B = Nq{Q), then the conclusions in Sections 1.6.4, 1.6.7, and 1.6.8 
can be applied to the pencil £(A) as well. Using those results, we can prove the 
following facts: 

1° In problem (9.23) there is a branch of eigenvalues {A^}^^ with the limit 
point A = 0. 
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2° For any 6 > 0, all eigenvalues A^, except maybe for a finite number of 
them, are located inside the angle |argA| < £ and have the following asymptotic 
behavior, 

+o(l)]> fc^OO. 

3° If we project the eigen- and associated elements {^^^1 corresponding to 
the branch {A^}^^ Mq{Q,) we obtain a system that has no more than a finite 
defect in Mq{Q). 

It may very well be that the thus obtained class of normal movements is 
connected with the surface waves, which are similar to the surface waves in a non- 
heat ed fluid. 

8.9.6 Surface and Internal Waves for Heating From Above 

Let us consider the properties of the solution of the problem on normal oscillations 
under the following conditions. On the free surface of the fluid, we have the condition 
of constant heat flow 



d 

x^(^m + Toixs) -h 0{t,x)) = const 

instead of the general heat exchange condition. Then, in the boundary condition (9.4) 
on r, we should assume in the sequel that the interphase coefficient of heat exchange 
a equals zero. In this case, all the conclusions in Sections 8.9. 1-8. 9. 5 hold true and 
the operator B in (9.24) has the form 



B = diag{gu ^B; 0), (9.37) 

that is, B becomes a nonnegative compact operator with the following set as its kernel 

KerB = No{Q) 0 L2(0). (9.38) 

Let us use representation (9.27) for the operator ly. 

i, = i- eJVi = J{J - eVi). (9.39) 

Further, let us notice that J - eVi, JA = diag(z/“M“^; A^^), and JB = 
giy~^diag{B;0) = B are self-adjoint operators. Hence, it appears that the operator 
pencil 

Lj(A) :=J- eVi - XjA - X~^B (9.40) 
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that corresponds to problem (9.23) is self-adjoint, too. Therefore, the spectrum of the 
pencil Lj(X) is symmetrical relatively to the real axis. 

If we consider the equation (L(A)y, y) = 0, which holds true for the solutions 
of problem (9.23), we can prove that Re A > 0, that is, the normal movements of the 
system are stable. 

As in Section 8.9.5, it is convenient to make the transition from the pencil 
L(A) to the problem (9.29) and the pencil L{\) while assuming that B — B* = 
giy~^dmg{B;0). This allows us to apply all the results in Sections 8.3 and 8.4 related 
to the problem on oscillations of a viscous fluid in both an immovable and a rotating 
container as well as the results in Section 8.2 to the new pencil T(A). 

Without listing in detail all the general properties of the solutions to the 
problem 

^(A)^ = 0, y = (9.41) 

let us point out the following main result. On one hand, the internal dissipatively 
thermal waves caused by the operator A in (9.29) are present in the system, and 
on the other hand, the system also has mechanical waves, for which (similar to the 
case of a heavy viscous nonheated fluid) the oscillations have a surface character 
and the themperature corresponding to the modes of normal oscillations converges 
asymptotically to the equilibrium value -h Tq{xs) for /c ^ oo. 

The reader is invited to formulate in detail the properties of the spectra of the 
two mentioned types of wave motion and the properties on completeness and basicity 
of the system of eigen- and associated elements coressponding to these waves for both 
large and arbitrary values of the fluid viscosity. Actually, it is sufficient to repeat the 
majority of the properties pertaining to the solutions of the problems presented in 
Sections 8. 2-8.4. 

8.9.7 Normal Oscillations for Heating from Below and for a Given Heat 
Flow on the Free Surface 

Let us consider now the second main case when the system is heated from below, that 
is, when a > 0 in (9.25). In this particular case, K = G 0qo and we can split it 
into two separate subcases. 

We assume that the intensity of heating from below is 

eXmUK) < 1- (9.42) 

The definition of £, (9.24), shows that (9.42) is possible only for sufficiently small 
values of the heat intensity a. If the intensity a is given, then (9.42) is possible 
either for sufficiently large values of the viscosity z/ > 0, or a large coefficient of heat 
conductivity x > 9- 
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If (9.42) is satisfied, operator L in the pencil (9.23) has the property 
Is — I — eK ^ 0 and, therefore, it admits a bounded inverse operator ^0. 
If in (9.23) we perform the substitution 

= z ( 2 /= (9.43) 

and then apply the operator from the left, we obtain 

XAz + X-'^Bz, (9.44) 

A := (4)-i/2i(4)-i/2, B = (4)-i/2b(A)-i/2. 

Based on the properties of the operators A, B, and (Z^)"^/^, it follows that A is a 
compact positive operator and B is a compact nonnegative operator with infinite- 
dimensional kernel and range. Hence, equation (9.44) coincides completely with the 
equations studied in detail in Section 8.2. Therefore, we can list without proof the 
main properties of the solutions of problem (9.44) and the initial problem (9.19) on 
normal oscillations. 

1° If (9.42) is satisfied, then, in the case when the system is heated from below, 
the spectrum of problems (9.19), (9.23) is situated in the right complex half-plane, 
and consists of two branches of eigenvalues and situated on the 

real axis and of no more than a finite number of intermediate nonreal eigenvalues. For 
large values of viscosity there are no intermediate nonreal eigenvalues. 

2° The eigenvalues have the limit point A = cxo and correspond to 

the dissipatively thermal waves for which the asymptotic relations (9.36) are satisfied. 

3° The eigenvalues {A^}^^ have the limit point A = 0 and correspond to the 
surface mechanical waves with arbitrarily small fadding decrements. 

4® For both types of waves movements mentioned above, the asymptotic 
formulas for the branches of eigenvalues, for which the main parts can be expressed 
by the eigenvalues of the operators A~^ and B, hold true for /c 00 . 

5° The eigenelements }"^=i and of problem (9.23) that correspond 

to these two branches of eigenvalues have either the properties of basicity or the 
properties of defect Riesz basicity that were described in details in Sections 8. 2-8. 3. 

Let us assume now that the operator = I—eK is invertible and the following 
condition is satisfied instead of (9.42), 



^Aniax(^) ^ I 5 



(9.45) 
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Then the operator I^ has a finite number of negative eigenvalues, denoted by k > 1, 
and equation (9.23) is equivalent to equation (9.29) 

L{X)y ~ (/ - XI-^A - 2 / = 0. (9.46) 

Since then there is a self-adjoint pencil corresponding to equation (9.23). 

Therefore, the spectrum of problem (9.23) and the one of the equivalent problem (9.46) 
are symmetrical relatively to the real axis. Moreover, the -self- adjoint operators 

/“M and I~^B are /^-positive and /^-nonnegative, respectively. Thus, for large values 
of jy and y, that is, when the norm of A is sufficiently small and in (9.46) we can 
apply to the pencil the same two types of factorization as in Sections 8. 2-8.4, we 
have two eigenvalue problems for operators that are the weak perturbations of the 
operators I~^A and I~^B, respectively. From the latter it follows again that there 
are two branches of eigenvalues (dissipatively thermal waves) and 

(mechanical waves) and the corresponding systems of eigen- and associated elements 
have the completeness property. If the parameters of the system are arbitrary, then 
the completeness property can be replaced by the property of completeness with finite 
defect. 

Under conditions (9.45), the new feature is as follows: The spectrum of the 
problem may not be situated in the right half-plane and in this case, no more than a 
finite number of eigenvalues can be situated in the left half-plane, which means that 
the normal oscillations are unstable. 



8.10 Sufficient Conditions of Instability for 
Convective Movements of a Fluid 

In this section we obtain a sufficient condition for the instability of the free convective 
movements of a fluid partially filling a container and heated from below. In this case, 
the critical value of the heating intensity depends only on the geometry of the region 
filled with fluid. 

8.10.1 Transition to a Two-Parameter Pencil 

We consider again the spectral problem in Section 8.9 corresponding to the case when 
the fluid is heated from below with a given heat flow on the free surface of the fluid. 
For q; > 0 and a = 0, from (9.23) and (9.25) we obtain the following problem, 

L,{X)y = 0, y= (^; ^)‘ € Jo,s{^) ® ^ 2 ( 0 ) =: H, 
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L,{X) = i-ek-XA-\-^B, q)=^*g6oo, 

0 < i = diag e ©oo, 

0 < B = diag(c/i/“^B;0) e ©oo, (10.1) 

where the operators C and C* were defined in (9.21) and £ was given in (9.25). 

Let us assume that the heating intensity e satisfies the following condition 

^ (An.ax(^))"' > 0, (10.2) 

which is necessary for the existence of eigenvalues A of the pencil Le{X) in the left half- 
plane (see (9.42) and (9.45)). If such an eigenvalue Aq exists, then the initial boundary 
value problem (9.2)-(9.4) has a particular solution that increases exponentially with 
time when t ^ oo. 

Together with the pencil L^(A), let us consider the pencil 

AL,(A) = -A^i -B-\-X{i- ek), (10.3) 

and the two-parameter pencil 

M,,^(r) :=tA-B- r]{i - sK), (10.4) 

which is linear relatively to the spectral parameter r. We notice that (10.4) can be 
obtain from (10.3) if 

r = — A^, T] — —A. (10.5) 

Our goal is to obtain the conditions under which the pencil (10.4) has the 
eigenvalue r = —rf for some ry > 0. Obviously, in this case, the spectral problem 
(10.1) for the pencil L^[X) will have the solution A = —r] < 0 that corresponds to an 
aperiodic solution of problem (9.2)-(9.4) which increases exponentially with t. 

Let us point out some important properties for the pencil (10.4). 

1° For any ry > 0, the pencil M^^^(r) has a real discrete spectrum 
that consists of finite- multiple eigenvalues Tk with lim^-^oo = Foo. 

The proof of this property goes as follows: 

a) We write down the eigenvalue problem for the pencil Me^^(r) in the form 

Tr,-^Ay =(^i-ek + y =: {I - f)y, (10.6) 

where T is a compact self-adjoint operator. 
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If for some chosen e and r/ the condition 

7-f>0 (10.7) 

is satisfied, then performing in (10.6) the substitution 

{i-fy/^y = z, ( 10 . 8 ) 

we obtain the problem 

rri-^Rz := rr]-\i - - fy^l'^z = z, 

with a compact positive operator R. From the latter and the Hilbert-Schmidt theorem 
(see Section 1.1.11) Assertion 1° follows provided condition (10.7) is satisfied. 

b) Let us consider now the opposite case by making the assumption that the 
kernel of the operator / — T is not zero and this operator is indefinite. Suppose 

Ker(7-f) {0}. (10.9) 

We show that in this case we can make a transition from problem (10.6) to a 
similar problem where the kernel of the operator / — T is zero. 

Indeed, if condition (10.9) is satisfied, then problem (10.6) has the trivial 

solution 

r = To = 0, y = yk{i-f), k = 1,2, . . . ,kq, 0 < kq < co, (10.10) 

where is the multiplicity of the zero eigenvalue of the operator I — T and 
{yk}k=i corresponding set of eigenelements that are orthogonal relatively to 

the form (Ay^y). Any element in the kernel of the operator I — T has the form 
yo = YHkl=i^kyk{i — T), where Ck are arbitrary coefficients. Let us represent now 
the solution y of problem (10.6) in the form of a vector-column y = {yo;yY where 
yo G Ker(/ — T), y _L Ker(7 — T), and write down (10.6) in the vector-matrix form 

which corresponds to the orthogonal decomposition 

Jo^si^) e L 2 {n) = ^ = 77o 0 77o = Ker(7 - t), H = HQ 77q. 

For T ^ 0, from the first equation in (10.11) we have 



^iiyo 0 Ai2y — 0. 



( 10 . 12 ) 
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Since dimi/o = /^o < oo and ^ > 0, then the finite-dimensional operator (i.e., the 
/^o-dimensional matrix) An is positive and, therefore, it admits a positive inverse 
bounded operator Then, from (10.12) and the second relation in (10.11), we 
obtain 

TT] ^ Ay = (J 2 — T 22 ^ A := A 22 — A 2 \A^^ Ai 2 . (10.13) 

Since the operator A in (10.1) is compact and positive in H, then, according 
to the statement in Section 1.4.3, A is a compact positive operator in H. The operator 
I2—T22 in (10.13) has a zero kernel and equation (10.13) is similar to (10.6). Therefore, 
without loss of generality, we can assume that the operator / — T in equation (10.6) 
has a zero kernel too. 

c) Taking into account this condition and assuming that / — T is indefinite, 
let us represent this operator in the form 

= F := |/-t| := (10.14) 

where K- is the number of negative (with respect to multiplicity) eigenvalues of the 
operator I — T, is the signature operator with J^_ = = J* , = /, and 

F is a positive definite bounded operator, the absolute value of the operator I — T. 

After performing the substitution F^l^y = z in (10.6), we obtain the following 
problem 

J^_ 2 , Ri := 

where Ri is a compact positive operator. Hence, we have the eigenvalue problem 

Jk-Riz — liz, yi — riT~^ , (10.15) 



for the -self-adjoint, -positive operator 

Since in problem (10.15) the root subspace Lq( T^i) corresponding to /i = 0, 
is the zero subspace, then, according to the assertion in Section 1.4.7, problem (10.15) 
has exactly (with regard to multiplicities) negative eigenvalues and a countable 
number of positive eigenvalues with /i^ = ^ 0 as /c ^ oo. The 

eigenelements of problem (10.15) form a -orthonormal basis that is a Riesz basis 
in H. 

The proof of Assertion 1° under the general assumption that the operator 
7 — T is indefinite and has a nonzero kernel follows from these facts and the previous 
reasoning. 

2° For the eigenvalues of problem (10.6) counted in nondecreasing 

order with regard to their multiplicities, the following variational principle is satisfied: 
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where Lk-i is an arbitrary subspace in H of codimension k — 1. 

a) As in the proof of Property 1° we can assume that Ker(7 — T) — {0}. Then 

there exists the bounded inverse operator (7 - T)“^ 7 + Ti, Ti = T * G 6oo, and 

(10.6) is equivalent to the problem of determining the characteristic numbers rrj~^ in 
the equation 

r?7“M^/^(7 + Ti)JCI^z = z, z = 

with a compact self-adjoint operator that has a finite number of negative eigenvalues. 
Obviously, its inverse is an unbounded operator bounded from below with a discrete 
spectrum and a complete orthogonal system of eigenelements. 

b) From these facts and from the corresponding max-min principle for eigen- 
values of the above mentioned unbounded inverse operator, the assertions (10.16) 
easily follow after performing a transition to the eigenelements y in problem (10.6). 

3° The eigenvalues Tk{rj^e) of problem (10.6) are continuous functions of 
parameters r/ and e. 

This property is a corollary to the variational principle (10.16) because the 
numerator of the fraction in (10.16) depends continuously on y and s, and the 
denominator does not depend on them at all. 

8.10.2 On the Structure of the Kernels of Operator Coefficients 

In this section we state some important properties of the operator coefficients K and 
B of the pencil 7/e(A) that are going to be used in the sequel. Specifically, we prove 
that 

Ker k c Ker B, dim ^Ker B © Ker A ^ = oo. (10.17) 

The proof of properties (10.17) can be done in two steps. 

a) Let y = G Ker 5, that is. By = = (0;0)L 

Here ^ G L 2 {D) is an arbitrary element, and from the condition (A^^^T)* = 

in Section 8.1.3 and the equality of the first components we have 

= 0. Hence, according to the ortho- 
gonal decomposition (3.24), ^ G No{D). 

Therefore, 

KerS = {y=(^;77)‘eF:V^eiVo(0), (10.18) 

b) Let y = G KerK. According to definition (10.1) of the operator 

matrix k and its coefficients (see (9.21)), we have 

A-i/2po,s (^r'^'^ea) = 0, • eg) = 0. 



(10.19) 
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From the first equation we have = 0 and, according to the 

orthogonal decomposition (2.1.25), it follows that G Goy(Q). Then 

(p = (f{x 3 ) and — dip/dx^. Since for any '0 G I/ 2 (n) the element 

belongs to Hlg{VL), then {A'^^^‘^'ip)s = 0 and, therefore, d(p/dx 3 = 0. That is why 

— 0 and 0 = 0. 

From the second equation in (10.19) we have • es = 0. If ^ G Jq, 5 '(^), 

then G Jq si^) I'hen v := G Jq g{Q) and i; 3|^7 = 0. All such vector 

fields form the subspace Ni^q{Q) C ATi(fl) that corresponds to horizontal movements 
of the fluid. For example, this subspace can be descriebed by means of the stream 
function ^(xi,X 2 ,Xa) that depends on x^ as if on the parameter. Hence, Ni^o{Q) is 
an infinite-dimensional subspace in Ni{Q) with an orthogonal complement in Ni{fl) 
that is obviously infinite dimensional too. Here we proved that v = G Ni^o{Q) 

and, therefore, x = Apl^v G A^^^iVi,o(^) =• C Nq{Q,). Finally, 

Ker^ = (^;0)^ : 0 = 0, ^ G NoA^) C No{n)} . (10.20) 

c) The first expression in (10.17) follows now from (10.18) and (10.20) whereas 
the second one follows from the reasoning in b). 

8.103 On the Existence of Eigenvalues in the Left Complex Half-Plane 

Before we start finding sufficient conditions for the instablity of convective movements, 
let us prove that if the intensity of heating e is sufficiently large, there exists an 
eigenvalue of problem (10.1) in the left complex half-plane. 

We show that for an arbitrary negative number Aq there exists a countable 
set of such positive numbers £ = ^^(Ao) for which the operator pencil L^(Ao) has an 
eigenelement y = (e, Aq). 

To prove this fact, we write down equation (10.1) as 

Foy.= (i-\oA-\pB)y = Eky, (10.21) 

and point out that for Aq < 0, the operator Fq is positive definite because > 0 and 
B > 0. That is why (10.21) is equivalent to the equation 

z = sGz, G:=Fy^^kPy^\ z = Py^^y, ( 10 . 22 ) 

where G is a compact self-adjoint operator that has an infinite-dimensional range (see 
the proof of properties (10.17) where this particular fact was proved for K). Moreover, 
using the form of the operator K given in (10.1), we can show that its eigenvalues, 
e^{K) have the property ^ n G N. Hence, according to the Hilbert-Schmidt 

theorem (see Section 1.1.11), we obtain that in problem (10.22) e = ^J(Ao), where 
{e^(Ao)}^i are the characteristic numbers of the operator G and (Aq) = (Ao), 

with 0 < (Aq) ^ +oo as k ^ oo. 
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From the above proof we obtain as a corollary the following result: The value 
£ of the critical intensity of heating is located in the interval (Aq)), where Aq is 

any negative number and Si was defined in (10.2). 

8.10.4 Double-Sided Estimates for Eigenvalues 

While determining sufficient conditions for instability, we next obtain double-sided 
estimates for the eigenvalues Tk{r],e) of the linear operator pencil in (10.4) 

by using the variational principle (10.16) and the properties (10.16). 

Specifically, let us prove that for any rj > 0 and e > 0, the following estimates 
take place, 

<n{r],£) <V>^k{£), fceN, (10.23) 

where are eigenvalues of the problem 

\Ay = (/ - ek)y, (10.24) 

are eigenvalues of the problem 

XP^AP^y = Pg{i - ek)P^y, (10.25) 

and Pq is the orthoprojector onto Ker^. 

The proof has three steps. 

a) Since B > 0, from (10.16) we have 

Tk{r],s) >T] max min U-—^Eh^=:riX[{s). (10.26) 

Lk-iy^Lk^i yAy^y) 

As in the proofs of Properties 1° and 2° in Section 8.10.1, we can prove that the max- 
min values of the variational relation (10.26) are the eigenvalues of problem (10.24), 
which has a real discrete spectrum with the accumulation point Too. 

b) Similarly, by estimating the variational relation (10.16) on the kernel of 
the operator we obtain 

Tk{r],e) < T] max min _ (g). (10.27) 

Lfc-1 yeL _inKev B=\Lk -I [Ay^y) 

Since y e Ker B, the variational relation in the right-hand side of (10.27) corresponds 
to the spectral problem (10.25), where P^AP^ is compact and positive because A > 0 
and dimKer^ = oo. According to (10.17), since dim(Ker 5 © Ker K) = oc, problem 
(10.25) has a discrete spectrum {A^^(6)}^i with the accumulation point Too as well. 

c) From inequalities (10.26) and (10.27), the estimates (10.23) and the 
conclusions regarding the properties of the solutions of problems (10.24) and (10.25) 
follow. 
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8.105 Derivation of a Sufficient Condition for Instability 

Such a condition can be derived from the following statements. 

1° If £ > 0 is such that for some m G N the condition A^(^) < 0 holds true, 
then the spectral problem on convection (10.1) for the operator pencil L^{\) has at 
least m negative eigenvalues Xk{s), k = 1, 2, . . . , m. 

The proof of this statement can be carried out graphically. First, let us note 
that if Aj^(s) < 0, then X\{e) < A^^(^) <0, k = 1, 2, . . . , m and the reasoning can be 
carried out for any k < m. In the plane Oryr, for r/ > 0, let us draw the graphs of 
the functions r = X\{e)r], r = A^^(6)r/, and r = — r = Tk{r],e). Using the double- 
sided estimates (10.23), the fact that Tk{r],e) is continuous in rj (see Property 3° in 
Section 8.10.2), and the inequalities X\{e) < A^^(e) < 0, we obtain that on the interval 
[— A^^(e), — A^(e)] the graphs of the functions Tk{r],e) and r = — have at least one 
intersection for any k = 1, 2 , . . . , m. 

2° Problem (10.25) has m (with regard to multiplicities) negative eigenvalues 
A"(^), k = 1 , 2 ,... ,m, if and only if the operator P^{I — sK)P^ has the same 
properties. 

The proof follows exactly the same reasoning as in Sections b) and c) of the 
proof of Property 1°. 

3° The operator P^{I — eK)Pq has m negative eigenvalues if and only if the 
following conditions are satisfied. 



l-£/Xfc<0, l-Mm+i>0, k = l,2,...,m, (10.28) 



where 



are positive eigenvalues of the following auxiliary spectral problem 



— Au -h Vp = fi divu — 0 in fl, u = 0 on S, 

/ X ^ dui du^ _ 

^n(=^ 3 )= 0 , ^ h ^ on r, 2 ==1,2, 

OXi 

dx) 

— Av = in fl, V — 0 on S, — = 0 on F. 

dn 



The proof has three steps. 

a) Using Property 2°, let us consider the eigenvalue problem 



(10.29) 



P^{i - ek)P^y = (3y^ yeKevB, (10.30) 

or the problem 

Pb^^bv = =■ oiy- (10.31) 

Since, according to (10.17), the range of the operator P^KP^ is infinite dimensional 
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and this operator is self-adjoint, compact and indefinite, problem (10.31) has a 
countable set of positive and negative eigenvalues with 0 

(this property is a corollary of the structure of operator K from (10.1)) and 0 

as /c — > oo. 

b) Using the definition of operator K and the max-min principle in Section 
1.4.1 for its positive eigenvalues, we obtain that the numbers are consecutive 
maxima of the variational ratio 



(PbKP0,v) ^ + 

(y^y) (y^y) II^IIL(n) + 



y e G KerS. 



(10.32) 

Taking into account the structure (10.18) of the kernel of operator B and 
the relation between the spaces Nq{LI) and ATi(fl), after performing in (10.32) the 
substitutions ^ u G Jq ^(fl) and — aY‘^v, v e ifg ^(fl), we obtain 



(Po, 5 (^ 63 ), + {u • €3,v)l, 






PV2„1|2^(^)+ aY\ 



L2m 



2 Re / usvdQ 
Jn 

E{u,u)+ [ lVt;|^dfi 



(10.33) 



The above-mentioned ratio should be considered on pairs of functions (u\vY from 
c) Using the Green formula (see (2.2.27)) 




Alt • wdO = E{u, w) 



Jr^^\dx3 dx^ 



ic^dT, 



that holds true for (smooth) functions u and w in ATi(fl), the similar Green formula 
for the Laplace operator applied to (scalar) functions in Pq ^(fl), and the orthogonal 
decomposition (2.1.25), by the reasoning in Section 2.2.7 and some ordinary methods 
of the variational calculus, from (10.33) we can infer that the spectral boundary value 
problem (10.29) ^or /j, = a corresponds to the variational relation (10.33). Therefore, 
considering the conection (10.31) between /3 and a, the requirements Prn < 0 and 
> 0 in problem (10.30) are equivalent to conditions (10.28). 

The following statement follows immediately from Properties U-3°. 



If the intensity of heating, e, satisfies the condition 

£ > £2 := , 



(10.34) 
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where /j,^ is the maximal eigenvalue of the auxiliary spectral problem (10.29), then 
under the condition of constant heat how on the free surface T and in the case of 
heating from below, the spectral problem of convection (10.1) has at least one negative 
eigenvalue and, therefore, it has an aperiodically increasing with time mode of normal 
convective movements. 

8.105 Remarks 

In the conclusion of this section, we present some facts connected with the problem 
of instability of normal conective movements of a fluid in an open container. 

1° First of all, let us point out that the number and the critical value 62 
of the intensity of heating depend only on the geometric characteristics of the region 
fl that is filled with fluid in an immovable state and does not depend on the physical 
parameters of the considered problem. 

2° Our investigation of the problem regarding instability was carried out 
using dimensional variables. The corresponding study in dimensionless variables 
leads to determining the boundary values of the dimensionless Rayleigh number 
Ra g!3aV^ /{uy), where I is a characteristic size of the problem. Ra is connected 

with e by the equality Ra — e^l^. 

3° The obtained critical value 62 corresponds to the case when in the spectral 
problem of convection (10.1) the eigenvalue A passes through zero for the first time 
as 6 increases from zero. 

Indeed, let us assume in (9.2)-(9.4) that u{t,x) = u{x), p{t,x) = p{x), 
6{t,x) = 0{x), C{t,xi,X2) = C{xi,X2) that correspond to the dependence of t given 
by exp(0 • t). We perform the substitution 6 = [au/{xgl3)Y^‘^v. For the functions u 
and V we obtain problem (10.29) with p — . Since p = p^ is the maximal positive 

eigenvalue of this spectral problem, 82 — {pf)~^ is the minimal value of the intensity 
of heating corresponding to the eigenvalue A = 0. Other transitions of eigenvalues A 
through zero take place for £ = {p'^)~^, k = 2,3, 

4° A similar reasoning as in the proof of Property 3° in Section 8.10.5, assures 
that the number Si in (10.2) equals the value {pf)~^ for the transformed problem 
(10.29) when for the field u the tangent and normal tensions equal zero on the 
boundary F. This new spectral problem is equivalent to the problem of the spectrum 
of the variational relation (10.33) considered on the pairs of functions {u;vY from 

5° Let us introduce the number ^3 that is the inverse to the maximal eigenvalue 
of the variational relation (10.33) which is being considered on the pairs of functions 
{u; vY from Jd(fl) 0 i/d,s(^)- Here again we arrive at problem (10.29), but now with 
the condition tx = 0 on dfl. 
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It turns out that the numbers Sk, k — 1,2,3 correspond to three different 
extensions of the main hydrodynamic Stokes operator —Au + Vp. Specifically, for 
k = 1,2, and 3 we have three operators A, A, and Aq corresponding to the three 
mentioned boundary conditions on F for the field u. Here, considering the variational 
relation (10.33) on consequently reducing subspaces it follows that Si < £2 < £3- 
Hence, it follows that the boundary of instability £3 of normal convective movements 
in a completely filled container is higher than the boundary for the same region Lt if 
there is a free surface and a constant heat flow on it. The same reasoning also shows 
that for £ G (^ 1 ,^ 2 ) issue of instability of normal convective movements remains 
unsolved because the obtained boundaries of the intensity of heating that give the 
necessary (^i) and the suficient (^ 2 ) conditions of instability do nor coincide. 

6° As mentioned in Section 7.7, for the problem of convection of a fluid in 
a completely filled container, the principle of stability change takes place, that is, 
whenever £ is increasing, the transition from the right half-plane to the left of the 
minimal eigenvalue of the problem takes place only through zero (since the problem 
is self-adjoint). In the problems of convection of fluids with free surfaces, the principle 
of stability change gets postulated. The reasoning previously carried out in this section 
shows that for £ = £2 the eigenvalue A passes from the right half-plane to the left 
through zero, but it has not been yet proved whether there exist values 5 in the interval 
(^i, £ 2 ) such that the eigenvalue A can be situated, for example, on the imaginary axis. 
Hence, the validity of the principle of stability change in the problem of convection 
with a free surface is an issue yet to be done. 




Chapter 9 

Oscillations of Capillary Viscous Fluids 



In this chapter we consider a few problems on small movements and normal oscillations 
of a viscous fluid that partially fills a container under the conditions of low gravity, 
that is, when the forces of surface tension are to be taken into account. As it turns out, 
the capillary forces have a great influence on the structure of the spectrum of normal 
oscillations. The general scheme of approaching this type of problems will differ from 
the method developed for the problems in Chapter 8. 



9.1 Statement of the Problem 

In this section we will state the initial boundary value problem on small oscillations of 
a capillary fluid in an arbitrary container. Then we will give a qualitative description 
of the properties of the solutions of the problem on normal oscillations for two concrete 
examples, which admit separation of variables. 

9.1.1 Basic Equations and Boundary Conditions 

Let us assume that a capillary viscous fluid fills partially an arbitrary container and, 
in the equilibrium state, uniformly rotates around the axis Ox^ with the angular 
velocity u:q — cjqCs. The fluid occupies the region Q that is bounded by the solid 
boundary S and the equilbrium free surface T. For simplicity, we assume that in the 
equilibrium state the system is influenced only by the homogeneous gravitation field 
with acceleration g = —^63. 
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The equilibrium state of the considered system was described in details in 
Section 6.3.1. In particular, the equilibrium pressure Po(^) is expressed by formula 
(6.3.1) and the equation of the free surface can be determined from (6.3.5), the 
additional condition (6.3.3) and the following requirement: The dihedral angle between 
r and S should be equal to a given constant S defined by the characteristics of the 
three media in the neighborhood of the contact line, 9T, of T and S. 

Let us consider small movements of the fiuid that are close to the uniform 
rotation of the system as a rigid body with angular velocity a;o = ^ 0 ^ 3 • Then, as in 
Section 8.4, for the field of relative velocities u(t^x) and the dynamic pressure p{t^x) 
we have the following equations 

du 1 

-r 2ujqU X €3 = — Vp + lyAu T /, divtx = 0 in Q (1.1) 

at p 

and the boundary stickiness conditions 

u = 0 on S. (1-2) 

As in the case of a heavy fluid, on the equilibrium surface T, the following kinematic 
and dynamic tangent conditions should be satisfied: 

— = M„, pv{ui ,3 + U 3 j) = 0, i = l,2;onr. (1.3) 

The normal dynamic condition on F is different though from the corresponding 
condition (8.4.4) for a heavy fluid because in our case, much as in Section 6.3, we 
take into account the capillary leap of pressures: 



—p -h 2pvu3^3 = —aCQ \= crArC ~ ^rC T, 




(1.4) 



with 

Ur := —(J {k\ T pgcos{n^3) — pLU^r cos{ri^r) , 

where (j > 0 is the coefficient of surface tension and Ar is the Laplace-Beltrami 
operator defined for functions precribed on F. 

As in Sections 6.3 and 8.4, the boundary conditions (1.3) and (1.4) are written 
down in the curviliniar coordinate system that was chosen such as the 

deviation of the moving free surface of the fluid T{t) from the equilibrium surface 
F can be described by the equation with ^ := (<^\^^) ^ F. 
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In the case of a viscous fluid, the formulation of the boundary condition 
on the wetting line dT is rather difficult. It is obvious that if the velocity held is 
continuous near dT, then, in virtue of condition (1.2), this line remains unchanged 
during the process of small movements, that is, it does not depend on t. Therefore, 
the corresponding condition on 9T should have the following form: 

C = 0 on dT. (1.5') 

However, the hypothesis on 9F remaining unchanged does not hold true in the case 
of big movements of the fluid. For small movements and vanishing viscosity, n ^ 0, 
condition (1.5) contradicts the property of preserving the wetting angle S expressed 
by condition (4.1.13), namely. 



+ xC == 0 on ar, 



(1.5") 



with 



X 



kr cos S — ks 
sin 5 



where e is an external normal to 9F in the tangent plane to F. 

Further we will use either condition (1.5') or condition (1.5"), pointing out 
which one is employed in considering a speciflc problem. The issue of choosing a 
proper boundary condition on 9F for a viscous capillary fluid is still being discussed. 
Most probably, it can be solved somehow at the theoretical physics level by comparing 
expertimental data and computation results with regard to one of the conditions on 
dT. 

To complete the statement of the initial boundary value problem on small 
movements of a viscous capillary rotating fluid, we should add to equations and 
boundary conditions (1.1)-(1.5) the initial conditions 

u{0,x)=u^{x), C(0,O-C^O. (1-6) 

9 . 1.2 Some Properties of Solutions to the Normal Oscillations Problem 

Let us consider normal movements of the system, that is, such solutions of the problem 
(1.1)~(1.5) for f{t, x) = 0 , that depend on t according to the law exp(— At). Excluding 
the deviation ( from (1.1)-(1.5), we obtain the following problem: 

— uAu + - Vp — 2ujqu X C 3 — Xu, divtx = 0 in Tt, 

P 

u = 0 on S, 

pi^{ui ^3 + ^ 3 ,z) =0, i = 1, 2; on F, 

\{—p + 2puus^s) = aCun on F, J UndT = 0, 
du 

0 on 5F or + yun = 0, on 9F. 

de 



(1.7) 
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In this case, the modes of normal movements, that is, the functions u{x) and p{x) are 
considered to be complex-valued functions. Let us note also that both the equation 
and the boundary condition on F contain the spectral parameter A which makes the 
entire problem (1.7) nonself- adjoint. 

If the solutions of the spectral problem (1.7) are classical, let us list their 
properties. Obviously, in this case, we should opt for the first boundary condition on 
9F, that is, the Dirichlet condition for Un- Then, the expression aPrCun determined 
by the first part of (1.4) together with the condition = 0 on OF generates a 
unbounded self-adjoint operator of elliptical type denoted by aB(j in the sequel. 

Let us assume that the state of relative equilibrium for the rotating capillary 
fiuid is statically stable in linear approximation, that is, the operator is positive 
definite in L2,r, namely. 



> c.llCIlL.p, C e C, > 0. (1.8) 

Then B^ has an inverse operator which is positive and compact. 

The following properties take place for problem (1.7). 

1° The number A = 0 is not an eigenvalue of problem (1.7). Indeed, if we 
assume A = 0 in (1.7), then using the Green formula (2.2.10), the condition Un = 0 
on r, which is true in virtue of (1.7), and after scalar multiplication by u in L2(fl), 
we obtain the following relation 

vE{u,u) - Aiu;o{lmu x 63, Reix)x,2(0) = 0 



for the solutions 



u{x) = Retx(x) -h ilmu{x). 

Extracting the real part and using the inequality 

E{u,u) = c = Ai(^) > 0, 

we obtain that u{x) = 0. 



(1.9) 



2° All the eigenvalues of problem (1.7) are located in the right complex half- 
plane, that is, all the normal movements of the system are fading. 

Indeed, multiplying equation (1.7) by u in L 2 {D) and applying again the 
Green formula (2.2.10) and the property (1.8), we have: 



Vl|w|li2(n) -pi^E{u, tt) + 2i puo Im(« x 63, w)x,2(n) +cr>^~ 






= 0 , ( 1 . 10 ) 
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whence 



Re A = 



puE{u^ u) 









+ ^\M 



-2 



dV2 

Ba Ur, 



2 

ij2.r 



> 0 . 



For a nonrotating fluid, that is, for a fluid with uq = 0, we can obtain the next 
two results based on equation (1.10) that in this case can be reduced to a quadratic 
equation relatively to A. 



3° If the solution u{x) satisfles the following condition 
iyE{u, u) >2 

then the corresponding eigenvalue A is real. 




4° If the opposite inequality holds true, that is. 



vE{u, u) <2 



a 

P 



1/2 

\\'^\\L2m X 




2 

5 

L2.r 



then the pair of complex-conjugate roots A and A corresponds to the solution u{x) 
and 



|A| 






1/2 



Ba Ur 






> 0 , 



U 



L2{n) 



where c — Ai(t 4) > 0 is the constant in inequality (1.9). Hence, the nonreal A cannot 
be too small in absolute value. 



Other properties pertaining to the spectrum of problem (1.7) will be 
illustrated by two examples. 

9.13 On the Spectrum Structure of Normal Oscillations 

Problem (1.7) has been previously investigated in details by using examples that admit 
the complete division of variables. Let us recall the main results of this investigation 
in the case of the normal oscillations for a viscous capillary self- gravitating drop and 
also in the case of the plane problem for a rotating fluid ring. 

1° For arbitrary viscosity i/, the spectrum of the two above-mentioned 
problems is discrete and has a unique limit point A == oo. 
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2° In the absence of rotation, that is when o;o = 0^ and for sufficiently high 
viscosity z/, all the eigenvalues A are real and positive. 

3° For arbitrary viscosity u and loq — 0, the nonreal eigenvalues are located 
in pairs symmetrically relatively to the real axis and there is no more than a finite 
number of such pairs that depend on viscosity. 

4° By taking the rotation into account, that is uq ^ 0, the eigenvalues move 
away from the real axis and the pairs of nonreal eigenvalues are not symmetrical 
anymore, but this fact does not qualitatively change the general structure of the 
spectrum. Those eigenvalues that are large in absolute value move closer to the real 
axis. 



It is natural to expect that these conclusions formulated for two concrete 
problems will hold true for problem (1.7) on the oscillations of a capillary viscous 
fluid that fills an arbitrary container. Some of these conclusions will be either proved 
or considered in details in Section 9.2. 



92 Osdlations of Capillary Fluids in Arbitrary Containers 

In this section we will consider the initial boundary value problem and the spectral 
problem on normal oscillations of a rotating viscous capillary fluid partially filling a 
container. Our investigation of these interesting problems will be different from the one 
considered by A. D. Myshkis, V. G. Babskii, N. D. Kopachevsky, L. A. Slobozhanin, 
and A. D. Tyuptsov in their monograph [1]. In [1], the authors considered only the 
case when the equilibrium free surface F of the fluid and its solid boundary S do 
not have any common points. This situation can occur under certain conditions that 
are close to low gravity, namely, the capillary and the self-gravitational forces keep 
the fluid in a stable state, and the fluid occupies a region of a spheric type with 
an internal solid boundary S and the external free surface F. Oceans are typical 
examples that illustrate this situation. They cover the Earth in layers of constant or 
variable thickness (because of the influence of the centrifugal forces). Since in this 
C£Lse 9F = F n 5 = 0, then, instead of conditions (1.5') or (1.5") for the operator 
Bcr we need to take into consideration the boundedness of the solutions of equation 
BaU = V on the whole surface F as an additional condition. 

92.1 Transition to a System of Operator Equations 

Let us consider the problem (1.1)-(1.6) with the boundary condition (1.5') and assume 
that the field of external forces f{t,x) is a function of the variable t with values in 
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As in Section 8.1, let us assume that the velocity field u(t,x) is a function 
with values in Jq 

Let us represent u{t,x) as a sum, that is, u{t,x) = s{t,x) + w{t,x), where 
s(t^x) is a solution of the boundary value problem I in Section 8.1.2 in which we 
substitute / for / + 2tjj{)U x 63 — dtx/dt, and w{t^x) is a solution of the boundary 
value problem II for '0 = A similar reasoning as in Section 8.4.2 leads us to 

a system of operator equations of the form (8.4.6) in which we have substituted Bq 
for aB(j: 



vA^I^sFA — 2iluqSoU — f{t)^ = 0, ( 2 . 1 ) 

u{t) = s{t) + w{t), ^ i/w aTBf^( = 0. (2.2) 

Let us recall that 



Sou := -iPoA^ X ^3), 5o = 5*, ||5ol| = 1. (2.3) 

All the other notations in (2.1) and (2.2) are the same as in Chapter 8 and the operator 
Bcr was defined in Section 9.1. 

In (2.1) and (2.2), let us omit the function ({t) and make the following 
substitutions: 

s = w — A~^^‘^t], u — A~^^‘^S. (2.4) 

In addition, by formally applying the operator A to the left of the first equation (this 
fact will be proved in the sequel) and the operator to the second equation, we 
obtain the system of two ordinary differential equations of the first order 

^ + 11)+ + »?) + 

^ + (2.5) 

B:=Q*B,Q, Q*=A^/^T, Q = (2.6) 

The following initial conditions 

T,(0) = -aiy-^A^/^TB^(^, ^(0) = A^/^u° - ri{0) (2.7) 



that follow from conditions (1.6) and from (2.2) and (2.4) should be added to equations 
(2.5). 
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Thus, the initial boundary value problem (1.1)-(1.6) on small movements of 
a capillary viscous fluid in an arbitrary container is reduced to the Cauchy problem 
(2.5)-(2.7). Here, ^{t) is a function with values in the space Jo, 5 (fl) and T]{t) is a 
function with values in the subspace Mo(fl) C Jo,s{^) deflned in Chapter 8 (see the 
orthogonal decompositions (8.3.23) and (8.3.24)). 

To conclude this section, let us point out the following remark which will be 
of importance in the sequel. As it was mentioned in Section 9.1, a capillary viscous 
fluid situated in a container in a state of relative equilibrium is influenced both by the 
gravitation and the centrifugal forces that are caused by the rotation of the system. 
Since these forces are inflnitely differentiable functions, then the function that defines 
the free surface T of a fluid in a nonperturbed state, is inflnitely differentiable, too. 
Further, we will assume that the wetting line 9F is also a sufficiently smooth curve. 

922 Normal Oscillations. Properties of the Operators of 
THE Oscillations Problem 

In (2.5), let us assume f{t,x) = 0 and consider those solutions that depend on time 
according to the law exp(— At). We have 

uA^ - F v) ~ F v) — 

FTf) = Xrj. (2.8) 

Here, the operator B is defined by (2.6) and acts on the space Mq{Q) C Jq, 5(^) 
because the elements v from the orthogonal complement No{D) that can be repre- 
sented as t; = with u G Ni{Lt) and = 0, are turned to zero by B. 

Therefore, we have 

B^IoB = 7oH/o, (2.9) 

where Iq := Qmq is the orthoprojector onto Mo(fl). 

To investigate the properties of the operator J5, let us consider the eigenvalue 
problem 

aBr] := aA^'^TB^-^nA-^'^r] - Ar/, r/ G Mo(fl). (2.10) 

Taking into account the definitions of the operators in (2.10) and the equations of the 
boundary value problem II, we conclude that the function w = A~^^‘^rj G Mi(Q) C 
Jq g{Q) should be a solution of the following spectral boundary problem, 

— Aw + Vp = 0 , diYW = 0 in fl, 
w = 0 on S, + W 3 J = 0 on r, j — 1, 2, 

A(-p -f 2w3^s) = aB^Wn on T. (2-11) 
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Since by (1.8) the operator has an inverse which is a compact positive 

operator, we can apply B~^ to both the left and right side of the last condition in 
(2.11). Thus we obtain the equivalent spectral problem 



— Aw + Vp = 0 , divw = 0 in 
w = 0 on S, Wj^:^ + W‘sj = 0 on F, j = 1, 2, 

Xa~^B~^{—p + 2 rc 3 . 3 ) = on F. (2.12) 



It is easy to prove using the Green formula (2.2.10) and condition (1.8) that the 
eigenvalues A of problem (2.11) are positive and can be obtain from the solution w 
as ratios of the form 



A = 



Ba Wn 



/ [crVr(Wn,W'n) + a|w„|^] 

:.r Jr 



dr 



|| A 1 / 2^||2 



iMo(fi) 

For problem (2.12) we have, respectively. 



E{w, w) 



(2.13) 



1 

A 



.-1 




dw 



E{w^ w) 



2 

L2.T 



dw \= -p + 2rc3,3. 



(2.14) 



Moreover, let us note that since T ^ = d (for elements in see the 

abstract scheme in Section 1.8), problem (2.12) can be rewritten as 



a ^B^^w = w e Mi{Q), A := A \ (2.15) 



which is equivalent to the eigenvalue problem for the operator a~^B~^. 

It can be proved that the variational relation (2.14) generates a compact 
positive operator that is obviously equal to a~^B~^. It is also easy to prove the 
compactness of B~^ if F D 5 = 0 and F and S are sufficiently smooth. Indeed, if F 
and S are sufficiently smooth, then the solutions w of problem (2.11) that belong to 
the class of the so-called elliptic Duglis-Nirenberg equations (see the articles by V. A. 
Solonnikov [2]) are infinitely differentiable in any subregion ft' of ft that is internal 
for ft and in subregions fts and ftr adjacent to either 5 or F, respectively. These facts 
follow from the properties of the solutions of equation (2.11) that were investigated 
in details in O. A. Ladyzhenskaja’s book [1] and in the article by V. A. Solonnikov 
and V. E. Schadilov [1]. 

Using these properties and the formula 



d = T~\ 
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we obtain that for any rj £ Mo{Q,) 



and 

W := (7n)"^ d{A-^^^T)) £ 

Finally, 

= A^'^w G Mi{Q) c V{A^^^) = 

Since Mo{Cl) = A^^‘^Mi{fl) and A~^l‘^ is a compact operator in Jo^s{^)i then 
is a compact operator in Mo(r^). 

In the more interesting case when rn5 = 9r7^0,r and S are smooth, and 
the boundary condition (1.5') is satisfied on 9F, a similar relation as the one in (2.14) 
generates a compact positive operator a~^B~^ as well. This fact was proved by T. 
A. Suslina in [3], [6] (see also [4], [5], and [7]) using the theory of pseudodifferential 
operators. For the eigenvalues A^, Suslina obtained an asymptotic formula that for 
= Afc(B) leads to 



Xk{B) 



— mesF 

7T 



- 1/2 

fc'/"[l+o(l)], 



k oo. 



(2.16) 



Hence, it follows that the operator B ^ belongs to the class of compact operators &p 
for p > 2. 

The same reasoning shows that the eigenelements {^fc(^)}^i of the operator 
B form an orthogonal basis in Mq{Q) and, therefore, the solutions of 

the spectral problems (2.11) and (2.12) form an orthogonal basis in the subspace 

Ml (17) c Jo\s(^7). 



Let us recall that A, the operator in problem (2.8), has a compact positive 
inverse A~^ in the space Jo,5-(f7), whose eigenvalues behave according to (8.1.12), 
that is. 



\k{A-^) 



1 

^mesfij k 2/^[l+o(l)], 



00 , 



(2.17) 



and, therefore, A~^ G 6p for p > 3/2. The eigenelements {s)t(A)}^^ of operator A 
form an orthogonal basis in Jq g{Q). 

Let us rewrite (2.8) in some other equivalent forms. Since ^ G Jo, 5(H) and 
rj G Mo(f7), let us assume that 



y := it tjY eE := Jo,s{^) 0 Mo(f7). 
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From (2.9), we infer that the left side of (2.8) is the result of applying the unbounded 
matrix operator 

A:=Ao- 2icJo^, (2.18) 

with 

. _ f uA — au~^B 

A^/^SqA-^/^\ 

■ V 0 0 ; 

that acts in E, to the elements y G V{A) C E. Here, the orthoprojectors Iq = Qmq 
that characterize the properties (2.9) are not written down in order to simplify the 
form of (2.18). 

In (2.8), let us make the following substitutions: 



Therefore, 



(j.1/2a1/2 _ i.-1/2b^-1/2) ^ ^1/2^ 

-2iu;oA^/^SoA-^/^ 5 “'/^) 

(^) B{y-^I^A-^l^ip) + (^y^'Bi/2^ 



= A - 
\v 






Applying now the operator A~^l‘^ to the first equation and the operator 

{a jv)~^l'^B~^l^ to the second equation in (2.20) we obtain instead a system of two 
equations, or a vector-matrix equation of the form 

{X — IZ — 2i(jj{)TQ)z = XDz^ z = {(f] \!)Y £ E ^ (2.21) 



J;= 


diag(/;/o), 




V := 


1 

7 


"7-) 




\ 


\pj 




/ <7 „ 


(jl/2 




/ ~^R*R 


R 


7^:= 


1/2 


V 




\ ^ 


0 








To := 


1 

it. 

1 
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where 

R-.= R* ■= Io = Qmo- (2-23) 

Let us find out the general properties of the operators involved in problem 
(2.21). Since A~^ is a compact positive operator from the class 6p for p > 3/2 and 
is an operator with the same properties from the class 0p for p > 2, the operator 
V = diag(i/“M~^; is compact and positive and belongs to the class &p 

for p > 2. Further, since So G £(Jo.5(fl)), A~^ G 6oo, and B~^ G ©oo, the operator 
matrix % in (2.23) is a compact operator acting in E — Jo,s{^) 0 -^o(^)- 

A remarkable property is the following: 

The mutually adjoint operators R* and R acting from Mo(fl) to Jo,5(fl) and 
from Jo,s(fl) to Mo{fl), respectively are compact. 

To prove this statement, let us consider the operator R*R, which, in virtue 
of (2.6), equals 



R*R = = ^-1/2 (^A^CTB^^nA-^^ . (2.24) 

Let us consider first the case when L fl 5 = 0 and both the surfaces L and S are 
sufficiently smooth. Then, for any ^ G Jo.s(fl), we have 

A-^^ e V(A) c H^(D), e ay, B,jnA~^^ G 

and, therefore, 

T (B^jnA-^^) G Mi(f]), (B^jnA-^) ^ G Mo(n) C Jo,sm. 

This proves that the operator AAl^TBaynA~^ acts boundedly from Jo^si^) to Mo(fl) 
and since A~^!^ G ©oo, then R!"R is a compact, self-adjoint nonnegative operator. 
Hence, i?* and R are compact operators. 

If r n S' — dr 7^ 0 and condition (1.5') is satisfied, then we have the same 
properties of compactness for the operators R* and for 0 < (5 < 0.3547T. 

Here, the eigenvalues Xk{R* R) of the operator R*R are the successive minima of the 
variational ratio 



11 ^^ 111 .( 0 ) 




JnV 



2 



^2.r 



ll^-lll.(O) 



V £ A 



(2.25) 
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In classical terms, we are talking about the following variational ratio 



r{Vn,Vn) + a\v„ n dr 



l^rdfi 



where v can be found using ^ G Jo. 5 (fl) as a solution of the boundary value problem 

I, 



— Av + Vp — divt; — 0 in Q, 

V — 0 on S, 

Vj ,3 + V 3 .J =0, j = 1, 2, -p + 2i; 3.3 = 0 on r. (2.27) 

For 0 < 5 < 5*, the eigenvalues Xk = Xk{R*R) of the variational problem 
(2.26) and (2.27) have the following asymptotic behavior 

Xk{R*R) = (y^ [1 + o(l)] as /c — » oo, c == ^mesF > 0. (2.28) 

\k/ 2567T 

From (2.28) it follows that R* R ^ &p for p > 2. 

Using the previously proved properties we can conclude that in the two main 
versions of the problem that we have considered (i.e., F n 5 = 0 and TCiS — dT ^ 0), 
the operators R* and R are compact and, therefore, 1Z in (2.21) and (2.23) is compact 
as well. 

Let us now prove that the operator X — XuvoTq — IZ in (2.21) is invertible. 
Since IZ and % belong to Goo, it is sufficient to prove that the equation 

{X — IZ — 2iui}oTQ)z = t), z ^ (2.29) 



has only the trivial solution. Writing down (2.29) by components we obtain 

1 /2 

(f - ^R*Rcp - - — - 2iwo = 0, 

Rep -f- -0 = 0. 

V 

From the second equation we obtain that 0 = and from the first 

equation we get 

^ - ^R^Rif - — i?* (-—Rep) 

lA \ lA J 

- 2\u>o (i^-^SoA-^ip + = ^ = 0. 
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Finally, we notice that (2.29) has only the trivial solution and, therefore, there 
exists an inverse operator 



{I-n-2iuJoTo)-^ =X-f ^ e 6oo- (2.30) 

Applying the operator J + ^ to (2.21) we obtain 

(J- A(J + ^)P)^ = 0. (2.31) 

Let us derive one more form of the equation of the problem on normal 
oscillations. A direct proof shows (see Section 9.3.4) that the unbounded operator 
A in (2.18) has an inverse operator A~^ that can be calculated using the following 
formula, 



A ^ — Aq ^ + 2ia;o*^-i5 

I -ly-^IoA-^ - v-^hA-^h J ’ 









= 0 . 

u;o=0 



(2.32) 



Since and A~^ are compact and Sq is a bounded operator (||S'o|| = 1), then A~^ 
is a compact operator as well. In this case, the eigenvalue problem (2.8) is equivalent 
to the problem on the spectrum of a Fredholm linear pencil: 



(J - XA-^)y = 0, y = {t r?)‘ € Jo.s(fi) © Mo(fi) = E. (2.33) 



923 Normal Oscillations of a Rotating Fluid 

Using equations (2.8), (2.21), and (2.33), let us consider now the properties of normal 
oscillations of a fluid in a rotating container. 



1° Under the boundary condition Un = 0 (on dT) problem (1.7) has a discrete 
spectrum that is located in the right half-plane and has a unique limit point 

A = oo. This fact is caused by the fundamental influence of the capillary forces on the 
spectrum structure. These forces exclude the limit point A = 0 which appeared in the 
problems studied in Chapter 8 for a = 0. 



Indeed, since the operator pencil (2.33) is invertible for A = 0, does not have 
any singularities at flnite points of the complex plane, and the operator A~^ G ©oo 
is infinite-dimensional. Assertion 1° follows from the same type of consideration as in 
Section 1.6.4. 
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2° For any e > 0, all the eigenvalues Aj, with the exception of a finite number 
of them, are located in the sector |argA| < i.e., they are close to the positive 

half- axis. 



Indeed, (2.31) is an eigenvalue problem for A = 1/A for the weakly perturbed 
self-adjoint operator {X + where 0 < P € 6p for p > 2, and J + $ is invertible, 
$ G ©oo- That is why Assertion 2° follows from the first Keldysh theorem (see Section 
1.6.5). 

At the same time, the next third property can be obtained. 



3° The set containing the eigen- and associated elements Zj^q = 

^ E — Jo,s{^) 0 Mo(fl) forms a complete system in the space E. 



The fourth property is a corollary of Assertion 3°. 



4° The set with = u ^I’^A and 

'Hj,q = forms a complete system of elements both in the space 

P(A^/^) 0P(P^/^) and in the space Jq ^(fl) 0Mo(fl). Thus, there is a set {uj^q}'^^ 
of solutions to problem (1.7) that can be represented as the sum Uj^q = sj^q 0 Wj^q, 
with {{sj^q',Wj^qY}'^i a complete system in T>{A) 0 Mi{Q) and {(sj,g; 7n'U?j,g)^}^i 
a complete system in the space T>{A) 0 P(Py^), where 'D(A) C Jq ^(^2), and 
p(py^) = r(0) (for f n 5 = ar ^ 0) and V{bI^‘^) = H^{Q) (for f H 5 = 0). 



The proof of Property 4° follows from Property 3° by using the substitutions 
(2.19) and (2.4). Indeed, the completeness of the set of elements in 

P(A^/^) 0P(P^/^) is a direct corollary of formulas (2.19). Further, according to the 
previous considerations, the set C Afo(fl) is dense in Mo{n). This fact proves 

that the set is complete in Jq ^(^I) 0M(fl) (because V{A^^‘^) = Jq ^(11)). 

Now using the substitutions (2.4) and the equality A“^/^Mo(fl) = Mi{fl) we prove 
the completeness of the set of elements {{sj^q;Wj^qY}'^i in T){A) 0 Mi(fl). 

Let us note next that the elements r]j^q = A^^'^Wj^q have the property r]j^q G 
V{B^I^) and, therefore. 






2 






Let us recall that V{B^!^) can be obtained by closing the set T>{B) in the 
norm and B Therefore, 

for elements rj mV{B), we have 






B]JhuA-^IS 



2 

< OO. 

L2,r 
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Hence, after closing we obtain 



||Si/2r,||2 



Jo,sm 






V 



2 

< oo 

^2,r 



for all elements from 

Hence, the elements r]j^q = have the property By‘^^nA~^l^r]j^q = 

1 /2 1/2 

BJ In'^j.q ^ ^ 2 ,r and, therefore, ^n'^j.q ^ B{Ba )• Assertion 4° follows now from 

the latter if we take into account that V{bI^‘^) = iJg p(fi) for T H S = dT 0 and 

P(Hy^) = //i(fi) for f n 5 = 0 . 

5° For j ^ 00 , the eigenvalues Xj of problem (1.7) have the following 
asymptotic behavior, 

A, - ^A,(S)[l + o(l)], j^oo. (2.34) 



This fact follows from equation (2.21) by taking into account the result in 
Section 1.6.11 and the equality 

+ 0(1)], j 00 , 

with 

T>~^ = dmg{iyA;aiy~^B), 

which is a corollary of formulas (2.16) and (2.17) and the diagonal structure of 
operator 



9.2.4 Normal Oscillations of a Nonrotating Fluid 



The results in Section 9.2.3 for a rotating system can also take place for cjq = 0, but 
in this case there are new properties for the solutions, which will be stated in the 
sequel. Here we are going to make extensive use of some results from the theory of 
J-self-adjoint operators (see Section 1.3). 



1° The spectrum of problems (2.33) and (2.32) for o;o = 0? is, of the 
problem 



\v) \-i^-^IoA-^ {cj/v)-^B-^ -u-HoA-^Io 




(2.35) 



is symmetrical relatively to the real axis. 



Indeed, the linear operator pencil corresponding to problem (2.35) is given by 

C{\):=I-\A^\ (2.36) 




Oscilations of Capillary Fluids in Arbitrary Containers 



203 



where I = diag(7;7o) is the identical operator in E = Jo,s(^) 0 Alo(fl) and 
^0 ^ G &00 is the operator defined in (2.32). From (2.35) it follows that ^ is a 
j7-self- adjoint operator, 

(JAoy = JAo\ J := diag(/; -/q). (2.37) 

Therefore, the self-adjoint linear operator pencil corresponding to problem (2.35), 

J C{\) = J - \J A^\ (2.38) 

has a spectrum symmetrical relatively to the real axis. 

2° There exist only neutral eigenelements corresponding to the nonreal eigen- 
values A = Ao, that is, such elements y — yo — (^o; G E, for which 

[uo^yo] •= {Jyo^yo)E — Il^olljo5(o) — II^oIImo(o) (2.39) 

Indeed, applying the pencil (2.38) for A = Aq to the element y = yoj have 

[yo,yo] - ReAo[.4o ^yo, 2 /o] - iImAo[.4o ^yo,yo] = 0; 

since [yo, yo] G K, [Ao^yo, yo] G R, and Im Aq ^ 0, then [Ao^yo, Vo] = 0 and, therefore, 

[yo,yo] = 0. 

For a real (and positive, in virtue of previous considerations) eigenvalue Aq, 
the pair (Aq, ^o) is called a positive pair for the operator if [yo, yo] > 0- Similarly, 
(Ao,yo) is called negative (neutral) if [yo,yo] < 0 {[yo,yo] = 0). 

3° Definite (i.e., positive or negative) pairs of solutions do not have associated 
elements. 

Indeed, let Aq G M and assume that the eigenelement associated 

element y\. Then the following relations take place. 



Jyo ~ ^^0 — 0 ? 

J y\ — ^oJ ^y\ — J Aq ^yo = 0 . 

Multiplying scalarly (in E) the second equation by yo and using the first equation, 
we have 

(Jyi,yo)E - ^o(J A q ^yi,yo)E 

= (yi^Jyo ~ ^oJAq ^yo)E = 0 — (J Aq ^yo,yo)E = ^0 ^{Jyo,yo)E^ 

This is a contradiction because Aq ^ > 0, (Jyo,yo)E / 0- 

Let us represent the nonreal spectrum <Jnon of problem (2.35) as a union. 
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cfnon = AU A, where A is the set of nonreal eigenvalues located in the upper half-plane 
and A is the complex-conjugate set. 

4° The operator ^ in (2.35) and (2.36) has a j7-nonnegative maximal 
invariant subspace L^ C E and a JT'- nonpositive maximal invariant subspace L- C E. 
Moreover, the spectra of the restrictions have the following forms: 

<^non (^0 ^ I L+) = A, (^non (^Q ^ | L-) = A. (2.40) 

This property is a consequence of the facts that the operator ^ is compact 
and j7-self- adjoint (see Section 1.3.5). 

The subspace L^ C E is the set of elements of the form 

L+ = {yeE:y = {^-, K+0\ £ e Jo.s(n)}, (2.41) 

where Kj^ : Jo,s(f^) Mo(fl) is the angular operator of the subspace L+. Similarly, 
L- is a set of elements of the form 

L_ = {yeE:y= t])\ t) € Mo,s(fl)}, (2.42) 

where K- : Mq{Q) Jo, 5 (^ 1 ) is the angular operator of the subspace L_. Here 

These properties of the angular operators K± corresponding to the maximal 
definite subspaces L± have been mentioned in Section 1.3.1. 

6° The angular operator is a solution of the operator equation 

B~^K^ - a {K^A~^ + /oA-^7oA:+ + K^A~^hK^ + hA~^) , 

a = (2.43) 

in the operator sphere ||i^|| < 1. Similarly, the operator K- is a solution of the 
operator equation 

K^B~^ = a {A-^K- + K^IoA-^Io + K-IoA~^K- + Vo) , (2.44) 

in the same sphere. 

To obtain equation (2.43), let us write down the operator in (2.35) in a form 
that explicitly takes into account the effect of the orthoprojector Iq = Qmq on the 
subspace Mo{D) (see (2.9)). We have 

0 ^\-iy~^IoA-^ -i/-VoA-Vo 




(2.45) 
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Let y = G L+. Then, since L+ is invariant, G L+, that is, 

A^^y = yi = Hence we obtain the following, in a vector-matrix form, 

+ {cr/u)~^B~^K+^ - i'~^IoA~^IoK+^ = K+^i. (2.46) 

By substituting the element from the first equation into the second one and using 
the fact that the element ^ G Jo^s{f^) is arbitrary, we obtain the following equation 

I'-'^K+A-^ + u~^A-^IoK+ = -p-^IoA~^ + {a/u)-'^B-'^K+ - i^-'^IqA-^ IqK+, 
which, in turn, leads to (2.43). 

A similar reasoning for elements of the form y — {K-TJ’.tjY with arbitrary 
T] G Mo{fl) leads to equation (2.44). From (2.43) and (2.44) it follows that if 
the operator is a solution of equation (2.43), then the operator (A"+)* satisfies 
equation (2.44). The converse is also true. 

925 The Matrix Structure of the Main Operator 

Using the properties of the solutions of problem (2.35), let us find out the matrix 
structure of the operator A^^. Let us first extract from the maximal nonnegative 
subspace L+ which is invariant for Aq^ its isotropic part C\ Then 

0 L^j_, where L\ is a positive subspace. Therefore, the entire space 
E = Jo,s{f^) © Afo(f2) has an orthogonal decomposition 

E = (2.47) 

where Lij: is an orthogonal complement to in E. 

In this decomposition not only is L_|_ = 0 L\ invariant for Aq ^ , but is 

invariant for ^ as well. To prove that, let us choose some yo G and an arbitrary 
element y £ L^. Then 

[Ao^yo,y] = [yo,Ao^y] = 0 , 

because AQ^y G and [yo, z] = 0 for all yo G and z e L^. 

This last equality can be a result of the following reasoning. Since is a 
nonnegative subspace, then [z, z]>0 for any 2 : in L+ = 0L^. Therefore, from the 

Bunyakovsky-Schwartz inequality apllied to nonnegative elements in indefinite scalar 
product, we obtain 

\[yo-,z\? < [ 2 / 0 , 2 / 0 ] • [z,z] = 0 
for any yo G i+, because [yo,2/o] = 0. 
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The decomposition (2.47) shows that the matrix decomposition of the 
operator should have the form 




Let us use now the fact that the subspace L;^ is invariant relatively to 
(^ 0 ^)*, that is, {Aq^)*L^ C L-^. Let US extract from its isotropic part: 
= (L:|:)^0(L:^)q. Here it turns out that {L^)^ = JL^. Indeed, is the isotropic 
part of , and . 

From these conclusions it follows that the subspaces and {L^)^ 
have the same dimension. Further, similarly to the case of operator Aq^ it can be 
proved that {Aq^)*L^ C and, therefore, for Aq^ — ((^o ^)*)* the subspace (1/+)“^ 
is invariant: Aq^{L^)-^ C On the other hand, from the decomposition (2.47), 

and the fact that — L^0Z/^, L\_ := {L^Y , it follows that (1/+)“^ == I/^07^^0^+, 
and that is why 

^; = 0 0 0 . (2.49) 



Since the subspaces 
then instead of (2.48) we have 



A 



-1 

0 



Lq 0 T 


and 


0L^ 0 


Ml 


Ai2 


^1,3 


Ai4 \ 


0 


A2 


A 23 


A24 


0 


0 


A 3 


A34 


V 0 


0 


0 


A 4 / 



are invariant for Aq ^ , 



(2.50) 



Let us point out again that the subspaces L]_, L\_ are definite, and L^, 
are isotropic. 



92.6 On the Finitness of the Number of Nonreal Eigenvalues 

As mentioned in Section 9.1.3, in some instances under arbitrary viscousity ly and 
cjo = 0, problem (1.7) can have only a finite amount of nonreal eigenvalues and if the 
viscousity is sufficiently big, then there are no nonreal eigenvalues at all. Though this 
problem was not completely solved in the case of an arbitrary container, there are 
some interesting facts that will be discussed in the sequel. They will be considered as 
additional properties to Properties l°-6° in Section 9.2.4. 

7° If the angular operator of the nonnegative maximal subspace L+ C E, 
which is invariant for Aq^ , is compact, then, for any z/ > 0, the problem (2.35) can 
have only a finite amount of nonreal eigenvalues. 
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To prove this assertion, let us note that on the isotropic invariant subspace 
operator acts as an isometry because if ^ 

bo, 2 /o] = ll^oll Jo 5 (^ 7 ) — II^oIImo(O) = ll^oll Jo 5(17) — II ^+^0 II Mo (2.51) 

However, since the operator is compact, then the dimension of the space 
should be finite and, therefore, 

dimL^ = dimZ/^ =: n < oo. (2.52) 

Hence it follows that the operators A\ and A 4 in representation (2.50) are precisely 
/^-dimensional. 

Let A = Ao be an eigenvalue of the operator Aq^. Then, from (2.50) it follows 
that Ao is also an eigenvalue of one of the operators Ak, k = 1,...,4. This fact 
can be easily proved if we assume that the opposite is true. Let us write down the 
equation = \y in the decomposition (2.50) and consequently solve the triangular 
system under the condition that Aq is not an eigenvalue of any of the operators 
/c = 1, . . . , 4. Finally, we obtain the trivial solution y = 0. 

Since L\ and L\ are definite subspaces, then, if A = Aq / Aq is a nonreal 
eigenvalue of the operator Aq \ then Aq cannot be an eigenvalue of either of the 
operators A 2 or A 3 . Hence it appears that Aq is an eigenvalue of either operator 
Ai or A 4 . Therefore, the amount of nonreal eigenvalues of problem ( 2 . 35 ) is less or 
equal to dimL^ + dimL^ = 2 /^ < 00 , that is, there are no more than n pairs of 
complex-conjugate solutions. 

In order to conclude the proof of 7°, let us check that a nonreal eigenvalue 
Ao of problem (2.35) cannot be an eigenvalue of either operator A 2 or A 3 . For 
example, let A 27/2 = Ao 2 / 2 - It is easy to see that in this case the element y = 
{~{Ai — Ao/i)~Mi 2 i/ 2 ; 2 / 2 ; 0; 0)^ G L+ is an eigenelement of operator Aq ^ Indeed, 

(-^0 ^ ~ ^o^)y — (~(Ai — Ao/i)(Ai — Aq/i) ^Ai 2^2 + A\2y2] (A 2 — Ao/2)y2;0; O) 

= ( 0 ; 0 ; 0 ; 0 )' = 0 . 

Since Aq A then [y,y] = 0. Then, from the fact that y G L+, it follows 
that y G Thus, 2/2 = 0 and, therefore, y — 0. This is a contradiction that shows 
that Ao cannot be an eigenvalue of operator A 2 . 

Similarly we can prove the same property for operator A 3 . In this caise, we 
should consider the operator (Aq ^)* instead of Aq ^ and a matrix representation 
for (Aq ^)* similar to (2.50) should be taken into account. This proves Property 7° 
completely. 

As a remark, let us point out that Property 7 ° holds true even in the more 
general case that was used for its proof, that is, whenever for the operator Aq ^ there 
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exists a nonnegative maximal invariant subspace L+ = 0 L\ for which k 

dim < (X). Here the property of compactness of the corresponding angular operator 
for L+ is not required. 

8° If the condition ||i^+|| < 1 holds true, problem (2.35) does not have any 
nonreal eigenvalues. 

Indeed, for the solutions yo — corresponding to a nonreal 

eigenvalue Aq, condition (2.51)should be valid. This condition contradicts ||i^-f|| < 1, 
therefore, dim = dim L^ = k, = 0. 

9° For ||i^+|| < 1, the maximal invariant subspace is uniformly positive and 
projectively complete. Here the J'-orthogonal complement = L_ is a maximal 
uniformly negative invariant subspace for ^ (^+)* and 

£; = L+[+]L_. (2.53) 

These facts follow from the statements in Section 1.3.5. 

10° For ||i^+|| < 1 , the spectrum of problem (2.35) is a union of the 

spectra {A^}^^ of the operators ^ | L±, the restrictions of ^ to the invariant 
subspaces L±. Here, the corresponding pairs {(AJ;^^)}^i are positive in L+ and 
negative in L_. 

The first statement follows from the fact that — in virtue of the previously 
proved facts — the operator has the matrix representation 

-4q ^ = diag (^0 ^ I L+\Aq^ I L_) (2.54) 

in the j7-orthogonal decomposition (2.53). The other statement in 10° is obvious. 

11° For ||i^+|| < 1, the eigenelements are J^-orthonormal and form a 

Riesz basis in the subspace L^.. The eigenelements {yY}^=i are j7-orthonormal and 
form a Riesz basis in the subspace L_. 

Indeed, in virtue of (2.54), problem (2.35) splits into two independent 
problems 

\ L±) , y^ G L±. (2.55) 

In L±, the scalar square ±[y^,y^] generates a squared norm that is equivalent to 
the ordinary norm of the space E and the corresponding operators | L± in 
L± are self-adjoint compact operators. Therefore, Property 11° is a corollary of the 
Hilbert-Schmidt theorem and the property of norm equivalence mentioned previously. 
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12° The following fact is a corollary of Property 11° and decomposition (2.53). 
For ||i^+|| < 1, the eigenelements with yj = of the problem (2.53) 

form a v7-orthonormal basis and a Riesz basis in the space E = Jo,s(^) ® Mo{Q). 

Let us note one more interesting property of separate completeness that takes 
place for solutions of problem (2.35). 

13° If the conditions 



K+ee^, \\K+\\<1, (2.56) 

are true, then the set of the first components of the eigenelements = 

i^k '•> 'Hk ^ system of elements that is complete in Jo,5(fl). Similarly, the 

set of the second components of the negative eigenelements = (^^;% )^ 

(in L-) form a complete system of elements in the subspace Mo{Q) C Jo,5(^l). 

Indeed, for y+ == (^;X+^)^ in L4., the first equation in (2.35) gives 

^ = Xu-^A-\I + ^ e Jo^sm. (2.57) 

and the second equation in (2.35) is a corollary of (2.57) in virtue of (2.43). Since 

conditions (2.56) hold true, then there exists an inverse operator {I+K^)~^ = 7+X^, 
with K]_ G 600 . Therefore, from (2.57), we obtain that 

^0, 6 = a + (2.58) 

where K]_ G ©00? 0 < ^ ©p. According to Keldysh theorem, from (2.58) it 

follows that the system of elements and, therefore, the system is 

complete in Jo,s(f^). 

The second statement in Property 13° can be proved in a similar way. For 
this we should use equation (2.8) for loq = 0: 

uA^ - Fv) = 

y T]) = Xrj. (2.59) 

Assuming ^ = K-T]^ from the second relation we obtain 

(tv~^B{I + K^)t] = Xrj; 

from the latter the linear spectral problem follows 

(/ + K- — Xua~^B~^) 77 — 0. (2.60) 

14° If conditions (2.56) hold true, then the eigenvalues have the following 
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asymptotic behavior, 



= iy\k{A)[l F o{l)], fc oo, (2.61) 

and the eigenvalues have the following behavior, 

= aiy~^ Xk{B)[l + o(l)] ^ oo, k oo, (2.62) 

where the asymptotics of the numbers Xk{A) and Xk{B) are determined by formulas 
(2.16) and (2.17), respectively. 

Indeed, formula (2.61) follows from the assertion in Section 1.6.11, (2.17), and 
(2.58), and formula (2.62) follows from Section 1.6.11, (2.16), and (2.60). 

Let us state now without proof one of the most important property of the 
eigenvalues of problem (2.35). 

15° For decreasing values of the viscousity ly , the eigenvalues A^ move to the 
left along the positive half- axis, whileas the eigenvalues A^ move to the right along 
the same half-axis. 

92,7 Heuristic Considerations. The Abstract Spectral Problem 

Using formula (2.45), let us consider now the matrix compact operator 

= B-F 

in the infinite-dimensional Hilbert space E = E F E^ where a > 0 is a nonnegative 
parameter, and the self-adjoint operators A and B have the properties 

0<Ag6oo, 0<B. (2.64) 

Obviously, the operator Aa is a j7-self- adjoint operator for J — diag(/; —I). 
Since A G 0oo, then Aa has a nonnegative maximal invariant subspace L^. The 
angular operator K = K{a) — K^{a) of the subspace L^ satisfies the equation 

BK = a{I + K)A{I + K), (2.65) 

which has a solution in the sphere \\K\\ < 1 for any (a > 0. For a = 0, we have 
BK{0) = 0, and since H > 0, then there exists an inverse operator B~^; therefore 
K{0) = 0. Assuming that the solution K{a) is analytical for small a > 0, we obtain 
the first several terms of the decomposition. 



K{a) = aB~^A F {{B~^Af + B-^A~‘^) -h O(a^). 



(2.66) 
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In addition to (2.64), let us assume that all the coefficients of the different 
powers of a in (2.66) are compact operators. In particular, such a situation occurs if 
e C{E) or B = A~^ , with 0 < 7 < 1. It is easy to see that the amount Ck of 
such terms for the power is equal to the coefficients in the series expansion of the 
solution x{a) to the scalar quadratic equation 

X = ah~^a{\ + x)^, a > 0, 6 > 0, (2.67) 

which is associated with (2.66), namely 

x{a) = E^k{b Ck^-- (2jt+l)[(jt|l)!]2- (2.68) 

Let us denote the operator coefficients in the expansion of K = K{a) for small a by 
Ck = Ck{B~^]A): 

oo 

K{a) = J2bk{B-^\A)a^. (2.69) 

k=l 

Easy calculations show that the coefficients Ck satisfy the following recurrent relations: 

k-i 

Ck = '^B~^CjAck-j-u Co = /. (2.70) 

J=0 

Hence it appears that each operator Ck is the sum of Ck terms; each of these terms 
is the product of k operators B~^ and k operators A, taken in such order as to each 
operator A there coresponds exactly one operator B~^ on the left side (see (2.66)). 

Further considerations of the properties of operator Aa in (2.63) are ba^ed on 
an additional condition called the condition of uniform boundedness, namely, there 
exists a constant ^ > 0 such that for all k = 1,2 ,... the following estimations take 
place 

\\ck{B-^-,A)\\<Ckq^. (2.71) 

Obviously, condition (2.71) holds true if B~^ G C{E), when ||^“^|| • 1|^|| could be 
taken as g. If B = A~^ , with 0 < 7 < 1, then there can be assumed that q — 

If conditions (2.71) hold true, then the operator series (2.69) for K{a) can be 
estimated from above by the scalar number series: 

l|g(a)ll < = * ~ 7^ - (2-72) 

k=l ^ 

Hence, we obtain that, for a < l/(4g), the series (2.69) converges and ||X(o;)|| < 1. 

Since, according to our assumption, each term in (2.69) is a compact operator 
and the series (2.69) converges uniformly by a for 0 < a < 1/(4^), then K{a) is a 
compact operator. Therefore, in the eigenvalue problem, the properties of the solutions 
for the pencil I — for sufficiently small a > 0 take place. These properties were 
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listed in Sections 9. 2. 4-9. 2. 6 as they were done for problem (2.35). In particular, if the 
conditions 0 < o < 1/(4^) hold true, then the operator (2.63) does not have nonreal 
values. 

92.8 Heuristic Considerations. Physical Conclusions 

The conclusions in Sections 9. 2. 6-9. 2. 7 and the analysis of the examples considered 
in Section 9.1 make it possible to point out some additional assumptions on the 
properties of the solutions of problem (2.35) to Properties l°-6° in Section 9.2.4. 
These new assumptions have a heuristic character and will not be completely proved 
here. Let us state these properties and explain their physical meaning. 

U For sufficiently large values of the viscousity i/, the spectrum of the problem 
on the oscillations of a capillary viscous fluid is located on the positive half-axis and 
can be naturally split into two sets and Each of these sets has 

the limit point A = Tcx). There are positive pairs of solutions (A^;t/^) corresponding 
to A^ and negative pairs of solutions (A^; y^) corresponding to A^. The following 
properties hold true in this case: Properties 8°-14° in Section 9.2.6 on separate Riesz 
basicity in the definite invariant subspaces and L_, on Riesz basicity of the union 
system in the entire space E = Jo,5(fI)0Mo(fI) = L+ [+] L_, and 

the asymptotic formulas (2.61) and (2.62) for the eigenvalues A^ and A^ as A: oo. 

2° To the positive solutions (A^;y^), with ^ D, there 

correspond dissipative internal waves that are allied with similar waves occuring in a 
heavy viscous fluid partially filling a container and with the dissipative waves in an 
entirely filled container (see Chapters 8 and 7). 

To the negative solutions (A^;y^) there correspond surface capillary 
gravitational waves that have large fading decrements (unlike the ones in the case 
of heavy fluids) . 

3° For i/ ^ oo, the asymptotic behavior of the positive eigenvalues A^ = 
A^ (u ) — assuming that they are one-multiple — is the following 

X+{i.) = uX+{A)--\l/\A) B^/^A-^/%{A)] (2.73) 

where A^ (A) are eigenvalues and ^k(^) are the normalized eigenelements of operator 
A. A similar formula for A^ {ly) has the form 

= ai^-^Xk{B)+a^u-^Xl/\B) + O (^) , (2.74) 
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where Xk{B) are eigenvalues and rjk{B) are the normalized eigenelements of operator 

B. 



Formulas (2.73) show that, for ly oo, the positive eigenvalues are 

determined mainly by the eigenvalues of operator and the capillary forces make 

the fading decrements decrease insignificantly. Here {u) oo for any A: == 1, 2, — 

From (2.74) it follows that the fading decrements A^(i/) are determined mainly by the 
eigenvalues of operator B and the dissipative internal waves make these magnitudes 
increase insignificantly. Here, A^(i/) — > 0 as z/ ^ oo, for any A: = 1, 2, — 

Let us next state some facts that became clear while we deduced formulas 
(2.73) and (2.74). For big z/, there are normal movements of the fiuid corresponding 
to the positive solutions. These movements take place mainly inside region Q occupied 
by the fiuid and the deviation of the free moving surface is sufficiently small for such 
solutions. On the other hand, for big z/, there are normal movements corresponding 
to the negative solutions, for which the free surface essentially deviates from its 
equilibrium position, and the movements that take place inside the region Q. are 
sufficiently small. 

Let us state now without proof a similar result for the case of a rotating fluid 
and compare it with (2.73) and (2.74). For v oo, the asymptotic behavior of the 
eigenvalues A = A J {u) are the following 

(^) ~ ^Xk{A) - 2iujo{So^k{A),^k{A))jQ g(^n) + 0 (^ ^)^ 

For the branch A = A^ (z/) we have 

Afc (i/) = au-^Xk{B) + aiy-^2iuJoXkiB){SoA-^/^rik{B), A-^/^nk{B))j,^,(n] 

+ 0(t/-3), fc = l,2,... 

CM = 

+ u oo. (2.76) 

Formulas (2.75) and (2.76) show that taking into account the Coriolis forces 
changes the character of asymptotic behavior of the branches of eigenvalues. Thus, 
for the branch Aj {v) we have 

|ImAj^(t/)| < 2o;o[l + 0(i/“^)], v oo 

and for A^(i^), 

lImAfe(i/)l = 



fc=l,2,... 

(2.75) 
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4° For sufficiently large values of the viscousity u, all the pairs of solutions 
are definite, that is, each pair is either positive or negative. As the viscousity 
ly decreases, the eigenvalues (i/) move to the left and the eigenvalues {u) move 
to the right. 

When the parameter u reaches a certain critical value ly = then a finite 
amount of neutral pairs of solutions and a finite amount of eigenvalues that have 
associated elements, begin to show up. If in this case multiple eigenvalues appear, 
that is, for jy = ly^^ collisions of multiple eigenvalues of different types take place, then 
for further decrease of ly they move out of the real axis and enter the complex plane as 
complex- adjoint pairs. If ly continues to decrease untill it reaches the given value, uq 
then these pairs of eigenvalues do not return on the real positive half-axis anymore, 
and the amount of other collisions is finite. 

Thus, we came to the following conclusion: for any viscousity u the amount 
of nonreal eigenvalues of problem (2.35) is no more than finite. 

5° For arbitrary u, the (J'-orthonormal) system of eigenelements 
corresponding to the positive pairs of solutions {(A^;?/^)} forms a Riesz basis with 
accuracy up to a finite defect in the nonnegative subspace L+. The negative pairs 
of solutions {(A^;y^)} have the similar property in the subspace L_; moreover, the 
reunion of all such pairs also has this property in the entire space E. 

6° There exists a rule of selection. According to this rule, the above mentioned 
J'-orthonormal system of elements can be extended to a complete system of eigen- and 
associated elements that correspond to nonreal eigenvalues and neutral pairs. In this 
case, for the subspace L+, we can select eigen- and associated elements corresponding 
to eigenvalues in the upper half-plane, and, for L_, we can choose those eigen- and 
associated elements that correspond to the eigenvalues in the lower half-plane. 

7° For any viscousity i/ > 0, the asymptotic behavior of the eigenvalues A^, 
for /c ^ oc, corresponding to the subspaces L± is defined by the formulas (2.61) and 
(2.62). 

8° If the viscousity decreases to zero, then the amount of pairs of nonreal 
eigenvalues increases infinitely and becomes infinite for = 0. In this case, after 
transition to the limit, all the nonreal eigenvalues occur on the imaginary axis and 
become equal with the magnitudes Fiujk^ where cok are oscillation frequencies of an 
ideal capillary fiuid in a container. 

At the conclusion of this section, let us point out some considerations of a 
mathematical nature. First let us notice that if the surfaces F and 5 are infinitely 




Oscilations of Capillary Fluids in Arbitrary Containers 



215 



smooth and f fl 5 = 0, then it can be proved using the theory of scales of Hilbert 
spaces that are build according to operators A and that all the operators occurring 
in the representation (2.66) of the angular operator K^{a ) — the solution of equation 
(2.43) are compact. However, this condition, which is is equivalent to the condition 
of uniform boundedness, (2.71), has not been either proved or refuted in relation to 
equation (2.43). 

In problem (2.35), for arbitrary u > 0, the angular operator = -^+(<^) 
has probably the following property: it can be represented as a sum of a finite- 
dimensional isometric operator and an operator whose norm is less than 1. In this 
case, the dimension k = K{y) of the subspaces and is finite for any ly > 0 (see 
representation (2.49)), and probably k{u) -hoo as -> +0. 

9.2.9 The Solvability of the Evolution Problem 

Let us now consider again the Cauchy problem (2.5)-(2.7) and investigate the 
existence and uniqueness of its generalized solution. Let us write down (2.5)-(2.7) 
in the form 

^ + Ay = f{t), y{0) = y\ (2.77) 

where y{t) = e E = Jo.s{^) © Mo(fi), = (C(0); t7(0))‘, /(^) = 

(^1/2 j(^j; Q)t operator matrix A is defined by the formulas (2.18), (2.19). 

First of all let us show that for sufficiently big z/, the operator A admits the 
estimate 

Re(./4^, z/)^; > c||y|||;, y^'D{A)^ (2.78) 

with some constant c, which depends on the parameters z/, uq, and the characteristics 
of the region ft. Taking into account that H^oH = 1, we have 

MAy,y)E = Re{i/(^t^) - ~ 

— 2ia>o + n), + crv~^{B^, rj) + av^^{B‘q,r})^ 

+ (Tiy-^\\B^/^7]f. ( 2 . 79 ) 

In the second term in the right hand side let us represent the operator in the 
form ^ where R = is a compact operator whose properties 

have been considered in Section 9.2.2 (see (2.23), (2.25), (2.28)). Further, let us use 
the elementary inequality 2ab < e > 0 for the forth term in the right part 

of (2.79). Then the right part of (2.79) can be estimated from below by the following 
quantity, 

{U - <TI/-^||R||2)pl/2^||2 _ 2^g£pl/2^||2 _ ^o||^-1||£-1(||^||2 ||^||2^ 
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+ w Ui(B)||r7f. 

If the condition 

u — aiy~^\\R\\‘^ — 2uoe > 0 (2.80) 

holds true, then the previously mentioned expression can be estimated from above by 
the foilwing quantity, 

- ai^-^WRf) - 2o;oe)Ai(A)||4||2 + Xr{B)\\rjf - )• 

Let us choose the number e > 0 from the condition 



{u - aiy-^\\Rf) - 2wos)\M) = > 0. 

This can be done for sufficiently large values of the viscousity u, that is, whenever 



a condition that is assumed valid in the sequel. Then, £ = uf5/(2uJo) > 0 and condition 
(2.80) holds true automatically. The previously mentioned reasoning leads to the 
estimate (2.78) with the constant 



: (TV 



- 1 ' 



’ eAi(^) “ i^l3Xi{A) 

A similar reasoning for operator A* gives the estimate 



(2.82) 



Re{A*z, z)e > c\\z\\%, z e V{A*), (2.83) 

with the same constant c as in (2.82). 

Hence, if the value of the viscousity u is so large that condition (2.81) holds 
true, then the inequalities (2.78) and (2.82) with the constant c ais in (2.82) are valid 
as well. Thus, it follows that -A-[-cI is a maximal dissipative operator and the 
following estimate 

||^(i)|| < exp(-cf) (2.84) 

is true for the semigroup U{t) that corresponds to the operator —A. 

Using these results and the facts stated in Section 1.5 we obtain the following 
statements: 



1° If condition (2.81) is satisfied, then the homogeneous problem (2.77) is 
uniformly correct and its solution is given by the formula 

y{t) =U{t)y°, 

where U{t) is a semigroup that satisfies (2.84). 



(2.85) 
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2° If f(t) is a continuous function with values in E and G -E, then 
the nonhomogeneous problem (2.77) has a generalized solution y{t) that can be 
determined by the formula: 



y{t) = U{t)ip + [ U{t- r)/(r)dr. (2.86) 

Jo 

3° If the system is not rotating, (i.e., uq =0), then the constant c in (2.82) 
is positive and the property of asymptotic stability of solutions of the homogeneous 
problem (2.77) is satisfied. If the angular velocity of the system is small, that is, when 
it satisfies the inequality 

ujI < (2.87) 

this fact also takes place. 

4° If for the initial boundary value problem (1.1)“(1.6) (or for the problem 
(2.5)-(2.7)) the conditions 



e Jo\s(ft), C° e (2.88) 

hold true and f{t^x) is a continuous function of t with values in jQ^(fl), then this 
problem has the only generalized solution u{t,x) = A~^^‘^{^{t,x) + r]{t,x)), which is 
a continuous function of t with values in 

Indeed, if f{t,x) satisfies the previously formulated conditions, then f{t) = 
(^i/2^(^); 0)t satisfies condition 2°. Further, for e jQ g{Q) = we have 

e Jo,s{^)- Moreover, if C° e then G TB^(° G 

Mi{Q,) = Therefore, according to (2.7), we finally obtain 

7,(0) = -au-^A^>‘^TB,C e Mo(f2), 

^(0) = A^/^u^ - 7,(0) G Jo.s(fi) 
and all the conditions 2° hold true. 



93 The Inverse of the Lagrange Theorem on Stability 

In this section, we consider the problem (9.2.8) on normal oscillations of a capillary 
viscous fluid rotating in an arbitrary container under the assumption that the operator 
of potential energy of the system has a negative minimum eigenvalue. In this case, 
we will prove that problem (9.2.8) has at least one eigenvalue in the left complex 
half-plane, which accounts for the instability of the normal oscillation modes. 
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93.1 Formulating the Theorem 

Let us return to the problem (9.2.8) on normal oscillations, namely, to a spectral 
problem of the following form 

i^A^ - + v) ~ + ^) = 

FT}) = ( 3 - 1 ) 

where ^ G V{A) C Jo^si^) ^ V ^ ^o{^) •= B = IqB = BIq = 

IqBIq = Q*B(jQ, Q* = A^I^T, Q = ^riA~^!^ , and Ba is the operator of potential 
energy of the considered hydrodynamical system. We need to recall that in (3.1) the 
operators A and B are unbounded, ^4 0, A~^ G ©oo, and B = B* . 

In the previous sections of the book, it was assumed that the operator of 
potential energy B^ is positive definite and, therefore, the system is statically stable 
in linear approximation. As it was proved in Section 9.2, in this case all the normal 
oscillation modes in the evolution problem (9.2.5) are stable because the spectrum of 
the problem (3.1) consists of finitely multiple eigenvalues located in the right complex 
half-plane with a unique limit point A == oo. 

If the condition of static stability in linear approximation is nor satisfied, the 
the spectrum of problem (3.1) may become unstable, that is, some eigenvelues A may 
occur in the left complex half-plane. 

Let us formulate the main result to be proved in the sequel in this case. 

Suppose the physical parameters of problem (3.1) are such that the eigenvalues 
Xk{Bcr) of the operator of potential energy B^ satisfy the conditions 

Xmin{Ba) =■ Xi(B^) < * • • < X^{Bcr) < 0 

= A,+i(^^) - • • . = A,+,(^,) < A.+,+i(^,) < • • • . (3.2) 

Then problem (3.1) has exactly n (with due account of multiplicity) eigenvalues in 
the left complex half-plane. 

Note that conditions (3.2) are quite natural from a physical point of view if 
we consider the stability or instability of the system. Because the potential energy of 
the system is equal to {B(jCX)l 2 r/2 and the self-adjoint operator B^ has a discrete 
spectrum with a limit point H-oo, then its eigenvalues are finitely multiple and the 
minimum one may be both positive (the potential energy has a minimum) and 
negative (the potential energy has no minimum in the given state of equilibrium). 
If, for example, a capillary fiuid is kept by the surface forces at the top of a container 
shaped as a glass, then it means that Ai(.Bcr) > 0. If we increase the intensity of the 
gravitational field acting from above downwards, the potential energy of the system 
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may not have a minimum in the considered equilibrium state and the fluid will spill on 
the glass bottom. Mathematically this situation reduces to the fact that < 0- 

932 Auxiliary Propositions 

To prove the theorem stated in the previous section, we formulate first some auxiliary 
propositions. 

1° The eigenvalues \k{B) of the operator B satisfy inequalities (3.2) as well. 

To prove this property, let us consider the following spectral problem 

Brj := Q^B^Qr] = Xrj, r] e V{B) C Mo(fl). (3.3) 

If we substitute Qr] by ( and use operator Q in the left, we obtain the equation 

CB^C = AC, C e Hr = T2.r, C - 7nT, 
where 0 < (7 G 0oo is the operator occurring in the abstract scheme of Section 1.8. 
Thus it follows that C G T>{C~^) and, therefore, 

- XC~\, C G HB.) C V{Cy C L2x, (3-4) 

where C~^ 0 is an unbounded operator with a discrete spectrum. 

We consider next the problem (3.4) whose spectrum coincides with the 
spectrum of problem (3.3). Since, for the operator (3.2) are satisfied, then it is 
obvious that problem (3.4) has the eigenvalue Ao = 0. The eigenelements 
of B(j corresponding to that eigenvalue form an orthogonal basis in the subspace 7 /q? 
with dimi/o = Q- 

Let 

L2T = HeHo, (3.5) 

where Hq is the just introduced subspace. In the resolution (3.5), the operator Bcr has 
the form diag{Bcr] 0) and the operator C~^ = (CaO^./e=i ^ general form. Therefore, 
representing C as C + Co? with C ^ B and Co ^ Hq, from (3.4) we deduce the following 
system of equations 

B^C = \{CnU CuCo) 

0 = A(C2iC + C22Co). (3.6) 

If A = 0, then, by virtue of the property Ker — {0}, we get that the solution 

of problem (3.6) — as expected — has the form C = 0, for all Co ^ ^o. Lor X ^ 0, from 
the second equation in (3.6) it follows that C 22 C 0 = “C' 2 iC- Since the operator C~^ 
is positive definite, then the operator C 22 — a g-dimensional matrix acting in Hq — is 
positive definite too and its inverse operator C 22 is bounded. Using the substitution 
Co = —^ 22 ^^ 21 ^ iia the first equation in (3.6) we get the problem 

B^C = ACC, C := Cn - Ci2C22'C2i, C ^ V{B^) C V{C) C H, 



(3.7) 
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where C — as stated in Section 1.4.3 — is a positive operator. Since C is equal to the sum 
of the positive definite unbounded operator C\i and the finite-dimensional operator 
— then it is an unbounded positive definite operator. 

Thus, we are making the transition from equation (3.4) to equation (3.7), 
where C has the same general properties as the operator and the operator B^j 
unlike has a zero kernel. Its eigenvalues are obviously the following: 

\ (R \ j for /c ^ 1 ,...,/^ 

for A: = . 

We can represent as = \Ba\^^‘^J^\Ba\^^‘^ , where 0 < \Ba\ = (52)1/2, 
and is an operator of signature: = J~^ = J*, = /. Making then the 

substitution \B(j\^^‘^( = w in (3.7), we get the problem 

w = XJ^\B^\-^^^C\B^\-^^^w XJ^Rw (3.8) 

on the definition of characteristic numbers of J^-positive operator acting in a 
Pontryagin space 11^. 

As it follows from Section 1.3.6, in this case problem (3.8) has a real spectrum 
and the J^-orthogonal resolution H = Hi [+] H 2 takes place, where Hi is a k- 
dimensional nonpositive invariant subspace with respect to the operator Jk,R, and 
H 2 is an infinite-dimensional nonnegative invariant subspace. The J^-orthogonal 
resolution mentioned previously leads to a spliting of problem (3.8) into two problems. 



wi = X{J^R)iWi, W2 = X{J^R)2W2, Wi e Hi, i = 1,2. (3.9) 

In subspace Hi the operator {J^^R)i is negative and, therefore, the first problem 
in (3.9) has exactly k, eigenvalues (with due account of multiplicities): < A 2 < 

• • • £ A“ < 0. In subspace H 2 , the operator {J^R )2 is positive. Making the inverse 
changes we come to the conclusion that the second problem in (3.9) is equivalent to 
the problem on the spectrum of the variational ratio 






u e Ml (11), 



(3.10) 



E{u,u) 

considered in the subspace of codimension k q of those elements li ^ 0 from the 
space Mi(H) C Jq ^(11), for which the conditions {Bcr'ynU,'ynu)L 2 ,r > ^ fulfilled. 
Therefore, the form (3.10) takes positive values and — as it was proved by T. A. 
Suslina [3] and [6] — the discrete positive spectrum {A^}, with a limit point A = Too, 
corresponds to it. 

Therefore, problem (3.9) has the eigenvalues (with due account of multiplici- 
ties) with A^ = A^(B), and also with A^ = A^(^), where it is 

convenient to think that k = KFqF2, Then, as we previously mentioned, 

the problem (3.4) and, therefore, problem (3.3) has the eigenvalues 

Ar(5) < • ■ • < \-{B) < 0 = = • • • = A°+,(S) < < ■■■ (3.11) 
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Inequalities (3.11) for the operator B have quite the same form as the 
inequalities (3.2) for the operator and, therefore, Statement 1° has been proved. 

2° If Ker B ^ {0}, that is, in conditions (3.2) and, therefore, in (3.11) ^ > 0, 
then problem (3.1) has the solution 

A == Ao = 0, 

V = Vo ■= — 2i(Joiy~^S) ^ t/?, for all G Ker B, 

4 = Co := 2iuJoi^~^S (/ - 2iuJou-^Sy'^ t]o, S 

which we call a transformation solution. Here, Iq is the orthoprojector in Jo^s(f^) onto 

Mo(fl). 



To prove this we let A = 0 into (3.1) and get 

^ (C - 2io;oi/-i5(C + T,)) - 0, S(C + Tj)=0. (3.13) 

From the first equation we obtain 

(/ - 2iuJoi/~^S) ^ = 2iujoiy~^Srj. 

Since S = S* e 6oo, then there exists an inverse operator (I — 2iuJoiy~^S)~^ and, 
therefore, 

^ = 2icuoiy-^S (/ - 2iujoiy~^S) rj. (3.14) 

Taking into account that B = BIq = IqBIq, from the second equation (3.11), 
we have lo^-^v = for all ^ KerH. Substituting here (3.14) and considering that 
rj = lot] — 7q?7, / + K{I — K)~^ = (/ — K)“\ and K = 2iu;oi/~^S, we come to the 
following relation 

Try := Iq (7 — 2ia;o^~^5') IoTJ = t/?. (3.15) 

Note now that the operator T is invertible in Mo(fl). Indeed, if Try = 0, with 
ry G Mo(fl), then 

= ({I -2iuJou~^S)~^ loTiJoTi) 

= 0 . 

After changes (/ — 2iuJou~^ S)~^ri = S and hence we get 

and since S = S*, then we have — 0 and, therefore, 5 = 0 and ry = 0 . 

Using T”^ for (3.15) we come to the formula for ry = ryo from (3.12) and then 
(3.14) gives the formula for ^ = ^o- Statement 2® is now proved. 
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933 The Principle of Changing Stability 

As it can be seen from the second equation in (3.1), for A ^ 0 the element rj belongs 
to the range of values of operator J5, that is, rj e Mo{Q)QKer B =: Hq. Then in (3.1) 
instead of B we can put the operator Bq PoB\ho^ where Pq is the orthoprojector 
of the space Mo{Ll) onto Hq. Thus, for A / 0 we come to the problem 

+ v) ~ 2iu;oA^/^SoA-^/\^ + ri) = A^, 

ai/~^Bo{^ + r]) = (3-16) 

where Ker^o = {0}, r] G Hq, Bq = PqBPq = PqBq = BqPq. 

From Property 1° in Section 9.3.2 and the previous remarks it follows that 
operator Bq satisfies the following inequalities instead of (3.11), 

Ai(Bo) < • • • < XM) < 0 < A.+i(^o) < • • • , (3.17) 

because Xk{Bo) = Xk{B), for /c = 1, . . . , /^, and Xk{Bo) = A^+g(B), for k > k. 

For further considerations it is important to mention the following statement, 
which may be called the principle of changing stability as in the problem on convective 
motions of a viscous fiuid in an open container. 

3° The eigenvalues A of problem (3.16) may transform from the right complex 
half-plane to the left one only by passing through zero. 

To prove this property we apply the operator A~^ to both parts of the first 
equation (3.16) and introduce a new unknown element S := ^ F r]. We obtain 

S = Xiy-^A-^S F {Xu)-^aBoS + 2iuJoiy~^SS. (3.18) 

If we put A = iy, 0 7^ 7 G M, then, after scalar multiplication by S (in Jo,s'(f^))^ the 
left part turns out to be real, whileas the right side is purely imaginary since 
Bq, and S are self-adjoint operators. It means 5 = 0, that is, problem (3.16) has no 
solutions on the imaginary axis besides zero. 

This fact is a consequence of Properties 1^-3°. 

4° In loosing the stability because of changes in physical parameters of the 
considered hydrodynamic system, the transition of the eigenvalues A from the right 
complex half-plane to the left one passes through the zero (origin) of the complex 
plane and only under the condition Ker^cr ^ {0}« 

If we consider a nonrotating capillary viscous fiuid (cjo = 0), then the character 
of the eigenvalue transition may be specified in more detail. In this case, the following 
statement takes place. 
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5° The nonreal eigenvalues of problem (3.16) for cjq = 0, as well as the real 
eigenvalues to which associated elements correspond, are situated in the half-plane 



(3.19) 

To prove this, let us set cjq = 0 in (3.18) and note that the problem we 
obtain this way, coincides — except the notations — with problem (8.2.1), where the 
basic operator pencil in the problem on oscillations of a heavy (non-capillary) fluid 
is consider in an open container. Following the results in Section 8.2.1, we obtain, in 
particular, that for a nonreal A and according to (8.2.8) 



Re A = 



2iy-HA-^S,S)L,(n) 



> V 



Amin(^) 



For those real eigenvalues A that have associated elements, in Section 8.2.1 we obtained 
the formula 



2(^) ^ Aniin iy 



whence (3.19) follows again because, in this case, A = ReA. 

Thus, according to Property 5°, for a nonrotating capillary fluid, the transition 
of the eigenvalues from the right complex half-plane to the left one occurs along 
the real axis, where the eigenelements corresponding to such A’s have no associated 
elements. 



93.4 Transition to an Equation with a Compact Operator 

Let U U{uJoiy~^) {—2\uJou~^S)~^ and Pq be the orthoprojector on Hq = Mq{Q) 
© Ker B. We introduce an auxiliary operator 



R = R[uJoiy I Tiloqu [ujoiy SPq, (3.21) 

acting on the space Jo,s(f^). For luq = 0, the operator R{uoi'~^) turns into the identity 
operator i?(0) = I. 

6° For any uq G M, the operator R{(jJqI'~^) is invertible and R~^{uJoiy~^) has 
the structure 



R-^ {uou-^) - / + Ti (o;o^-') , Ti {ujoiy-^) G 6oo, Ti(0) = 0. (3.22) 

To prove Property 6°, we represent R{uJoi'~^) as PoPQo-{-2iuJoU{uJoiy~^)SPo, 
where Qo = I — Pq. Since I + 2i(jjoiy~^U{cJoiy~^)S = U{uJoh'~^), then R{(jJqI'~^) = 
Qo U {loqu ^)Pq- 
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We consider the equation R{uJoi' = 0 and represent the element ^ € 
Jo,s(0) as ^ ^ + ^ 0 , Co = ^oC- Thus, we have 

QoC + t/(o;or/-')PoCo = C + QoP(^^oi^“')PoCo + PoC/(^oi^“')PoCo = 0. 

Since Qo and Pq are mutually orthogonal orthoprojectors, we get 

PoPKi^“')PoCo = 0, k = -QoU{cooi'-^)Po^o- (3.23) 

However, the operator PqU {u>qv^^)Po = Pq{I — 2iu;oJ^“^5)~^Po is invertible in Hq. 
The proof of such a fact has been already encountered previously in (3.15), where we 
applies it to the orthoprojector /q and the invertibility in D iTo- Then from 

the first equation in (3.23) it follows that — 0 and from the second we get | = 0, 
that is, ^ ^ + ^0 = 0- 

Thus, the operator is invertible and since U(ujqu~^)SP{) is a 

compact operator by virtue of the fact that S is compact, (3.22) is satisfied and 
Property 6° is proved. 

Based on Property 6° we come from the system of equations (3.16) with an 
unbounded matrix operaor in the left side to the problem on eigenvalues for its inverse 
operator, which as it will be seen next, is compact. 

7° Problem (3.16) is equivalent to a spectral problem of the form 

-j- R~^{cjJoU~^) [2iuou~^U{uJoi^~^)SBQ^ -j- ai'~‘^U{ujoiy~^)A~^ P q] rj 

= AC, A = 

Bq^t] — PqR~^ {uJou~^)A~^ ^ 

— PoR~^{uJoi'~^) [aiy~^U{LjQi'~^)A~^ P q + V 

= Xrj. (3.24) 

To get the system of equations (3.24) we apply the operator i'~^U{uJoiy~^)A~^ 
to both sides of the first equation and the operator Bq^, which exists because 
Ker^o = {0} and is compact, to the second equation. By using the definition of 
5, we obtain 



^ = Xu ^U{uou ^)A ^ + T]) 2i(jJoiy ^)Srj, 

T] — -Po^ + Xu(j~^B^^r}. (3.25) 

Putting the expression of r/ from the second equation into the first one we get 

R{uj^u-^)i = 2iujQX(j-^U{uQV-^)SB^^r] + Xv-^U{uay~^)A-^{P^r] + 0- (3-26) 
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Since, according to Property 6° the operator R(cuo^~^) is invertible, from (3.26) after 
introducing a new spectral parameter A = cr/(z/A) we get the first equation (3.24) and 
after substituting the expression for ^ from (3.26) in the second equation (3.25) we 
get the second equation (3.24). 

It is easy to see that all the coefficients of the operator-matrix standing in the 
left part of (3.24) are compact, since each of them consists of a product of bounded 
operators and one of the factors in the form A~^ or , which are compact operators. 

935 Application of Perturbation Theory 

Considering problem (3.24) from the perturbation theory of bounded operators 
leads to some preliminary remarks. The problem (3.24) contains several physical 
parameters: <j, ly and tUQ. If a or ujq are changed, the configuration of the domain 
Q filled with fluid is essentially changed. These issues are discussed in great detail in 
the book by A. D. Myshkis, V. G. Babsky, N. D. Kopachevsky, L. A. Slobozhanin, 
and A. D. Tyuptzov [1] and also partially in Sections 4.1 and 6.3 of the present 
book. Hence it follows that the operators presented in (3.24) are implicit functions 
of the parameters a and luq. However, the configuration of the domain Q and all the 
operators in (3.24) do not depend on the fluid’s viscousity, u, since the state of relative 
equilibrium of a uniformly rotating fluid in a container or that of a fluid at rest is 
determined by the interaction of the gravitational, capillary and centrifugal forces. 
The viscous forces acting in a fluid are displayed in dynamics only. 

These considerations show that as a basic physical parameter, which may 
be taken into account in applying the perturbation theory in problem (3.24) it is 
necessary to take the kinetic viscousity z/, where we consider it as a large parameter, 
that is is small. Moreover, since for large values of viscousity, z/, the operators 
U{LOoiy~^) and R{ujQiy~^) are close to the identity operators, then we may choose the 
following problem 

= Byr, = Xrj, (3.27) 

as the nonperturbed problem corresponding to (3.24), which was already studied 
previously. 



8° If the viscousity u is large enough that condition 

_ 2au-^A-mi+uJo,.-^\\A-^\\) + {a^-^ + Aujoi.-^\\By\\)\\A-^ 

< (2|A„,i„(So)|)“^ (3.28) 

is satisfied, then problem (3.24) has at least k eigenvalues in the left complex half- 
plane. 
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To prove this statement, let us note first that the difference between the 
operator matrix in problem (3.24) and the diagonal matrix diag(cT!^ '^A in 

problem (3.27), that is, the operator matrix of perturbation F = F{u>o,iy), has the 
form F = {Fik)lk=i, where 

Fn = {uJoi'~^)U - I)A~^, 

Fj 2 = R-\ujQi'~'^)U{iOoiy-'^)(2iuJou-^SBQ^ + aiy-^A-^Po), 

F21 = -<TU~^ PqR'~^ ^ 

F 22 ^ -PoR~\ojoi^~^)U{u>ou-^){(Tiy-^A~^Po + 2iiOoi^~^SBo^). (3.29) 
To estimate the norm for small we need to transform the expressions 
Fik. Let us represent Fn as 

Fu = cru~‘^DiiA~^, Dn = R~^{cooI''~^)U{loqi/~^) - I. (3.30) 

Then 



R^LjQiy ^)Dii—U{uJoi' ^) — R{u)oi' 

= {I — 2iujqu~^ S)~^ — {I F 2iujQU~^ {I — 2iLUQU ^S) ^SPq) 

= {I-2iuoi'-^S)-\l-{I-2iLVoi^-^S + 2ioJoiy-^SPo)) 

= (7 - 2icooi^-^S)-^2ioJoi^-^S{I - Po). (3.31) 

Since 



R(ijJqu = {I — 2\ujqv ^S) ^{I — 2\ujoy ^ S 2iuj{)V ^SPo) 
= (7 - 2woi'~^ S)-\I - 2iwop-^ S{I - Po)), 
then from (3.31) we have 



(7 - 2iwoi'~^SQo)Dn = 2iLOoiy~'^ SQo, Qo = I ~ Po- (3-32) 

Therefore, (3.30) and (3.32) lead to the following relation, 

Fn =Fu{<^o,i^) = cri^^'^il - 2iu>oi'-^ SQo)-'^2iwoi'~^SQoA-\ (3.33) 

Using also the connection S = A~^C ^ with ||5o|| = 1, from (3.33) we have 

IIDnII = 11(7 - 2iuJou-^SQo)-^2iuJoi^-^SQo\\ < ^ 



hence 



||T’ii(wo, 1^)11 < 



2auJov ^||T ^ Ofi/-^i 

l-2uJoy-^\\A-^\\ ^ ^ 



V 



oo. 



(3.35) 
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Let us now represent F 2 i{uj^iy) in (3.29) as 



F2i = -<J,y-^Po{Dn+I)A-\ 
Then using the estimate (3.34) we have 






1 -2woJ^-i||2l-il 



1 - 2uqv-^\A- 



— = 0(z^ ), V ^ oo. 

(3.36) 

Similar considerations for the operator F\ 2 {u>o,u) in (3.29) lead to the 
following formula 



Fi2{<^o,v) = {I -2iu)qv ^SQo) ^{2i(jj()P ^SB^^Fav'^A ^Po), 
and, therefore, 

Finally, since F 22 = — FoF ’12 and using the estimate (3.37), we have 



(3.37) 



||F’ 22 || < IIF 12 II = 0(i/-i), 00 . (3.38) 

From the estimates (3.35)-(3.38), we can deduce the following rough estimate 
of the norm of the matrix operator F — 



2 

ll-FII < XI I'-^co, (3.39) 

i,k = l 

where the function 'ip{i') is defined by the left side of inequality (3.28). 

From the estimate (3.39) of the norm of the operator matrix of perturbation 
F in the spectral problem (3.27), we can immediately derive an application of 
perturbation theory. The spectrum of problem (3.27) consists obviously of a set of 
positive eigenvalues that is the union of the set of eigenvalues Xk{A~^)}^^-^ 

with a limit point at zero and the set of eigenvalues {A^^g(Fo)}^i of operator 
with a limit point at zero, too. Aditional eigenvalues of problem (3.27) are 
situated on the negative half-axis: < ••• < A^^(Fq) < 0. In this case, the 

distance between the set of negative eigenvalues to the spectrum in the right half- 
plane is equal to |A^^(Fo)| = l/|Amin(^o)|- Therefore, for satisfying the condition 
< r < l/(2|Amin(Fo)|), that is, condition (3.28), the spectrum of the perturbed 
problem (3.24) contains at least n eigenvalues (with due account of their multiplicities) 
situated in the left half-plane. 

Statement 8° is now proved because V^(z^) ^ 0 cis z/ ^ oo and, therefore, 
condition (3.28) is satisfied for large enough values of the viscousity ia. 
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93.6 The Existence of Eigenvalues in the Left Complex Half-Plane for an 
Arbitrary Viscosity Value 

Let us state as a preliminary yet another property of the spectrum of problem (3.24) 
for large values of u. 

9° If condition (3.28) is satisfied, then problem (3.24) has exactly k eigenvalues 
(with the account of their multiplicities) in the left half-plane. 

Using Property 8°, it is enough to state that there could be no more than k 
such eigenvalues. To this point, let us go back to equation (3.18), multiply scalarly 
its both sides by S and compute Re A; we will get 

Since in this expression the numerator is positive and the denominator — in virtue of 
condition (3.17) — can take negative values on a subspace whose dimension is no more 
than /^, then in the left half-plane there cannot be more than k eigenvalues. 



10° For any value of i/, problem (3.24) has exactly k eigenvalues in the left 
half-plane. 



For large enough values of the viscousity, u = uq, this property has been 
already stated and proved provided condition (3.28) is satisfied. Let us now decrease 
the value of u from uq to any positive value u = ui. Then, on one hand, the k 
eigenvalues situated in the left half-plane are continuous functions of the parameter u 
and, on the other hand, taking into account Properties 2° and 3° applied to problem 
(3.16), and thus to problem (3.24), the transition of the eigenvalues of problem (3.24) 
from one half-plane to the other passes through zero if Ker ^ {0}, a condition that 
does not take place for the operator ^o- Hence, it follows that for problem (3.24), 
similar to problem (3.16), such a transition is impossible, that is, in the left complex 
half-plane there are exactly k eigenvalues for an arbitrary value of z/ > 0. 

Thus, the main theorem formulated in Section 9.3.1 is proved completely. It is 
enough to use consequently the properties 1°-10° for the solution of problem (3.1). In 
this case, according to Property 5°, for a nonrotating capillary fluid, the eigenvalues 
in the left half-plane are situated on the real axis. 

A corollary of this main theorem — called in mechanics the inverse of the 
Lagrange theorem on stability — is the following statement: 
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If the potential energy of a uniformly rotating capillary viscous fluid in a 
container has no minimum (therefore, the quadratic form of the operator takes 
negative values), then problem (3.1) has at least one solution, for which Re A < 0. An 
unstable mode of normal motion corresponds to this solution. 



9.4 Motions of a Rigid Body Containing a Cavity Filled with a 
Capillary Fluid under Conditions of Complete Low Gravity 

The same method used to study the case of an immovable container or a container 
rotating relatively to a fixed axis can be also used to study the problem on dynamics 
of a body filled with a capillary viscous fiuid. 



9.4.1 Statement of the Problem 

Let us assume that in the nonperturbed state the body with a cavity partially 
filled with a capillary fiuid does not move, is fixed at the pole O, and there are 
no gravitational or other mass forces {g = 0). We will also assume that the free 
surface F of the fiuid is horizontal and hats the equation — const = b. The pressure 
in the fluid is constant and equals the external atmospheric pressure Pa- Such an 
equilibrium state requires also a special choice of the wetting angle (boundary angle) 
on the boundary 9F between F and the solid boundary S; this condition is supposed 
to take place in the sequel. 

Let us consider small movements of the just introduced system. The statement 
of this problem can be derived from the initial boundary value problem (8.6.1)-(8.6.4), 
in which we formally assume g — 0 and change in the last condition (8.6.3) 



with 



pg{C-S 2 Xi +S1X2) 



crBa{(^ - S2X1 + S1X2), 



where 



(jBfjU := — on F, 
u = 0 on dr. 

Since Ar = jdx\ + d^ jdx\ for a horizontal F, then Ar(— (^2X1 + S1X2) = 0 and the 
final formulation of the problem on small movements of the considered system is the 
following: 






(4.1) 
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du du 1 . s 

u = 0 on 5, — = Un — on F, 

at 

+ ^3.2) = 0, 2 = 1,2; on r, 



divu = 0 in r^, 



p - 2/9i/i23^3 = crBaC on F, C = 0 on ^r, (4.2) 

«(0,x) == ■u°(x), C(0,X1,X2) = C“(a;i,X2), a>(0)=w°. (4.3) 

Here a; = u?(t) is the angular velocity of rotation, J is the tensor of inertia of 
the system in the nonperturbed state, M{t) is the given moment of external forces 
relatively to the pole O, and f{t,x) is a given small field of volume forces influencing 
the fluid. All the other notations are the same as in Section 9.2. 

If we assume ^ = 0 and change the term pg ICP^r for the expression of 
doubled potential energy of the system with a Jp Vr(C7 C)^r, we realize that the law 
of full energy balance as expressed in (8.6.5) holds true for the classical solutions of 
problem (4.1)-(4.3). 



9A2 Transition to a System of Operator Equations 

As in Section 9.2, let us assume that the velocity field u{t,x) is a function of t 
with values in the space Jq ^(f]). Let us represent this field as a sum u{t^x) = 
s{t,x) + w{t^x), where s{t,x) is a solution of the boundary value problem I (see 
Section 8.1.2), in which we substituted / for / — du/dt — d<x?/d^ x r, and w(t^x) is 
a solution of the boundary value problem II for Then the equations and 

the boundary conditins (4.2) give the following operator relations, 






do; 

dT 



X r + Po.sf^ 



u — s w, 



vA^l^w + aA^^^TB^C = 0, ^ = 7n^(= ^3), (4.4) 

where A and T are operators of the boundary value problems I and II and Pq.S' is the 
orthoprojector onto Jo,5(fl). 

Hence, problem (4.1)-(4.3) is reduced to the evolution problem (4.1) and (4.4) 
with the initial conditions following from (4.3) 



it;(0) = —CFU ^TBfjC,^ ^ 

s(0) = - w{0), 

C(o) = C^ 

u;(0) = 



( 4 . 5 ) 
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9.43 Normal Oscillations. Transition to an Equation with a 
Dissipative Operator 

Let us consider the solutions of problem (4.1) and (4.4) for M{t) = 0 and /(t, x) = 0, 
that depend on t according to the law exp(— At). Then for the aplitude functions we 
obtain 



uAs = \{u + Po,s{^ X '^)), InU = -AC, 

= 0 : u = s F w, 

A ^ Ju; F p J {r X ii)dfi^ = 0 . (4.6) 

Let us find the stationary solutions of problem (4.6), that is, solutions 
corresponding to the value A = 0. We have 

i/As = 0 , = 0 , u = s F w, 

vA^'^w F aA^^^TBaC = 0 . (4.7) 

Since A :;$> 0, then from the first relation we obtain s = 0 and, thus, u — w. However, 
in this case, from the second relation it follows that 7 nti = 7 n^ = 0 and since the 
operator 7 ^ is invertible in the subspace M\{Q) (see (2.2.36)), then it; = 0 . By the 
invertibility of the operators T, and Her, from the second equality (4.7) we obtain 
that C 0- 

Hence, the number A = 0 is an eigenvalue of the problem (4.6); for this 
eigenvalue, u = 0 , ( — 0 and u; = cjq is an arbitrary vector. A slow rotation with 
angular velocity ljq around an arbitrary axis corresponds to this solution. Such an 
effect can take place in this Ccise because the lack of gravitational forces and the 
system exists under the conditions of complete low-gravity. 

Let us consider now nonstationary normal movements of the system, that is, 
the case when A 0. Then from the last condition (4.6) we have 

(jj = —pj~^ / (^ X it)df 2 . 

Jn 

Excluding the variable C, we obtain the following problem, 

uAs = A(7 — H)u, u = s F w, 

Gv~^ A}I^TBcryn'^ = AA^^^k;, (4.8) 

where H is the translation operator defined by formula ( 8 . 6 . 11 ). As an operator acting 
in Jo.s'(f^), H has the property 0 < H < 7, and is a finite dimensional (three- 
dimensional) operator. 
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Let us make the following substitutions in (4.8), 

A^/'^S = i& Jo.sm, = rj e Mo(n), (4.9) 

perform the transition to a system with the unknown elements r] and apply the 
operator — U)~^ to the first equation. Thus, we obtain the following eigenvalue 

problem, 



i^A^ - + 11) = 

cri/~^B{^ + r]) = \f], (4.10) 

where B := A^CTBajnA~^l'^ is the operator that was investigated in details in 
Section 9.2 and the operator A is defined by (see also (8.7.17)) 



A:= A^^^{I -U)-^A^/^. (4.11) 

Let us consider the properties of A. It is defined on the dense set 'D(A) C 
which is the range 7Z{A~^) of the compact positive operator A~^ = A~^I^{1— 
U)A~^^‘^. The positivity of operator A~^ follows from the fact that A~^!^ > 0 and 
/ — n > 0. Here, operator H is three-dimensional. Furthermore, since / — H < /, then 
the eigenvalues of A~^ and A~^ satisfy \k{A~^) < Xk{A~^), with k — 1,2,. . ., and, 
therefore, 

Xk{A)<Xk{A), /c = l,2,... 

The eigenvalues Xk{A~^) can be found as consecutive maxima of the variational ratio 



((/-n)u,i;)j, 



'o,s(f2) 



H € *^o.s(^)> 



E{v,v) 

and because H is finite dimensional these eigenvalues have the same asymptotic 
behavior as Xk{A~^). Therefore, we have the following relation. 



Afc(i-i) = Afe(^-i)[l+o(l)], k^oo, (4.12) 

where the asymptotics of the numbers Afe(^“*) are defined by (2.17). Hence, A~^ £ ©p 
for p > 3/2. 

Let us note now that the system of equations (4.10) has the same form as 
the system (2.8) for ljq = 0. Here the difference is the following: A, the operator in 
(2.8), is replaced by A, the operator in (4.11), whose properties are closed to those of 
operator A. Hence we get that (4.10) is an eigenvalue problem for the operator 



w4n 



uA — aiy —cru 
~^B aiy-^B 



(4.13) 



(JU~ B CFU~ 

which — similarly to the operator in (2.19) — is a dissipative operator for large 
values of viscousity. 
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9.4.4 Properties of Normal Movements 

Using the conclusions of Section 9.2 on the properties of the solutions to equation 
(2.8) for LOo = 0, or, similarly, to equation (2.59), let us formulate the corresponding 
properties of the solutions of problem (4.10). 

1° The spectrum of problem (4.10) is discrete, it consists of the three- multiple 
eigenvalue Aq = 0 and the set {Aj}^^ located in the right half-plane symmetrically 
relatively to the real axis, and limj^oo Aj = oo. A slow uniform rotation of the system 
considered as a rigid body with an arbitrary angular velocity, ljq, coresponds to the 
number Aq = 0. Here, the free surface of the fluid does not change and the held of 
relative velocity equals zero inside the region ft. 

Similarly to the problem in Section 9.2, in our problem, fading decrements 
A = Aj, with the unique limit point A = oo, correspond to the normal nonstationary 
movements. 

2° For any e > 0, all the eigenvalues \j except for maybe a flnite number of 
them are located in the sector |argA| < e. 

3° For the set of all the eigen- and associated elements yj^q = 

e E = 0 Mo(f^), the assertions 4°-5° in Section 9.2.3 on 

completeness in the corresponding spaces hold true and the asymptotic formula (2.3.4) 
is valid for the numbers \j. 

4° For the solutions of problem (4.10), all the mathematical and physical 
conclusions in Sections 9. 2. 4. -9. 2. 8, as well as the heuristic considerations on the 
spectrum for arbitrary values of the viscousity of a fluid hold true. Here, the operator 
A should be replaced by A in all formulas, while considering that (4.12) takes place. 

9.4.5 The Existence of a Generalized Solution to the 
Nonstationary Problem 

In the evolution problem (4.1), (4.4) and (4.5), let us perform the transformations 
that have been already made while performing the transition from equations (4.6) to 
(4.10). We are obtaining thus the following Cauchy problem, 

^ + Aoy = f{t), y{0) = / (4.14) 

y{t) = (^(^); v{t)Y € E, y{o) ^ 
fit) = - n)-iPo.s(/(<) - J-'M(t) X r); o)‘ , 



(4.15) 
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= (^(0); ^(0))‘, T7(0) = 

^(0) = - J7(0), (4.16) 

where the operator is defined by the formula (4.13). 

Using the conclusions of Section 9.2.9 for loq = 0, let us formulate the 
assertions on the solvability of the problem (4.14)-(4.16). Suppose the viscousity of 
the fiuid is large enough so that 

1 - ^ (ll^f + >0, R := € 6„. (4.17) 

Then the operators and admit the estimates 

Lie{Aoy,y)E > c\\y\\%, yeV{Ao), 

Re(^o2, z)e > cll^lll;, 2 € D{Aq), 

c = au~^ Xi{B) > 0. (4-18) 

Further, the solution of the homogeneous problem (4.14) is given by y{t) = U{t)y^ , 
where hi (t) is a contractive semigroup that admits the estimate 

\\U{t)\\ < exp (-^Ai(R)t^ . (4.19) 

The property of exponential stability of the solutions of the homogeneous Cauchy 
problem (4.14) for = 0 follows from (4.19). 

If the function f{t) has values in E, is continuous, and y^ G E, then the 
problem (4.14)-(4.16) has a unique generalized solution y{t) that is also continuous 
in E. Hence we obtain the following assertion on univalent solvability of the initial 
boundary value problem (4.1)-(4.3). 



If the following conditions are satisfied 

(a) e c° e if^/'(r); 

(b) M{t) is a continuous function with values in 

(c) f{t,x) is a continuous function of t with values in Jq g{Q), 

then the problem (4.1)-(4.3) has a generalized solution for which the function 
u{t^x) = s{t,x) + w{t,x) G jQ ^(f7) is continuous in t, and the angular velocity 
of the system’s rotation is given by the formula 



u{t) = + f J ^ M {t)dt — pJ ^ f (r X (u{t) — u^))dQ 

Jo Jvt 

and is a continuous function from R^. Here, the deviation ({t,xi,X 2 ) of the free surface 
of the Suid from the equilibrium surface T during the process of oscillations equals 

((t,Xi,X2) = C^(xi,X2) / U3(t,Xi,X2,b)dt. 

Jo 
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In conclusion, let us point out that the previously mentioned reasoning and 
investigations of the evolution and the spectral problems admit natural generalizations 
for the following cases: (a) oscillations of the system under conditions of complete low 
gravity and nonplane surface F (when F is a part of a sphere); (b) motion under the 
influence of a homogeneous gravitation held along the axis OX 3 {g — —ge^, 9 
(c) oscillations of a rotating system (cvq 0). 




Appendix C 

Remarks and Reference Comments to Part III 



C.l Chapter 7 

7 .1. The equation of fluid motion in the form (7.1.4) was considered for the first time 
by S. G. Krein [ 1 ]. This work also studies the corresponding nonlinear equation, for 
which the existence theorem of a local in time solution was proved. 

The spectrum asymptotics of the Stokes operator in the form (7.1.11) follows 
from the G. Metivier’s results in [ 1 ]. Further research leading to formula (7.1.12) was 
done by A. N. Kozhevnikov [1]. The formula for the inverse operator of the Stokes 
operator Aq that he obtained is interesting, 

' = Glil - 2V(7 + G2K^i'f)dWGi). 

Here, Gi and G 2 are operators that solve the classical Dirichlet problems for the 
Poisson and Laplace equations, respectively; 7 is the trace operator, that is, function 
restriction to the boundary dO., which is supposed to be infinitely smooth; and K_i 
is a pseudodifferential operator on dO. of order — 1 , that is, an integral operator with 
a weak singularity. This description allows us to obtain the solution estimates for the 
Stokes problem in Sobolev spaces. 

The disturbance of the stationary motion of a fluid (see Section 7.1.4) was 
studied by S. G. Krein in [2]. He used there for the first time the Keldysh theorems to 
prove that the system of eigen- and associated functions of a hydrodynamic problem 
is complete. V. I. Yudovich studied this problem further in more detail. He proved 
rigorously that it is possible to decide on the stability or the instability of a stationary 
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flow of a viscous incompressible fluid by analyzing the location of the spectrum of the 
operator —i^Aq — R. Here, the stability is studied in terms of the Lp{Ll) spaces, for 
various values of p. 

In particular, he studied the action of the operator Pq in these spaces. A more 
detalied presentation of these problems can be found in V. I. Yudovich’s book [1]. 

Spectrum properties for the rotating fluid were studied by N. D. Kopachevsky 

in [4], 

7 . 2 . The translation operator B Wcls independently introduced by A. I. Kobrin [1] 
and by Ngo Zui Kan [1]. Its most important property, / — H > 0, was proved by 
A. I. Kobrin (Ngo Zui Kan introduced some redundant additional restrictions while 
proving that property). 

The existence theorem was proved by Ngo Zui Kan [1]. A similar theorem was 
later on proved by I. G. Zagnibeda [1], under more rigid restrictions. The spectral 
problem (7.2.18) on normal oscillations was studied by N. D. Kopachevsky. 

7 . 3 . The problem (7.3.1)-(7.3.3) was first studied by Ngo Zui Kan [3], who proved the 
existence theorem of solution. In our present monograph, we considered this problem 
under a rather different form than the one given by Ngo Zui Kan in [3]. We added 
the spectral problem introduced by N. D. Kopachevsky. 

Among the first problems that dealt with the dynamics of a body with a cavity 
filled with a viscous fluid we note the problems on oscillations of a pendulum with a 
sherical cavity that were studied by P. S. Krasnoschokov [1], [2] (in the case of small 
values of viscosity) and by O. B. Ievleva [1], [2] (for arbitrary values of viscosity). 

7 . 4 . The study of the asymptotic solutions of the problems presented in this chapter 
in cetse of large values of viscosity (small Reinolds numbers) was originated by F. L. 
Chernousko [1]. For ujq = 0, he obtained the main term of the asymtotics, introduced 
the tensor P^^\ proved its positive definiteness, and carried out the calculations in 
the case of an elliptic cavity. 

The more general case presented in Section 7.4 was considered by S. G. Krein 
and Ngo Zui Kan [3]. A. I. Kobrin [1] proved that in the case of large values of 
viscosity, one can apply the method of studying the systems with small parameters 
for higher order derivatives and he gave an algorithm for constructing the asymptotic 
expansion according to the scheme presented by A. B. Vasilieva and V. F. Butuzov 

[i]- 

It is necessary to remark that F. L. Chernousko [3] considered solution 
asymptotics for large Reinolds numbers (small values of viscosity) as well. Those 
results were not included in our monograph because, as far as we know, there is no 
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adequate operator scheme for the method of a boundary layer on space variables that 
Chernousko used in [3]. 

7 . 5 . The study of the problem on oscillations of a pendulum with a cavity completely 
filled with a viscous fiuid by methods of functional analysis was considered by Ngo 
Zui Kan [1] (see also [2]-[7]) and more recently by N. D. Kopachevsky and E. D. 
Volodkovich [1]. Our Section 7.5 was based on their studies. The study by numerical 
methods of the same problem was carried out by M. Ya. Barnyak [2] and by M. Ya. 
Barnyak and R. I. Tzebrii [1], [2]. 

It is necessary to remark that in the case considered in Section 7.5, the maiss 
center C of the system does not coincide with the suspension center O. Moreover, the 
problem is studied without using the translation operator IT that was mentioned in 
Section 7.2, but rather with the help of the joint study of the equation of the fiuid 
motion and the equation of the body motion. 

We note that the three-dimensional problem, that is, the problem of a 
spherical pendulum with a cavity completely filled with a visous fiuid can be carried 
out along the same lines with insignificant complications. 

7 . 6 . The study of the problem on a viscous fiuid fiowing through a given region was 
based on the work of N. D. Kopachevsky and S. G. Krein [1]. Chan Thu Ha [2] studied 
the same problem in the case of a heated fiuid. 

7 . 7 . The convective motions of a fiuid in a closed container wcis studied by 
many authors. We mention here the well-known books by G. Z. Gershuny and 
E. M. Zhukhovitskii [1] and by G. Z. Gershuny, E. M. Zhukhovitskii, and A. A. 
Nepomnyatshii [1]. 

Section 7.7 was written based on the work of Ngo Zui Kan [6]. However, 
the results stated there were presented following the scheme developed by N. D. 
Kopachevsky, which enabled us to go beyond Ngo Zui Kan’s work. Formula (7.7.11) 
is a clcissical result of H. Weyl. The asymptotic formula (7.7.27) is a consequence of 
formulas (7.1.11), and also the form of the operator in (7.7.24). 

In connection with this problem we have to mention also the works of A. G. 
Zarubin [1], A. G. Zarubin and Ngo Zui Kan [1], [2], and E. L. Tarunin [1]. 

The problem on the transition of the eigenvalues to the left half-plane in the 
C£ise of a fiuid heated from below was studied by N. D. Kopachevsky and is presented 
here for the first time. 
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C.2 Chapter 8 

8 . 1 . The linearized problem on the motion of a viscous incompressible fluid in an 
open container was studied for the first time in its general case by S. G. Krein [1], [2]. 
These two works also propose a method to reduce the investigation of this problem 
to solving an evolution equation in the Hilbert space Jo,s'(^) 0 Jo,s{D), a method 
that can be used in other hydrodynamics problems and in the theory of elasticity. 
These results were presented in detail in S. G. Krein’s and G. I. Laptev’s article [1]. 
The approach in our monograph is based on the application of the abstract scheme 
developed in Section 1.8 and the results in S. G. Krein’s monograph [K]. 

The asymptoptic formula (8.1.12) for the eigenvalues of the operator A follows 
from G. Metivier’s results in [1]. The asymptotic formula (8.1.33) for the eigenvalues 
of the operator B was obtained using a heuristic method by N. D. Kopachevsky and 
thoroughly proved by N. A. Karazeeva and M. Z. Solomyak [1]. 

8 . 2 . The main operator pencil (8.2.1) was obtained by S. G. Krein [3], [4] who also 
investigated properties of its spectrum. The pencil linearization method (see Section 
8.2.2) was suggested by G. I. Laptev. In the joint work by N. K. Askerov, S. G. 
Krein, and G. I. Laptev [1] (see also [2]) the authors studied the system of eigen- and 
associated elements of a pencil, and using M. V. Keldysh theorem (see Section 1.6.5), 
they proved the two multiple completeness of this system in an original way. Some 
corrections to those properties were given by V. M. Greenlee [1], [2], and they are 
reflected in our monograph. Specifically, the pencil linearization presented in V. M. 
Greenlee [1] is somewhat changed and it is used in Section 8.2. 

It is necessary to point out that by the time pencil (8.2.1) was used in the 
problem on hydrodynamics, the theory on quadratic operator pencils hats been already 
created, essentially by M. G. Krein and H. Langer [1], [2]. However, the pencil (8.2.1) 
does not fall within the range of that theory. Additional investigations were still 
needed. 

The first to do that were I. Gohberg and M. G. Krein, who in their work 
[GK] dealt with the case of a strongly damping pencil for which inequality (8.2.7) is 
satisfied. They obtained theorems on the existence of the two Riesz bases of eigen- 
elements corresponding to eigenvalues of the first and second order and studied the 
asymptotics of these eigenvalues. 

E. Z. Mogulskii [1] obtained theorems on n-multiple completeness of eigen- 
and associated elements for a broad class of polynomial pencils, among which the 
pencils of type (8.2.1) were a particular case. 

A further step was done by E. A. Larionov [1]. He proved in a general setting 
the existence of two Riesz bases for the pencil (8.2.1) distinguishing between the 
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eigenelements of the first order, neutral, and the eigenelements of the second order. 
Those Riesz bases contained eigenelements of the first (second ) order and a part of 
the neutral root elements. He also obtained, among other results, a theorem on the 
length of chains of eigen- and associated elements corresponding to eigenvalues of the 
pencil. Larionov’s results were further developed by V. M. Greenlee [1]. 

The proof of property (8.2.26) on the separation zones A_ and A+ under the 
condition of strong damping (8.2.7) was done by A. S. Markus, V. I. Matsaev, and 
G. I. Russu [1]. There they obtained also the theorem on the factorization of pencil 
( 8 . 2 . 1 ). 

The two-sided estimates for the two branches of eigenvalues of the pencil 
(8.2.1) were obtained by V. A. Grinstein and N. D. Kopachevsky [1], [2]. 

Additional fundamental results in the study of the pencil (8.2.1), and of other 
pencils of the same type, were obtained by A. S. Marcus and V. I. Matsaev [l]-[5], 
A. A. Shkalikov and V. T. Pliev [1], A. A. Shkalikov [l]-[7], A. G. Kostuchenko and 
M. B. Orazov [1], [2], A. G. Kostuchenko and A. A. Shkalikov [1], [2], T. Ya. Azizov 
and lohvidov [AI], G. V. Radzievskii [l]-[4], T. Ya. Azizov and N. D. Kopachevsky 
[1], T. Ya. Azizov and L. I. Sukhocheva [1], Ghan Thu Ha [1], A. G. Garadzhaev [1], 
V. A. Grinstein [1], [2], N. D. Kopachevsky [4]~[7], [11], L. A. Kotko and S. G. Krein 
[1], A. N. Kozhevnikov [2], M. B. Orazov [l]-[3], M. B. Orazov and K. A. Shukurov 
[1], S. Ya. Yakubov [1], V. I. Yudovich [2], and by many others. 

8 . 3 . The problem on normal oscillations of a viscous fluid in an open container was 
studied by S. G. Krein [3], and N. K. Askerov, S. G. Krein, and G. I. Laptev [1], and 
also by N. D. Kopachevsky [4]-[7], A. G. Garadzhaev [1], [2], M. Ya. Barnyak [1], [3], 
[4], and F. L. Chernousko [2], [4]-[6j. 

Thus, in his work [1], A. G. Garadzhaev studied the behavior of the eigenvalues 
of the spectral problem in the case when the viscosity of the fluid is decreasing. He 
stated that if the viscosity ly is decreasing, the eigenvalues (ly) move to the right, and 
the eigenvalues A^(i/) move to the left. In their collision, some nonreal or multiple 
real eigenvalues may appear and there are specific examples when these situations 
take place. In order to establish these facts, A. G. Garadzhaev used the methods 
developed by A. G. Kostuchenko and M. B. Orazov [1], [2] in the problem on the 
theory of elasticity, as well as general results obtained by A. G. Kostuchenko and A. 
A. Shkalikov [1], [2] on quadratic pencils. 

The case of a fluid with low viscosity was considered by F. L. Chernousko 
[3]. Formula (8.3.12) in our monograph was obtained by him using the methods of a 
boundary layer. 
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The properties of surface and internal waves were studied by N. D. 
Kopachevsky [4], [5]. 

We acknowledge also the interesting results obtained by M. Ya. Barnyak [1], 
[3], [4] on the development of numerical methods in solving the problem on normal 
oscillations of a heavy viscous fluid in a container. In particular, he developed an 
approach for calculating the multiple real eigenvalues that appear before their yield 
in the nonreal region of the complex plane by using the Galerkin method. 

8 . 4 . The statement, the investigation and the basic results in the problem on the 
oscillations of a rotating heavy fluid were obtained by N. D. Kopachvsky [4], [5]. 

8 . 5 . The asymptotic solutions of the evolution and spectral problems on oscillations 
of a viscous fluid in an open container are based on the general theory developed by 
S. G. Krein [K] that was applied to a hydrodynamic problem by S. G. Krein and Ngo 
Zui Kan [1], [3]. Let us notice that the spectrum asymptotics of a rotating fluid with 
low viscosity was studied by N. K. Radyakin [1], [2]. 

8 . 6 . The problem on the oscillations of a system of nonmixing viscous fluids with 
high viscosity was studied by N. D. Kopachevsky [4], [5]. The asymptotic formulas 
(8.6.18), (8.6.21), and (8.6.23) were obtained by T. A. Suslina [3]”[5], [9] (see also [1], 
[2], [6]-[8], [10], and [11]). 

8 . 7 . The problem on small oscillations arround a flx point of a body with a cavity 
partially fllled with a viscous fluid was originated by S. G. Krein and Ngo Zui Kan 
[ 2 ]. 

8 . 8 . The small motions of a plane pendulum with a cavity partially filled with fluid 
were studied without using the translation operator by N. D. Kopachevsky and E. D. 
Volodkovich [2]. Their study was based on the imediate analysis of the equations for 
motion and kinetic moment. A similar problem was investigated by D. N. Kopachevsky 
and Vadiaa Ali [l]-[4] for a system of nonmixing fluids that fill a cavity of a plane 
pendulum. 

8 . 9 . The small convective motions of a fluid in a partially filled bounded container 
were studied by many authors. We mention here, among others, the monographs by 
G. Z. Gershuny and E. M. Zhukhovitskii [1] and G. Z. Gershuny, E. M. Zhukhovitskii 
and A. A. Nepomnyaschii [1]. Section 8.9 was written based on the work of N. 
D. Kopachevsky and Ngo Zui Kan [1], where the evolution problem had been 
studied. The properties of the solutions of the spectral problem in the cases of a 
fluid heated from above or from below were investigated by N. D. Kopachevsky 
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and they are reflected in this section. The same problem was studied further by Chan 
Thu Ha [3], [4]. 



8 . 10 . The problem of obtaining simple sufficient conditions for the instability of the 
convective motions of a fluid in an arbitrary container was stated in the monograph 
by N. D. Kopachevsky, S. G. Krein, and Ngo Zui Kan [KKN]. The solution of this 
problem was obtained by N. D. Kopachevsky and V. N. Pivovarchik [1], [2]. It involved 
the use of a transition method to a two-parameter operator pencil [see (8.10.4)]. V. 
N. Pivovarchik also used it in his other works on the theory of quadratic operator 
pencils, [1] and [2]. 

Let us notice that the spectral asymptotics of the additional problem (8.10.29) 
were studied by T. A. Suslina and A. B. Alexeev. In particular, they obtained the 
asymptotic formula 



lim 

A ^ oo 



\/2mes ft 






1 

4 



which was further justified by T. A. Suslina [10]. 



C3 Chapter 9 

During the period of time between the All-Union Congress on Mechanics (USSR, 
Moscow, 1964) and the International Mathematical Congress (USSR, Moscow, 1966), 
when an intensive study of the behavior of an incompressible fluid under conditions 
close to weightlessness began, researchers raised the question on how do the capillary 
forces inflluence the spectral structure of the normal oscillations of a viscous fluid in 
a partially filled container. 

In his report at the Congress on Mechanics, S. G. Krein stated the hypothesis 
that the surface forces remove the limit point of the spectrum at zero in the complex 
plane. Namely, the spectrum of the considered problem, unlike the results in Chapter 
8 for a heavy fluid, is discrete in the case of a capillary fluid, and its only limit point 
is at infinity. In further discussions centered around the same problem, S. G. Krein, 
N. D. Kopachevsky, and A. D. Myshkis suggested also that with regard to nonreal 
eigenvalues associated with arbitrary values of viscosity, for a capillary fluid with low 
viscosity there are no more than a finite number of nonreal eigenvalues, whileas in 
the case of a capillary fluid with high viscosity, those eigenvalues are absent. These 
statements were proved for the simplest model problem by N. D. Kopachevsky and 
A. D. Myshkis [1], [2]. Later on, N. D. Kopachevsky [1] studied also a general scalar 
problem that reflected all the peculiarities of the problem and addressed the case of 
sufficiently smooth uncrossed free surface L and solid wall S of the container ft. 
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9 . 1 . The statement of the problem on small oscillations of a capillary viscous fluid 
in an arbitrary container was advanced in the work of N. D. Kopachevsky and A. 
D Myshkis [1]. Because there is still a dispute going on about the way of selecting 
boundary conditions on the contour of moistening SF, we presented in Section 9.1 
two basic possible variants (9.1.5') and (9.1.5"), but in the sequel we dealt with the 
first one only. 

The main reason that gave us confidence in the fact that the previously 
mentioned hypotheses are valid, were two specific problems studied by N. D. Kopa- 
chevsky and A. D Myshkis [1], [2]. They are described in complete detail in Sections 
7.3 and 7.4 of the monograph by A. D Myshkis, V. G. Babskii, N. D. Kopachevsky, 
L. A. Slobozhanin, and A. D. Tyuptsov [1] (see also a previous monopraph by V. G. 
Babskii, N. D. Kopachevsky, A. D Myshkis, L. A. Slobozhanin, and A. D. Tyuptsov 
[1] and the following book by A. D Myshkis, V. G. Babskii, M. Y. Zhukov, N. D. 
Kopachevsky, L. A. Slobozhanin, and A. D. Tyuptsov [1]). In that monograph, in the 
problem on oscillations of a capillary viscous drop, the authors managed to separate 
the variables of generalized spherical functions. The same procedure for a Helmholtz 
vector equation for a solenoidal held is discussed in the book by I. M. Gelfand, P. 
A Milnos, and Z. Ya. Shapiro [1]. In our Section 9.1.3, we presented only the basic 
conclusions from the previously mentioned work of N. D. Kopachevsky and A. D. 
Myshkis [1], [2]. We notice that the oscillations of a self-gravitating noncapilary viscous 
drop were studied by S. Ghandrasekhar [1]. 

9 . 2 . Section 9.2 is the most important one in Ghapter 9. Earlier on, N. D. Kopachevsky 
[1], [2] studied the initial boundary value problem (9.1.1)-(9.1.6) as well as the spectral 
problem (9.1.17) using operator methods (see also the presentation of the problem in 
Section 7.9 of the monograph by A. D Myshkis, V. G. Babskii, N. D. Kopachevsky, 
L. A. Slobozhanin, and A. D. Tyuptsov [1]). All those early works were still assuming 
that there was no intersection between the free equilibrium surface F of the fluid, and 
the solid wall S of the container and the equilibrium state of the fluid is statically 
stable in linear approximation. 

In Section 9.2 we present brand new results obtained by N. D. Kopachevsky. 
Here, the same problem is considered simultaneously in two different situations: For 
smooth and nonintersecting F and S and for smooth intersecting F and 5, with the 
boundary condition (9.1.5'). The second part of the research scheme is different from 
the scheme presented earlier by N. D. Kopachevsky [1], [2] (see also the previously 
mentioned monograph by A. D Myshkis, V. G. Babskii, N. D. Kopachevsky, L. A. 
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Slobozhanin, and A. D. Tyuptsov [1]). When the system is not rotating, that is, for 
LOo = 0, the results of the theory of linear operators in a space with indefinite metrics 
are essentially used. Thus, for sufficiently large values of the viscosity of a fiuid, it 
is possible to get a theorem of existence of not only weak, but also of generalized 
solutions. Though the results obtained in Sections 9.2.6 and 9.2.7 are of a limited 
character, we think that the previously mentioned hypothesis on the finiteness of the 
number of nonreal eigenvalues is still true. 

The asymptotic formula (9.2.16) was obtained by N. D. Kopachevsky by a 
heuristic method and proved by T. A. Suslina [3]-[6], [9]. At N. D. Kopachevsky’s 
request, formula (9.2.28) was found and proved by T. A. Suslina for 0 < 5 < 5*. 

The results presented in Section 9.2.5 as well as Property 7° in Section 9.2.6 
were obtained at the authors’ request by T. Ya. Azizov (see also the monograph by 
T. Ya. Azizov and I. S. lohvidov [AI]). 

Property 15° in Section 9.2.6 was proved by M. B. Orazov [2]. In this work, 
M. B. Orazov studied in detail the behavior of the two branches of eigenvalues 
and as functions of the parameter A = aiy~^ > 0. The transition mechanism of 
pairs of real eigenvalues (after their collision) in the complex space was considered 
there as well (see Property 4° in Section 9.2.8). 

A similar condition to the one of uniform boundedness for nonintersecting P 
and S was used also by M. B. Orazov [2]. The selection law mentioned in Property 6° 
(Section 9.2.8) was pointed out by M. B. Orazov [2] as well (see also A. G. Kostuchenko 
and M. B. Orazov [1], [2], A. G. Kostuchenko and A. A. Shkalikov [1], [2], and A. A. 
Shkalikov [2]-[5]). 

As for the problem on the finiteness of the number of nonreal eigenvalues, we 
have to mention a result due to S. A. Stepin [1], [2]. For the scalar function u — u{r, (p) 
in the unit circle he considered the system 



A 



—Au = Xu 



du 

dn 



= a 

r=l 



in fl, 
^ dp^ 



X 



u 



r=l 



on r = dn, 



that models the problem on normal oscillations of a capillary viscous fiuid. The main 
result related to this problem in S. A. Stepin [2] is the following. 

The set of nonreal eigenvalues is (a) finite if x < 3; (b) infinite if x > ^ or 
X = 3, a > 1 and (c) the spectrum of the problem is real if X ^ ond a G [0, 1/4]. 
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The proof of the existence of a generalized solution of the initial boundary 
value problem (Section 9.2.9) based on the property of maximal dissipativity of the 
operator coefficient A (see (9.2.78), (9.2.83)) was done by N. D. Kopachevsky. We also 
note that A. M. Gomilko (private communication) studied problem (9.1.1)-(9.1.6) in 
negative spaces and with a boundary condition (9.1.5"). The theorem on the existence 
of a weak solution was proved by A. M. Gomilko using the property of dissipativity 
of the main operator acting on a space with a negative norm. 

Finally, let us acknowledge the work of A. V. Trubachev [1], where it is stated 
that the spectrum of the problem studied in Section 9.2 lies in the region 

|ImA| < c/|A|, ReA > 0. 

9.3. The inverse of Lagrange theorem on stability for a capillary viscous fluid that 
partially fills an arbitrary stationary container was proved by N. D. Kopachevsky [3]. 
In the case when the container is rotating uniformly around a fixed axis, a similar 
theorem was obtained by N. D. Kopachevsky and E. D. Volodkovich [3]. 

9 . 4 . The problem on the motion of a rigid body, with a cavity partially filled with 
a capillary viscous fluid, and in a state of complete weightlessness was considered by 
Ngo Zui Kan [4]. Here, it was suggested that m5 = 0. The presentation of the results 
in Section 9.4 goes along the same lines as the one in Section 9.2 and was initiated 
by N. D. Kopachevsky. 

In connection with the problems discussed in Chapter 9, we would like to 
mention also the work of V. V. Rumyantzev [1], V. A. Solonikov [l]-[3], and A. G. 
Shmidt [1]. We notice in addition that in the work of N. D. Kopachevsky [12] the 
proof of the existence of a generalized solution to problem (9.1.1)-(9.1.6) is based on 
Galerkin’s method. 

Finally, let us look briefly at some other research dealing with the issues 
presented in Chapters 7 through 9. The initial boundary- value problem for the Navier- 
Stokes linearized equations was studied by A. A. Kiselev [1], and the case of nonlinear 
equations was considered by O. A. Ladyzhenskaya [1] and by R. Temam [1]. The 
problem on the oscillations of an weakly viscous fluid was studied by N. N. Moiseev 
[1], F. L. Chernousko [3], [6], and by N. D. Kopachevsky and N. K. Radyakin [1]. 
The dynamics of a body with a cavity filled with one or several viscous fluids was 
considered by F. L. Chernousko [l]-[6], S. I. Krushinskaya [1], Ngo Zui Kan [1], [3]-[6], 
and E. P. Smirnova [1]. The convection problems in a fluid were dealt with by N. K. 
Korenev [1]. The stability of hydrodynamic systems and the operator generalizations 
of these problems were studied by V. N. Pivovarchik [1], [2], S. M. Barkar [l]-[3], and 
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[7]. Finally, let us notice that as it was shown by N. D. Kopachevsky and A. N. 
Temnov [1], [2], as well as by A. N. Temnov [1], [2], the main operator pencil (8.2.1) 
also arises in the problem of small oscillations of stratified or nonhomogeneous fluids 
in a container. 




PART IV 

SMALL OSCILLATIONS OF 
COMPLEX HYDRODYNAMIC SYSTEMS 



This part of the second volume is a collection of recently published results on small 
motions and normal oscillations of hydrodynamic systems that are even more compli- 
cated than the ones presented in Part III. These hydrodynamic systems are partially 
conservative and thus similar to the ones considered in Part II of the first volume and 
partially dissipative (see Part III). The union of such subsystems forms a partially 
dissipative hydrosystem that inherits both their particularities. Thus, the common 
properties of the two subsystems having a discrete spectrum with various physical 
meanings hold true. However, the spectrum of the whole system is compound and 
partially deformed. These and other effects related to the properties of completeness 
and basicity of the system of eigen- and associated elements of the common hydro- 
dynamic system are discussed in Chapter 10, where we study the problem on the 
oscillations of a system formed by a viscous fluid plus an ideal fluid in an arbitrary 
container. It is necessary to point out that if the ideal fluid does not have a free 
surface (e.g., if the ideal fluid is underneath a viscous one, or if the given hydrosys- 
tem completely fills the container), then the problems become similar to the ones 
discussed in Part III. Therefore, in Chapter 10, we study the more complex and more 
interesting problems when every subsystem of the common hydrosystem makes its 
own contribution to the properties of the whole system. 

In Chapter 11, we study problems on the oscillations of a fluid that is not yet a 
homogeneous viscous one, but hcis a more complicated physical nature. We first discuss 
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the problems on motions of a visco-elastic fluid. In this case, contrary to the problems 
considered in Chapters 7-8, the physical properties of the fluid generate additional 
mathematical and physical effects. Thus, in the spectral problems the property of 
the spectrum discreteness is preserved, however along with the spectrum limit points, 
A = 0 and X = oo, some new limit points and branches of the eigenvalues can show 
up. The number of such limit points depends on the choice of the visco-elastic fluid. 
In the last section of Chapter 11 we consider the problem on small motions of an ideal 
relaxing fluid. In this problem, the study of normal oscillations involves a polynomial 
operator pencil of the third degree. 




Chapter 10 

Oscillations of Partially Dissipative Hydrosystems 



In this chapter we consider the problem on small motions and normal oscillations of a 
hydrosystem consisting of two fluid layers each one of a different physical nature: The 
lower layer is a homogeneous, viscous fluid and the upper one is an ideal homogeneous 
fluid with a free surface. 

In Section 10.1, we give the complete statement of the initial boundary value 
problem on the motion of such a hydrosystem. We infer the law of balance of full 
energy and formulate the problem on normal oscillations. 

In Section 10.2, we introduce several auxiliary problems and their correspond- 
ing operators that help us switch from the initial boundary value problem to a 
differential-operator equation of the first order in a Hilbert space. Then, based on 
the property of dissipativeness of the operator coefficient of the equation, we prove 
the theorem on correct solvability of the initial boundary value problem. 

To study the possible characteristics of the spectrum of the problem on nor- 
mal oscillations of a general hydrosystem, in Section 10.3 we first consider a model 
spectrum problem containing the general peculiarities of the original problem and 
allowing the separation of variables in a rectangular region. The properties of the so- 
lutions of this model problem allow us to state a hypothesis on the spectrum structure 
in the problem on normal oscilations. 

Based on these preliminary considerations, in Section 10.4, we study the prop- 
erties of the spectrum of the investigated problem on the oscillations of a partially 
dissipative hydrosystem in an arbitrary container. We deal here with an operator pen- 
cil that generalizes the basic operator pencil in Chapter 8. The study of this operator 
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pencil leads to the proof of a theorem on the spectrum localization in the complex 
plane, its separation in four branches and some properties of eigenvalues. 

In Section 10.5 we consider the issues of multiple system completeness of eigen- 
and associated elements of the problem on normal oscillations of a hydrosystem. We 
follow Keldysh’s scheme to prove our theorem and we discuss the existence of three 
branches of eigenvalues with the limit point A = oo and their physical nature. 



10.1 statement of the Problem 

10 . 1.1 The Classical Statement of the Problem 

Let us assume that a certain container C (with a Lipschitz boundary is 
partially filled with two nonmixing homogeneous heavy fiuids with densities pi and 
P2 for the lower and upper fiuid, respectively, with P2 < Pi- The lower fiuid is viscous 
with the coefficient of dynamical viscosity p p\v > 0 and the upper fiuid is ideal. 

At rest the lower fluid takes up the region limited by the solid wall of 

the container C dVt and the horizontal boundary surface separating the two fluids 
Fi. The upper fluid takes up the region D 2 C D and is bounded by the solid wall 
S 2 C dO and by F 1 and the free horizontal surface F 2 . 

We introduce a coordinate system OX1X2X3, where the direction of the axis 
0x3 is opposite to that of the vector the acceleration of the gravity force g = —^63, 
^ > 0, and the origin O is placed on the free surface F2. The equilibrium pressures 
Pi{xs) in each fluid are obtained by 

P2{xa) = Pa - p29Xa, 

P\{X 3 ) = Pa - P19X3 - {pi - P2)h, ( 1 - 1 ) 

where h is the layer thickness of the second fluid, and pa is the external constant 
atmospheric pressure. 

Let us consider small (linear) motions of the given hydrosystem with respect to 
the state of rest. Denoting the velocity fields of each fluid by Ui{t, x), x = (xi, X2, X3) G 
Di, and the deviation of the pressure fields from of their equilibrium values (1.1) by 
Pi{t, x), we obtain a system of equations consisting of a linear Navier-Stokes equation 
in the region fli, and an Euler equation in the region 0,2^ 

du 

Pi-^ = -Vpi + juAwi + Pi/(f,a;), divtti =0 in Qi, ( 1 . 2 ) 

du 

P2-^ - ~'^P2 + P2f{t,x), divt»2 =0 in ( 1 - 3 ) 

where f{t^x) is the small field of external forces. 
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Obviously, on the rigid wall of the container, the condition of stickiness (for 
the viscous fluid) and the nonleakage condition (for the ideal fluid) are satisfled, that 
is. 



u = 0 on 5i, 
^2n '= U2 n = 0 on 52, 



(1.4) 



where n is the external normal to dfl. 

The normals to the surfaces Ti are aligned along the axis Ox^. The 
kinematic conditions on Ti are the following, 

— = 'jiUi := m • ni = 71^2 (:== U 2 rii = {ui)s = ( 1 ^ 2 ) 3 ) on Ti, (1.5) 

^ = 721^2 := tX 2 • ri 2 (= (^ 2 ) 3 ) onT 2 . (1.6) 



Here the functions Ci(^, ^ 2 ) describe the deviations along the vertical €3 of the free 

moving surfaces r^(t) from their horizontal equilibrium positions F^, i = 1,2. 

We denote the elements of the stress tensor corresponding to the flow {u;p} 
with Tik{u) —p5ikPpifik{u), fik := dui/dxk+duk/dxi and write down the dynamic 
boundary value conditions on Fi and F 2 . Since the layers of an ideal fluid may slip 
freely along the boundary F 1 with the viscous fluid, then the tangent stresses in the 
viscous fluid are zero along the boundary and the normal stresses are compensated 
by a gravitational jump of pressures. 



Tz3(til)=0 i = l,2, 

r^siui) P2 g{^p)Ci = ^ onFi, (1.7) 

where Ap := pi — P 2 > 0. The dynamic boundary value condition for the ideal fluid 
on the free surface F 2 has a trivial form (see Section 3.3), 

P2 = p2gC,2 onF2. (1.8) 



Let us note also that the conditions 




(1.9) 



are due to the preservation of volumes of each fluid in the process of oscillations. 
Moreover, from (1.7)-(1.9) and the formula 
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which is an analog of formula (2.2.25), it follows that the normalization conditions 

/ P2dr2=0, [ (pi -p2)dri = 0. (1.10) 

v/ r 2 r 1 

are satisfied for the fields pi and p 2 . 

At the initial moment of time it is necessary to specify the velocity fields in 
the regions and f ^2 as well as the vertical surface deviatiations of Fi and F 2 , 

ui(0,x) = u°{x), 

«2(0,x) = U2(x), 

Ci(0,a;i,a:2) = C?(a;i,a:2), 

C2(0,xi,X 2) = C2(2^i>a;2), (1-11) 

This way, the considered initial boundary value problem on the induced 
oscillations of a partially dissipative hydrosystem consists in finding the functions 
Ui{t^x), pi{t,x)^ and Ci{t^Xi^X 2 ), for i = 1,2, in equations (1.2) and (1.3), the 
boundary value conditions (1.4)-(1.10), and the initial conditions (1.11). If f{t^x) = 
0 , then we are obtaining the problem on free system oscilations in a homogeneous 
gravitational field. 

10.1.2 The Law of Full Energy Balance. 

Definition of a Generalized Solution 

We call a classical solution of the problem (1.2)-(1.11) the functions Ui{t^x), pi{t^x)^ 
and (i{t, xi , X 2 ), for i = 1, 2, that are continuous in their variables with all derivatives 
in (1.2)-(1.11) and satisfy the equations and the boundary value and initial conditions 
of the problem. 

We will next show that a classical solution of the problem (1.2)~-(1.11) meets 
the balance law of full energy of the system, and also give the definition of a generalized 
solution that can be obtained by using some integral identities the same way we did 
in Section 8.3.3. 

Let us multiply scalar ly in both parts of the first equation in (1.2) by a 
function Vi{x) from the subspace jQ^^(f7i), for which the following conditions are 
obviously satisfied. 



divvi =0 in fii. 



= 0 on 5i. 



( 1 . 12 ) 
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Integrating then on fli and using the Green formula (2.2.10), that is, 

J i'^Pi - ■ VidQ,i = fiE{ui,vi) - J dFi, (1.13) 



where 



E{ui,vi) := V fik{ui)nk{vi) I dill, 

V.fc=i / 

for Vi satisfying conditions (1.12), we obtain the following integral identity 

Pi J ^^■VidQi+pE{ui,Vi)- J dFi = Pi J f-VidCli. (1.14) 

A similar procedure applied to equation (1.3) with a function V 2 {x) G 
•^ 0,52 (^ 2 ) satisfying obviously the conditions 

div'i ;2 = 0 in 

V2n == 0 on 52, (1-15) 



leads to the relation 



f -^''^2dQ2- [ P2{llV2)dTi [ P2{l2V2)dT2 = P2 / f ' V2dfl2. (1.16) 
Jn2 JVi JT2 

In addition, we require that the fields vi and V 2 in (1.14) and (1.16) 
respectively, should be connected by the following relation, 

7ii;i=7ii; 2 onTi, (1.17) 

that is, the pair {vi;v 2 } ='. v is an element of the space Jo,s(^^) (see Section 2.2.8), 
where Vi (r^i). Then, adding up the left and the right sides in (1.14) and (1.16) 

we have 

' VidQi p2 [ ‘V2dQ2-\- pE{uuVi) 

Jni cit at 

- {t13{ui)vI + T23{Ui)vj + {t33{Ui) + P2)vf) dTi + P2{'y2V2)dT2 

Jri Jr2 

= Pi f-vidrti + p2l f v2drt2- 
J J ^2 



(1.18) 
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Using the boundary value conditions (1.7) and (1.8) we get 

f + fJ-E{ui,Ui) + g'^{Ap)k f Ck{LkVk)dTk 

k=l JFk 

^ ^ r 

= "^Pk / • Vkd^k, (1.19) 

k=i 



where (Ap)i = - p 2 and {Ap )2 ^ p2~0> 0. 

We note that, based on the kinematic relationships (1.5) and (1.6), and the 
initial conditions (1.11), we have 



Ck{t,xi,X2) = + [ (7fcUfc)(r,xi,X2)dr, A; = 1,2. (1.20) 

Jo 

Taking into account identity (1.19), we derive the law of balance of full energy 
in problem (1.2)-(1.11). We set in (1.19) Vk{t^ x) = Uk{t, x). A: = 1, 2, which is possible 
to do because the functions Uk{t,x), k = 1,2, satisfy conditions (1.12), (1.15), and 
(1.17). Then by (1.5) and (1.6) we get 



l_d 

2~dt 



( 2 2 

f \uk\^dDk+g^{Ap)k [ lai'dFfc 

k=l JFk 



= —pE{ui,Ui 




f • Ukdftk. 



Hence, based on the initial conditions (1.11), we get the law of balance of full (kinetic 
and potential) energy of the hydrosystem, 

^ / \’^k{t,x)f(ink+g'y]{Ap)k f |Cfe(A,a;i,X2)|^drfe') 

\k=l k=l / 

\'^li^)\^dD.k+ gY]{Ap)k j |C°(xi,X2)|^drfe^ 

^ V/c=i fc=i ) 

- g [ E{ui{s,x),ui{s,x))ds+ [ i^Pk f f{s,x)-Uk{s,x)dQk]ds. 
Jo Jo Ju, J 



(1.21) 



This formula shows that the change in the full energy of the system is due to 
the work of dissipation forces (in the first fluid) and the work (in the entire system) 
of external forces with mass density /(t,x). 
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The previous statement is a consequence of (1.21). If there exists a classical 
solution to problem (1.2)-(1.11), then that solution is unique. 

Indeed, if problem (1.2)-(1.11) has two solutions, then their difference leads to 
a solution of the homogeneous problem (1.2)-(1.11) with zero initial conditions. Then 
from (1.21) for f(t,x) = 0 , u^(x) = 0 , (^(^ 1 ,^ 2 ) = 0, we get that the previously 
mentioned differences are identically zero functions: Uk{t,x) = 0, ^ 2 ) = 0- 

Whence it also follows that pk{t,x) = 0, k = 1,2. 

We are now in a position to introduce a new definition. We call a generalized 
solution of problem (1.2)-(1.11) any pairs of functions Ui(t, x), (i(t, xi, X 2 ) such that 
the integrals 



/ 

JQ 



k 



duk 

dt 



2 



d^l/c , 



E{ui,ui), 




A: = l,2, 



are continuous in t, and, for which the initial conditions Ui(0,a:) = Ui{x), U 2 { 0 ,x) = 
U2{x), equation (1.20) and identity (1.19) are satisfied for all Vi{x), i — 1,2, subject 
to the constrains (1.12), (1.15), (1.17) and the conditions 



/ l-UfcpdflA: < 00, E{Vi,Vi)< 0 O. 

From the last conditions it follows that a classical solution of problem 
(1.2)-(1.11) is generalized in the sense of the just introduced definition. Inversely, 
a generalized solution of problem (1.2)-(1.11), for which all the functions in the 
equations, boundary value and intial conditions of the problem are continuous, is 
classical. The proof of this statement is left to the readers. 

Let us note that for a generalized solution of problem (1.2)-(1.11) the law of 
balance of full energy (1.21) is fulfilled. This ensures that if a generalized solution to 
problem (1.2)-(1.11) exists, then it is unique. 

It will be stated in the sequel (see Section 10.2) that for certain conditions on 
the initial data and on the function f{t,x), the problem (1.2)-(1.11) has a (unique) 
generalized solution. 



10.13 Normal Oscillations. Statement of the Problem 

Next, associated with problem (1.2)-(1.11) we will consider the free normal oscillations 
of the system, that is, solutions for f{t, x) = 0 that depend on t by the law exp(— A^): 

Ui{t,x) — exp(— At)iii(x), 

Pi{t,x) = exp{-Xt)pi{x), 

Ci{t, xi,X2) = exp{-Xt)Ci{xi,X2), z = 1,2. (1-22) 
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Here Ui{x), Pi{x), and 0(^1? ^ 2 ) are the coomplex amplitude functions and A is the 
complex oscillation frequency. 

For the amplitude functions and the spectral parameter A from the equations 
and boundary value conditions (1.2)-(1.10) and using (1.22) we deduce the 
homogeneous boundary value problem 



— fiAui + Vpi = XpiUi, div?/i =0 in Oi, 

Vp 2 = Ap 2 ^ 2 , divu 2=0 in r^ 2 , 

Ui = 0 on U 2 n = 0 on 52, 

Tis{ui) =0, i = 1, 2, T 33 (lti) + P 2 + g{^p)Cl = 0^ 

7 iUi = 7 i 1X2 = -ACi, on Fi, 

P 2 = 9 P 2 C 2 , I 2 U 2 = -AC 2 on F 2 , 

[ CidFi =0, [ C2dF2 =0 ( [ p2dT2 =0, [ {pi - p2)dFi = 0 

JVi JT 2 \JT2 Hi 

(1.23) 

Note that in problem (1.23) the spectral parameter A is involved in the 
equations that take place on and r^ 2 , and also in the boundary value conditions 
on the surfaces Fi and F 2 . 

The study of problem (1.23) will make the object of some of the sections in 
this chapter. Here we will mention only two important properties of its solution. 

1° The number A = Aq = 0 is an eigenvalue of the problem (1.23) with infinite 
multiplicity. The trivial solution of the form 

Ui{x) = 0, U 2 {x) G Jo (^ 2 ) arbitrary, 

pi(x) = 0, p2(^:) = 0, 

Ci(xi,X2)=0, ( 2 ( 2 : 1 , X 2 ) = 0, (1.24) 

corresponds to it. From the physical point of view, the trivial solution accounts 
for system motions for which the lower fiuid and the boundaries Fi and F 2 are in 
an immovable state, each fiuid is under an equilibrium pressure, and in the ideal 
fluid — the upper one — there is an arbitrary vortex motion that does not perturb the 
boundaries Fi and F 2 . Because these motions are described by functions from the 
infinite dimensional subspace Jq( 02), the eigenvalue Aq = 0 has infinite multiplicity. 
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To prove Propery 1° we set A = 0 in (1.23) 

— jLiAui + Vpi = 0 , divixi =0 in 
Ui = 0 on 5i, 
rz3(ui) = 0, i = l, 2 , 

^ 33 (^ 1 ) +P 2 + 9(^p)Ci = O 5 on Pi, 
j^ui = 0 = J 1 U 2 , on Pi, 

Vp 2 = 0 , divii 2 = 0 in Q 2 , 

P 2 = p 2 g( 2 y 72^2 = 0 on P 2 , 

[ (pi-p2)dPi=0, [ C2dP2=0, [ P2dP2=0. 

9ri JT 2 Jt2 

Using the Green formula ( 1 . 12 ) we obtain 

0 = / (— /iAiti + Vpi) • lUdf^i 

JQi 



= fiE{ui,Ui) - j dPi 

= irE{ui,Ui), 



(1.25) 



where we took into account that ^lUi = uf = 0. Whence, it follows that = 0 
by the positive definiteness of the quadratic form E{ui,ui). Then Vpi = 0 and 
Pi{x) = const = Cl . Similarly Vp 2 = 0 and P 2 {x) = const = C 2 . Since P 2 dP 2 = 0, 
then C 2 = 0 and from condition 



[ {Pi -P2)dPi = [ pidPi = 0 



we get that Ci = 0 and, therefore, pi{x) = 0. 

Going back to the equalities p 2 = gp 2 C 2 on P 2 and T 33 {ui) +P 2 + g{^p)Ci = 0 
on Pi, we get that C 2 (^i,^ 2 ) = 0, Ci(^i 5 ^ 2 ) =0- The following conditions 



divtX 2 = 0 in r^ 2 , 

(^ 2 )n = 0 on 9 fl 2 = *§2 U Pi U P 2 , 



are satisfied for the field U 2 {x)^ meaning that U 2 {x) can be an arbitrary function on 
Jo(r^ 2 )- This completely proves Property 1°. 




260 



OSCILLATIONS OF PARTIALLY DISSIPATIVE HYDROSYSTEMS 



2° The nonzero eigenvalues A of problem (1.23) are situated in the open right 
half-plane symmetrically with respect to the real axis. 



To prove it, let us set f{t^x) = 0 in (1.19) and do the transition to the 
amplitude functions by the formulas (1.22). Using (i = z = 1,2, and 

assuming Vi = Ui we get 

^ + g\~^ ^y](A/9)fc y |7fcMfe|^drfc^ =0. 

(1.26) 

Hence, solving a quadratic equation relative to A, we check to see, first that the nonreal 
eigenvalues are situated symmetrically to the real axis and, then, that 



Re A = 



^E{ui,ui) 



^Pk [ \uk\‘^dQk+ g\M ^y^(^p)k f \'ykUk\‘^dFk 

k=l k=l 



(1.27) 



whence it follows that Re A > 0. If Re A = 0, then E{ui^ui) = 0 and by (1.26) we get 
Im A = 0, which contradicts the fact that A ^ 0. 

The proof of Property 2° states simultaneously that in problem (1.23) the 
nonzero eigenvalues A correspond to solutions for which E{ui,ui) > 0 and, therefore, 
the velocity field in the viscous fiuid cannot be zero. 



10.2 Studying an Initial Boundary Value Problem 

In this section we state a theorem on the correct solvability of the initial boundary 
value problem (1.2)-(1.11). The approach we will use is somewhat different from the 
common scheme developed in Section 1.8 and from the considerations in Section 8.1. 

102.1 Projections of Euler and Navier-Stokes Equations on 
Orthogonal Subspaces 

We now return to the study of the initial boundary value problem (1.2)-(1.11) and 
address the issue of the existence of its solutions. From the equations (1.2) and 
(1.3) and the boundary conditions (1.4) it follows that the function U 2 {t,x) may 
be obtained, for every t, as an element of the subspace 20 , 52 (^ 2 ), and the function 
Ui{t,x) (with due account of the dissipative term /jAui in (1.2)) is naturally, for any 
an element of the space jQ^^(fli) (the energy dissipative velocity is finite for it). 
Furthermore, by virtue of the kinematic relationship jiUi = 711 x 2 imposed on Fi, 
we get that the pair of functions { 1 x 1 ; 1 x 2 } belongs to the space Jo^s{0) (see Sections 
2.1.11 and 2.1.12). 
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In problem (1.2)-(1.11) just as in the spectral problem (1.23), a trivial 
solution can be derived similarly to Property 1° in Section 10.1.3. We next apply 
the orthoprojector Pq ,2 on to the subspace Jo(f^ 2 ) to both sides of equation (1.3). 
Then for the function W 2 {t,x) = Po^ 2 U 2 {i,^) we obtain the problem 

= Po. 2 f(t,x), W 2 ( 0 ,x) = Po, 2 ^ 2 ( 2 ;), (2.1) 

with the obvious solution 

W 2 (t, x) = Fo, 2 U 2 + [ Po. 2 f{s,x)ds. (2.2) 

Jo 

Let US recall that the space L 2 (f^ 2 ) allows the orthogonal decomposition 

^ 2 (^ 2 ) = Jo{^2) 0 ^^ 11 . 52 (^ 2 ) 0 Oos{^2), (2.3) 

with 

Gh,sA^ 2 ) = |v = = 0 in O 2 , = 0 on S 2 , j = 0 

Ci^o,r(^ 2 ) = {u — S/k : hi = 0 on T :=riUr 2 }. 

We denote the orthoprojectors onto Gh. 52 (^ 2 ) and Go,r(^ 2 ) by Ph,S 2 
Po,r, respectively. Projecting (1.3) on these subspaces we obtain 

d 

P2^V$ = -Vp2 0 p2Ph,S2f^ 

0 = -V/^ + P2Po.r/, 

= Ph.52^2, 

Vk = Po.rVp2, 

Vp2 = Ph,S2^P- (2.4) 

From the second equation (2.4) it follows that is uniquely defined by the 
field of external forces /(t,x). Therefore, taking into account the already deduced 
solution (2.1), (2.2) we can consider in the sequel that in problem (1.2)-(1.11) we 
have the field V^{t,x) G Gh, 52 (^) instead of U 2 {t,x), that is, the motion in the 
ideal fluid is potential. Further, since /c = 0 on F = Fi U F 2 , in problem (1.2)~(1.11) 
the function p 2 {t,x) may be replaced by the function p 2 {t,x). The initial condition 
for 1 x 2 ( 0 , x) is replaced correspondingly, that is, the function 1 X 2 (x) is substituted by 
If is also obvious that now the field f{t,x) in the region 0.2 is substituted 
by Ph,52/- 
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Similar transformations can be done with the fields ui{t,x), Vpi{t,x) based 
on the orthogonal decomposition 



1/2 (r^l) = Jo.Si(^^l) 0 OqSi{Di), 



(2.5) 



with 



Jo,Si{Oi) = {v : diYV = 0 in = 0 on 5i}, 

Go,ri(^i) = {Vp : p = 0 on Ti}. 

Let us denote by Pq,5i the orthoprojector onto Jo,Si(^i)- If all the terms in (1.2) are 
elements in L 2 (fli), then projecting on Jq^sAO) we get 

du\ 

Pi-^ = -Vpi +)uPo.SiAtti +piPo.5i/(L^), (2.6) 

where Vpi = Po,SiVpi. The projection on Go.ri(f^i) gives the relationship 



0 = -V(pi -pi) +//(/ - Po.sJAtii 0pi(7 - Po,5i)/(Ls) (2.7) 



from which it is clear that the field V(pi, — pi) is obtained from ui{t^x) and f{t,x). 
Thus, only equation (2.6) needs to be considered further. 

Here is the final formulation of the initial-boundary value problem (1.2)~(1.11) 
after projecting on the derived orthogonal subspaces: 



dui 

dt 

5, 



Pi “Hr = ~^P1 + pPo,5i Aui -h piPo.s,f{t,x) in fli, 



P 2 ^V^ = -Vp 2 +P2P/z. 52/(L^), A<L = 0 in fl 2 , 

Ui^O on Si, — =0 on ^ 2 , 
on 



aci 5 $ 

= liUi = T— on Li 



5C2 _ 

— =72ti2 = ^— onr2, 
ut on2 



dt 

t-i3(wi) = 0, i = l,2, 

M^ 33 («i) - pi +P2 + ff(Ap)Ci = 0 onTi, 

P2 = P2gC,2 on T2, 

[ CidFi =0, [ C2dr2 = 0 , [ p 2 dT 2 = 0 , [ (pi - P2)dr 

JVi JT2 Jt2 JTi 

Ui( 0 ,x) = u?(x), « 2 ( 0 ,x) = V$( 0 ,x) = (Pft,52-W2)(x), 

Cl(0,Xi,X2) = Cl(a;i,a:2), C2(0 ,Xi,X2) = C,2{'^\,X2). 



1 = 0 , 



(2.8) 
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10.22 Auxiliary Boundary Value Problems 

Let us represent the pressure field Vpi in the region f2i as a sum of two fields from 
Vpi = V(/?i + V(/92, and choose in such a way that u\ and V(/?i are 
a solution of the following auxiliary problem of the form (2.2.30). 

Problem I 

-/iPo.SiAui + V(/9i =: nAui ^ t] := - '^^2 + PiPo.Sif^, 

divwi=0 infii, tti = 0 on 5i, 

n3(Mi)=0, i = l,2, 
du 

T33(wi) = +2/x^^ =0 onTi. (2.9) 

As it was previously discussed in the book (see Sections 2.2, 8.1, and others), for any 
V ^ the problem (2.9) has a unique generalized solution 

PUi = A~^r] = - V<y?2 +piPo.Si/^, (2.10) 

belonging to V{A) C = L^(A^/^). 

Now we formulate the second auxiliary problem for a definition of the field 
V(^2 ^ G^h,Si(f^l)- 

Problem II 

Acp 2=0 infli, =z 0 on 5i, 

on 

(^2 = V' :=P2 +^(Ap)Ci onLi. (2.11) 

As stated in Section 1.8.6 when we considered Example 3°, problem (2.11), also called 
a Zaremba problem [see (1.8.37)], has a unique solution (p 2 (^) ^ Hi(Qi) and it may 
be assumed that 

V(f2 '•= Clip = Gi(p2 + ^(Ap)Ci). (2.12) 

Here the operator Gi boundedly acts from into Gh.5i(f2i); for a special 

choice of the norms in the spaces mentioned [see Section 1.8.6 and the formula (1.8.38)] 
it may be considered to be isometric. 

By means of the operators A and G\ of Problems I and II, the equations and 
boundary value conditions from (2.8) containing the functions Ui and pi = + p 2 , 

may be written in the form 

pui = A ^ y piPo sif — Gi{p2 V g{Ap)(i)^ . (2.13) 
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Now we come to consider auxiliary problems in the region LI 2 where the 
velocity fields and pressures of the ideal fiuid are looked for. For this purpose, as 
in Section 4.2, we formulate the two following problems. 

Problem III 



Problem IV 



<1 


= 0 


in fl 2 , 


II 

0 


a4«i 

dU2 


= 0 


on P 2 , 


drii 


= 


:= 7iUi 


on Pi, 


A$2 


= 0 


in 172 1 


a$2 _ 

dn 


d^2 

dn\ 


= 0 


on Pi, 


d^2 

dn2 


= m 


:= I 2 U 2 


on P 2 , 



I 



4^idF2 — 0. 



0 on *S 2 , 



L 



4^2dF2 = 0. 



(2.14) 



(2.15) 






( 112 ), then Problem III has a unique generalized solution G 
similarly, for rf 2 G ^ (^^ 2 ), Problem IV has a unique generalized solution 4>2 G 
^ (D 2 ). On these solutions we introduce the operators Cik according to the 
following formulas: 



^iIti — • — C'liTyi, ^i|r2 — • C2itju 

^2|ri =• —C\2rj2, ^2|t2 C22V2- (2.16) 

In problem (2.8), from the Euler equation in the region LI 2 it follows that the 
next Cauchy-Lagrange integral is valid, 

P2+ P2-^ - P2i^f = C{t), Xe02, (2.17) 

where is the field potential P 0 . 52 / ^(^) arbitrary function of t. Further, 

from (2.8), (2.14), (2.15) it follows that the velocity potential 4>(t,x) in the region LI 2 
may be represented in the form of a sum 



4>(t,x) = 4>i(t,x) + 4»2(^,3:), 



(2.18) 
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if rji = yiUi{— Ui • ni). Then from (2.17), (2.18) and (2.16) we get that the boundary 
value condition p 2 = P 2 QC ,2 from (2.8) may be rewritten in the form 
d 

— P2^(C'2171^1 + ^^2272^2) + p2'^f + c{t) — P2QC,2 1^2- (2.19) 

We will consider one more auxiliary Zaremba problem analogous to Problem 

II. 

Problem V 

= 0 in 172 , tt- = 0 on 52, 7;; — =0 on Pi, 

dn dfii 

= Ip ■■= P29C2 on F2. (2.20) 

If ^ G if^/^(r2), then problem (2.20) has a unique generalized solution ^ G 77^(172) 
and by virtue of the relationship (2.19) we may consider that 

=: G 2'0 = G2{p2gC2) = G2 (^ — P2~^{G2l'yiUi + G2272U2) + p2'^f^ , ( 2 . 21 ) 

since G 2 c{t) = 0 . For this all terms in (2.21) are elements of the subspace Gh,52(^2)- 
Based on the relationships (2.13), (2.21), the previously introduced auxiliary 
Problems I-V and the operators corresponding to them, we come to the conclusion 
that the classical solution of problem (2.8) satisfies the following system of equations, 

— (piiAi + P2{GiGii'yui + GiCi272'*^2)) + pAui + ^(Ap)GiCi 
= P2 Gi' 0/ 4-piPo.Si/, 

^(^2(^2^21711/1 + G2C2272I/2)) T 9P2G2C2 = p2G2'ipf, 

^(^(Ap)Ci) - g{Ap)yiUi = 0, 

^(^P2C2) -gp2l2U2 - 0 , 

Ui{0,x) = ix?(x), 

1/2(0, x) = V$(0,x) = {Ph^S 2 U 2 ){x), 

Cl(0,Xi,X2) = Cl(xi,X2), 

C2(0,Xi,X2) = ( 2(^1. ^2). (2.22) 

Here it may be assumed that U\ = 1/1 (t) is a function of the variable t with 
values in the space Jo,^! (f7i), 1/2 = U 2 {t) = (V^)(t) is a function with values in 
G^h,52(^2), and Q{t) is a function with values in Hi L2(ri) © {li}- The last two 
equations (2.22) are the kinematic relationships on Pi and P2, respectively, where in 
the former we multiplied all terms by ^(Ap), and in the latter we multiplied all terms 

by gp2> 
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Problem (2.22) may be written in a vector and block-matrix form in the 
following way: 



(C 0 W /« 

1^0 gBjdt\C 



+ 



fiA gFA / u\ ^ 

9F2 0 )\c,) 




c = 



fA 

0 i ’ 



u°\ 

cV’ 

Pi A + P 2 G 1 C 1171 P2GiCi272\ 

P2G2C'2 i 7 i P2G2C2272 / ’ 







f = f + PlPo,5i/ 

V P^G2^f 



where 



B 


= diag((A,o)/ri;/02/rJ, 


A 


= diag(^;0), 


Fi 


= diag((Ap)Gi;p2G2), 


F 2 


= -diag((A/>)7i;p272), 


u(0) 




C(0) 


= (C?;C2°)‘- 



(2.23) 



10.23 Properties of Matrix Blocks and Their Physical Meanings 

We will next describe properties of the operator coefficients of the differential 
equation (2.23) with the unknown function (it;C)^ =■ V = {ui; U 2 ; Ci] ( 2 )^ taking 
values in the Hilbert space 



H Jq^Si (^ 1 ) ® ^h,S2 (^ 2 ) 0 Hi 0 H 2 (2.24) 

with the scalar product 

0 ('*^2,'*^2)Gh.S2(^^2) 0 (Cl^Pl)//i 0 {C2,V2)h2i (2.25) 

where 2 = (^ 1 ; '^ 2 ; Pi; ^ 2 )^- Here, as in the previous problems, it is assumed that we 
already carried out a transition to dimensionless variables and the new variables are 
denoted by the same symbols. 
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We note first of all that the operator (7 is a bounded operator acting in 
the space Jo,sA^i) ® (^11,32(^2), since its matrix coefficients are bounded. Let us 
check, for example, that the operator G1C12J2 is bounded. In fact, for any element 
U2 = G Gh, 52(^2) we have r]2 ’= 72^2 = d^/dri2 G Then, by means 

of the auxiliary Problem I, we get that its solution ^2 ^ and, therefore, 

Ci2T]2 = C'1272'^2 = — ^2|ri is in Considering now Problem II for 'ip = Ci2^2 

we proved that its solution Gi'ip = GiCi272'^2 is in Thus, the operator 

G1C1272 acts boundedly from Gh,52(^2) into Gh,5i(f^i) C 

Similarly, we may check that operators G1C1171, G2G2171 and G2G22I2 are 
also bounded. 

To verify the physical meaning of the operator G we calculate its quadratic 
form in the (complex) Hilbert space Jq^sA^i) ® Gh. 52(^2)' 



(Gu,u) = Pi / \ui\‘^dQi 

JQi 

+ P2 s / {GiGiiyiUi) ' uidVti / (GiCi272'i^2) * 't^idf^i 

T [ (G2G2i7i'*^i ) ' 'U'2df^2 T f (G 2 G 2272 'n- 2 ) ■ 'ii-2df^2 1 • ( 2 . 26 ) 

J 0,2 ^2 ^ 

For our further discussion it is important to notice that the operators 
Gi : iL^/^(Pi) ^ Gh,5i(f^i) and 71 : Gh,Si(f^i) ^ are mutually adjoint. 

Indeed, let v = Vic be an arbitrary element from Gh,5i(f^i), and suppose cp2 is the 
solution of Problem II for 7/^ G i/^/^(f 7 i). Since Aw = 0 (in f^i), and dw/dn = 0 (on 
*Si), then by the first Green formula for the Laplace operator we get the identity 



(V(/P 2 ,'i^)Gh,si(f^i) = (Gi^, v)Gh.si(^^i) = (' 0 ^ 7 i'*^)L 2 (ri) ( 2 . 27 ) 

for any il; G i/^G^Pi), and v G Gh.5i(f^i), whence the proof of the statement 
follows. Further, since for the elements u G Jo{^i) we have 71 ix u rii = 0 
(on Fi) and the subspaces Gh,s^{^i) and Jo(f^i) are orthogonal, then identity 
( 2 . 27 ) can be extended to any v G Jq^sA^i) — G^^sA^i) ® ‘^o(f^i)- Thus, it may 
be considered in view of this observation, that 71 : Jo^Sii^i) i 7 “^/^(Fi) and 
Gi : i 7 ^G(Pi) Gh,5i(r^i) C Jo.Si(f^i) are mutually adjoint operators. 

Based of the auxiliary Problem V it can be checked similarly that the operators 
72 : Gh,52(^2) ^ H-^G(T2) and G2 : H^^A^2) Gh,52(f^2) are also mutually 

adjoint, that is. 



(G2V’,1^)Gh. 33(^22) = (V’, 72 ^^)L 2 (r 2 )> 



4 >eW/HT 2 ),veGh.sA^ 2 )- ( 2 . 28 ) 
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Taking into account the identities (2.27), (2.28) and definitions (2.16) of the 
operators Cik we transform the right hand side of (2.26) and have the following chain 
of equations 



{Cu,u)=pi [ litipdfli 

jQi 

+ P2^J (C'ii7iUi)7i«idri + J (C'i272W2)7i«idr] 

+ / (C'2l7iUi)72W2dr2 + / (C'2272«2)7i^dr- 
Jr 2 Jr, 

/ 

JUi 



^2 



f f ^ f f f 0^9 

+ r L ■ L + i 

= Pi[ ($1 + $2)^($1 + $2)d5 

Jdn2 

— Pi I I'^^i + P2 f |v$pdr^2 



— Pi |txi pdf^i + P2 / |'i^2|' 
«J J 0,2 



dfi2? '^2 = V^. 



(2.29) 



In deducing (2.29), we used the properties of the solutions of the auxiliary 
Problems III and IV for the functions and <^> 2 , and also relationship (2.18). The 
right hand side of (2.29) obviously equals twice the kinetic energy of the connected 
part of the partially dissipative hydrosystem, that is, of the part which was obtained 
after separating the trivial solution (2.2). Therefore, it is natural to call operator C 
the operator of kinetic energy of the system. As it follows from (2.29), the operator 
C is positive definite in the space Jo^s{^) and consequently it has a bounded inverse 
operator which is also positive definite since C is bounded. 

Now we formulate the properties of the remaining matrix blocks in equation 
(2.23). Above all, the operator B is obviously a bounded and positive definite operator 
acting in H = Hi ^ H 2 -, Hi = L 2 © {1^}. Since the quadratic form 



{gBCOH^g^^P |Ci|"dri + p2^ IC2|'dr2^ (2.30) 

is equal to twice the potential energy of the system, then gB may be called the operator 
of potential energy. As a conclusion, the operator diag(C; gB) acting in Jo, 5 (fl) 0 H 
is the operator of the full (kinetic plus potential) energy of the system. 
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Furthermore, the unbounded operator A := diag(A;0) is the operator of 
dissipation, since the form fi{Au^u) > 0 is equal to the energy dissipation 

velocity. 

We also note that by virtue of the proved properties (71)* = ^1,72 = G2 
[see (2.27), (2.28)] and formulas (2.23) the connection F 2 = —F* is valid, where 
: /fi/2(ri) © //i/2(r2) ^ = {« := (wi;«2)' : e G 

Gh, 5,(^2 ), 7iHi = I 1 U 2 ], F 2 : Gh,s(n) ^ © H-^/^T 2 ). If we consider 

that Fi acts from H in G'h,5(fl), then it is defined on the set 'D(Fi) = 
dense in H and is an unbounded operator. For the operator F 2 = —F* the following 
statement is valid: as an operator from Gh,s{^) in H it is unbounded. 

In the conclusion of this section we note that whenever Fi = —F 2 = 0, 
the problem (2.23) on finding the velocity fields u = (ui\U 2 Y and deviation fields 
C = (Ci 5C2)^ splits into two independent problems. 

102.4 Theorem on Correct Solvability of the 
Initial Boundary Value Problem 

Based on the ascertained properties of the operator coefficients in problem 
(2.23), we next point out several important properties of the operator matrices of this 
differential equation. Above all, the operator T := diag(C; ^J5) of the full energy of 
the system is a bounded positive definite operator acting in H ® H. 

Furthermore, let us introduce the operator matrix 

acting in if. Its domain of definition, T>{A)^ obviously consists of those elements 
y = {u; (Y from H for which Ay G H, that is, 

Au = (^«i;0)‘ e 

FiC = ((Ap)GiCi;p2G2C2)‘ e Jo.s(fl), 

-gF^u = ((A/9)7i«i;p272M2)‘ e H = Hi® H 2 . 

Whence it follows that the operator A is defined on set a dense in H given by 

V{A) = V{A)®W2®Hl{^®Hyy (2.32) 

where 



W2 — {U 2 G 52(^2) • {Ui‘',U 2 Y ^ G P{A), 

7i«i = 71^*2, 72W2 e }• 



(2.33) 
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Taking into account the previously introduced notations, problem (2.23) may 
be written in the form of a Cauchy problem for the differential operator equation 

^^+-4y = /(t), 2/(0) = 2/0, /(t) = (/i(t);0)‘, (2.34) 

relative to the unknown function y{t) = = (tti; Ci5 C 2 )^ with values in H. 

It is natural to call this function the function of the state of the system. 

As it was mentioned above, the operator of full energy T in (2.34) is bounded 
and positive definite. Since A = diag(A; 0), then operator A from (2.31) possesses the 
property 

Re(^^,^)^ >0, yeV{A). (2.35) 

In fact, it can be represented in the form 

A = Ao-\- \T, ^0 == diag(/iA; 0) > 0, 

Similarly, it is easily checked that 

Re{A*z,z)fj >0, zeV{A*), (2.37) 

whence it follows that the operator —A is in essence a maximal dissipative operator 
defined on the set (2.32). 

We introduce on H a norm equivalent to the initial one by defining the scalar 

product 

( 2 / 1 , 2 / 2 ) := (T 2 /i, 2 / 2 )^ = (T1/V,7''/22/2)h, (2-38) 

and rewrite equation (2.34) in the equivalent form 

^ = -T-U2/ + r-V(f), 2/(0) =2/°- (2.39) 

It is obvious that the operator —T~^A is a maximal dissipative operator 
in the new scalar product. Therefore, according to the conclusions of Section 1.5.4, 
the homogeneous Cauchy problem (2.39) is uniformly correct and its corresponding 
semigroup U{t) is contractive. If y^ G V{A) and f(t) is a continuously differentiable 
function with values in H ^ then problem (2.39) has a solution y{t) on any interval 
[0,T], expressed by the formula 

y{t)=U{t)y^+ [ W(f - r)T- V(r)dr. (2.40) 

Jo 

If y^ G H, and f{t) is a continuous function with values in H, then problem (2.39) 
has a generalized solution in the sense of the definition presented in Section 1.5.7. 
This generalized solution is found also by the formula (2.40). 
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103 Model Problem on Normal Oscilations of 
Partially Dissipative Hydrosystems 

Here a model spectral problem preserving all the peculiarities of problem 
(1.23) on normal oscillations of a partially dissipative hydrosystem is considered, 
where capillary forces acting on the two separation boundaries are additionally taken 
into account. A qualitative and asymptotic investigation of the spectrum of the 
problem is carried out on the base of a study of the transcendent characteristic 
equation for the complex fading decrement of normal oscillations. 

103.1 Statement of the Model Problem 

The spectral problem (1.23) containing the spectral parameter both in equations and 
boundary conditions is rather complicated to research. To understand the spectrum 
structure and other properties of its solutions for an arbitrary region Q — U 
in a three-dimensional case, it is useful to consider a preliminary two-dimensional 
(plane) problem with some simplified assumptions, which presumably do not change 
substantially the general spectrum structure. 

For this purpose, let us consider the plane (two-dimensional) problem for two 
fluids situated in a rectangular container of a width 1. We suppose that the lower 
viscous fluid takes the region := {{x; y) : 0 < x < /, —hi < ^ < 0} and the upper 
ideal fluid takes the region fl2 := {{x;y) : 0 < x < 1^0 < y < /i2}* The boundary Ti 
has the equation y = 0, and the free surface F 2 of the ideal fluid has the equation 

y = h2. 

Suppose that the homogeneous gravitational field with the acceleration g — 
—ge 2 acts on the fluid system opposite to the direction of the axis Oy and capillary 
forces. Further, two cases will be considered: a) fluids are considered to be “heavy” 
and the capillary forces are not taken into account; b) fluids are considered to be 
“capillary”, that is, being in a state close to weightlessness. In the second case the 
coefficients of surface tension > 0 on the fluid boundaries F^ are known physical 
constants, and the wetting angles (contact angles) between surfaces Fj and the rigid 
wall S of the vessel are right angles. 

Using the equations and boundary value conditions of problem (1.23) we will 
model the velocity speed of normal oscillations of the viscous fluid in the region Di 
by a scalar field u{x, y) for which the following equation is fulfilled. 



—yi/^u = \piu in r^i. 



(3.1) 
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where A is the unknown complex frequency of oscillations of the system (Re A is the 
fading decrement, and ImA is the frequency), A := d‘^jdx‘^ + d^/dy‘^ is the two- 
dimensional laplacean, and /i and pi are the viscosity and density of the first (lower) 
fiuid. The equation (3.1) is a scalar analoque of the linearized Navier-Stokes equation 
from (1.23). 

The motion of the ideal fiuid in the region Q 2 will be characterized by a 
velocity potential $ = ^{x^y). By virtue of the continuity equation the function ^ 
should satisfy the Laplace equation 



= 0 in 



(3.2) 



At the boundary Ti the kinematic and dynamic conditions of (1.23) should 
be fulfilled. Here the kinematic conditions on take the form 



u = — = 
dy 



-ACi on Fi, 



on Fo 



(3.3) 



where Ci{x) is the vertical boundary deviation in oscillating. Modelling the normal 
stress in the viscous fluid with the value fidu/dy^ the pressure in the ideal fluid as a 
function p 2 = Ap 2 ^, excluding the functions G(^) from the kinematic and dynamic 
conditions and taking into account the capillary forces parallel with gravitational 
forces, instead of the corresponding dynamic conditions (1.23) on Fi and F 2 we get 
the conditions 



A 



du 

dy 



, A X 



\ 



on Ti, 


(3.4) 


on Ta, 


(3.5) 



where Ap := Pi — P 2 > 0- 

We choose as boundary conditions on the rigid wall S of the vessel, instead of 
the stickness conditions for the viscous fluid and nonleaking conditions for the ideal 
fluid such analogues of these conditions which allow to separate variables in the given 
model problem: 



u{0,y) =u{l,y) = u{x,-hi) =0 (3.6) 

$(0, ?/) = $(/, 2/) =0. (3.7) 



Thus, we consider further the model boundary value problem (3.1)-(3.7) on 
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finding the eigenfunctions u{x, y), $(x, y) and the spectral parameter A. Its study will 
allow us to predict, at least approximately, the spectrum structure and the properties 
of the solutions three-dimensional spectral problem (1.23), and its analogues when 
one takes into account the actions of capillary forces on the boundary. 

In the equations and boundary conditions (3.1)-(3.7) we may switch to 
dimensionless variables. In the sequel we will assume that /i 2 = h\ =: /i, and the 
characteristic length of the problem is equal to /q = Then the dimensionless 
container width is equal to tt. We choose again, for the sake of simplicity, h = lo, 
and then the dimensionless fluid heights are equal to 1. If we take the value pi to be 
the characteristic density, and the corresponding dimensional combinations from the 
above-mentioned characteristic ones for the remaining values, then after a transition 
to dimensionless variables it can be formally considered that the conditions of the 
problem (3.1)-(3.7) are kept, where p = 1, pi = 1. Finally, we come to the following 
problem. 



— Au = Xu, 0 < X < 7T, —l<y<0, 
= 0, 0<X<7T, 0<2/<l, 

u(0, y) = u(7T, y) = u{x, -1) = 0, 



$(0,2/) = ^(7t, 2/) =0, u = 






A 9$ X 2 /R n 



y = 0, 
y = 1, 






52 \ 



(3.8) 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

(3.13) 



1032 Obtaining the Characteristic Equation 

We will find the solutions of the problem (3.8)-(3.13) in the form of Fourier 
series in the orthogonal function system {sinna;}^j on the segment [0, tt], satisfying 
the conditions (3.10) and (3.11) for x = 0 and x = n: 



u = Unix, y) - Un{y) sin nx, $ = $„(x, y) = $„(y) sinnx, n e N. (3.14) 



Then, equation (3.9) gives the solution 

$„(y) = Cin sinh(ny) + C' 2 „ cosh(ny), (3.15) 



with arbitrary constants C\n and C 2 n- 
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For the function Un(y) from (3.8) we get {X — rP)un = 0, and using the 
boundary condition (3.10) for ^ = -1 we have 

Un{y) = Csri sin - n‘^{y + 1)^ , (3.16) 

where it is assumed that Re > 0, -tt < arg z <tt. 

From the kinetic condition (3.11) we get 

C‘Sn sin \/\ — n? — C 2 n^, n G N. (3.17) 

Substitutions of the solutions (3.15) and (3.16) into the conditions (3.12) and (3.13) 
lead to the relationships 

'^{p 29 + cF 2 n^){Cin coshn + C 2 n sinhn) + P 2 X^{C\n sinhn + C 2 n coshn) = 0, 

(3.18) 

A A - n^Csn cos + Xp 2 C 2 j?j = {g{^p) + crin‘^)C^ri sin \fX-m?. 

(3.19) 



The system of equations (3.17)-(3.19) is a homogeneous system of linear 
algebraic equations with respect to the unknowns C^n, i = 1, 2, 3. For the existence of 
nontrivial solutions of the system it is necessary that its determinant is equal to zero. 
This requirement leads to the characteristic equation of the problem (3.18)-(3.13): 



n [n{p 2 g + cr 2 n^) sinhn + p 2 \^ coshn] 

A(Va — n^ cos \/X — n? — (g{Ap) + sin y/ X — 'n? 



— sin \/ A — p 2 ^[^{p 2 g + coshn + p 2 X^ sinhn] = 0, 



n G N. 

(3.20) 



Now we notice that for the solution of problem (3.8)-(3.13) the conditions 
ReA > 0, cos \/X~ rP / 0 are fulfilled. Without checking the first property let us 
suppose that cos VA — n^ = 0. Then from (3.20) we get the biquadratic equation 

dn{X) := p\N^ tanhn + X^p 2 {dn cothn -h Pn) + CinPn = 0, (3.21) 



where 



■= '^{p 2 g + o- 2 tP) tanh n, 
Pn '= n{g{Ap) + CTin^), 



( 3 . 22 ) 
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which has purely imaginary solutions A, a conclusion that contradicts the property 
ReA - 0. 

It should be noticed also that equation (3.20) has the obvious solution A = n^, 
for which Cin = C 2 n = O5 C‘ 2,71 / 0; for such solutions by virtue of (3.14)“(3.16) we 
get the trivial solution of the initial problem, and therefore we will consider further 
that n? . 

Dividing both sides of equation (3.20) by \/\ — n? cos \/\ — rP ^ 0, we obtain, 
after some simple transformations, the desired characteristic equation 



tan ^/X — rP n\{p 2 X^ P OLn) 
\/\ — rP 



n G N, 



dn(A) 

where d^(A) is defined in (3.21) and (3.22). 

1033 Studying the Characteristic Equation 

It is convenient to study equation (3.23) graphically by setting 



tan \/\ — n? ^ . x tanh \/rP — X 

=: FnW = 



y/X -n^ 



= E 



2 



1 



^ ^ k — - ] 7T ] — A 



nX [p 2 X^ + an) 



dn(A) 



=: ^n(A), 



Fn(A) = ^n(A), neN. 



(3.23) 



(3.24) 



(3.25) 

(3.26) 



In the representation of Fn(A), (3.24), we used the decomposition of the function tan 2; 
into simple fractions. 

The graphs of the two functions iVi(A) and ^n(A) in two typical cases are 
qualitatively presented in Figures 10.3.1 and 10.3.2. 

We first notice some obvious properties of these functions. 

(a) The graph of Fn{X) has vertical asymptotes at the points 
^nfc= ((fc-^)7r) +r^^ k,neN. 



(b) Fn(0) = (tanhn)/n = 0(l/n) as n ^ oc, Fn{X^f^ ± 0) == Too, Fn{—oo) = 0. 

(c) Function 4>^(A) is odd, positive for A G (0,oo), and ^n(+co) = 0. 
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Figure 10.3.2 
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(d) Function Fn{\) monotonically increases at any point on the real axis that is 
not a point of discontinuity because 



oo 



KW = Y1 

k=l 




> 0 . 



(e) Function $n(A) has no discontinuity points on the real axis. 

The following are consequences of properties (a)-(e). 

1° For any n G N, equation (3.23) has a countable set of real roots 
Xnk cxD as n OO. In this set, the root Xnk is situated in the interval {Xnk^ 
where Xnk = + rF are zeros of the function Fn{X), that is, those values of A, for 

which sin \/X — n? = 0. For k — > oo, the asymptotic formula Xnk = Ar^/c +o(l) is valid. 

2° The two variants of the graphic solution of equation (3.23) depicted in 
Figures 10.3.1 and 10.3.2 show that if the graphs of the functions Fn{X) and ^n(A) 
intersect in the interval (0, A^ J, then two more real roots, A^^^ and a 1^\ can be found 
in that very same interval. If the graphs do not intersect in (0,A^i), then instead of 
An ^ and An^^ there is a pair of nonreal complex conjugate roots of equation (3.23). 

Switching now from the graphic to the qualitative study of equation (3.23), 
we can state more new properties of its roots. 

3° For any n G N, equation (3.23) has at least one but no more than two pairs 
of nonreal complex conjugate roots. 

To prove this property, we introduce the notation ( := \/X — rF — pPiq and 
consider in the plane C, a contour T(^ composed by the segments 0<p<N^q = N; 
—N <q<N,p = N;0<p<N,q = —N^ respectively, where is a sufficiently 
large chosen number. It follows imediately that the value of | tan^l on F^ is of order 
1 for — > oo. 

In mapping X = rF the contour F ^ transforms into a closed contour F a 
composed of two parabolas and having the property that the distance from points 
situated on Fa to zero in the complex A-plane has a value of order N‘^. Since here 
$^(A) = o(A“^) = o(A/'~^), then by the Rouchet theorem we get that the differences 
between the number of zeroes and the number of poles for the functions F^(A) and 
Fn{X) — ^n(A) that are contained inside Fa are equal. 
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However, Fn{X) — ^n(A) has four more poles than Fn(A) and these new poles 
are situated on the imaginary axis at the points where dn(A) turns into zero. It means 
that if the graphs of Fn{X) and ^n(A) do not intersect in the interval (0,Aj^^), then 
Fn{X) — $n(A) has two more pairs of nonreal complex conjugate roots beside the 
obvious real ones: It is enough to choose N = Nk = 7t(A: + 5), 0 < S < tt/ 4, where k is 
large. If the graphs of Fn{X) and ^n(A) intersect in the interval (0, X^i), then there is 
an additional pair of real roots, which means that equation (3.23) has only one pair 
of nonreal complex conjugate roots. 



4° For sufficiently large n, equation (3.23) has only one pair of nonreal roots. 



Indeed, employing the considerations needed to prove Property 3° , it is enough 
to prove that the graphs of the functions F„(A) and ^n(A) intersect in the interval 
(0,A°i), with = (tt/ 2)^ + n^. We are going to show that for sufficiently large n. 



F„(n3/2) < $„(n3/2), 

and, therefore, the stated fact takes place because 



(3.27) 



Fn{0) = — tanhn > ^n(O) = 0. 
n 



In fact, 



p .3/2^ tanhv^n2-n3/2 ^ ^ / 1 

Vn2 - n3/2 U 



n oo. 






3/2a ._ 






tanhn + rFp 2 {oin cothn F (in) Y ctnPn 

If <Ji > 0 and (J 2 > 0, then using (3.22) we get that an — O(n^) and j3n = 0{rF). For 
(Ji = 0 and ct 2 = 0 we have = 0(n) and jSn — 0(n). In both cases we obtain that 

^n(^^^^) ~ cn“^/^, c > 0, n oo, 

and inequality (3.27) is satisfied for sufficiently large n. 

5° For the roots An ^ and An^^ of equation (3.23) situated in the interval (0, A^^) 
the following asymptotic formulas take place: 

2 



= aiuFal ^P2 + ^ ) + 



g{Ap) Faf 2 p 2 + 



1 



1 

+ 8 



+ 0(n 



^(2) _ \/l + 4^2 1^2 



2pi 



n [1 + o(l)], 



n ^ 00 . 



(3.28) 

(3.29) 
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Let us show the inference of the formulas (3.28) and (3.29). Since the root 
An ^ lies to the left of the point for n — > oo, then it is natual to find it in the form 

A = A^^^ = cin + Co + c_i?r“^ + 0(n“^), n oo. (3.30) 

Let us note that tanhn ~ 1 ~ cothn, n — > oo and, therefore, employing (3.30), the 
right-hand side of (3.23) is equivalent to the function nAn V[P 2 (An ^)^ +/?n]- Similarly 

we get that tanh ■\Jn^ - ~ 1. Whence it follows that the unknown root can be 

found from the equation 

= P2{>^n^f + Pn, /?n = + g{Ap)n. 

within the desired accuracy of omitted exponential terms. 

Comparing the coefficients of (3.30) with the ones in the preceding equation, 
we obtain that Ci Ci, cq = cri{p 2 + 1/2), and c_i = g{^p) -\-crf[ 2 {p 2 + 1/2)^ -h 1/8], 
that is, formula (3.28). 

It is natural to find the second root Xn^ in the form A^/^ = SrP[l -h o(l)j, 
n ^ oo. The comparison of the main terms in the left- and right-hand sides of 
equation (3.23) shows that 5 should be chosen equal to (yl + 4p| — l)/(2p2) < L 
whence formula (3.23) follows. 

We will study now properties of the nonreal roots of equation (3.23). 



6° The nonreal root X'^ of equation (3.23), whose existence and uniqueness in 
the upper half-plane for sufficiently large n was stated in 3°, is situated in the region 



with 



A-i 




< Tn, 



(3.31) 



O a 



1 — tanh n 



for all c > 0. 



(3.32) 



To prove this statement, let us rewrite equation (3.23) as 

nX{p2V + a„) 

tanh \/t? — X 
\/r? — X 

[{p2X^ + a„) {p2X^ + /3„) + A‘‘p2(t3-nhn - 1) + A^p2an(cothn - 1)] . 

(3.33) 



X 
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For A = iyOLn/p 2 + the left side of (3.33) is estimated in the following 

way, 



lnA(p2A^ + a.)l=n + z 

> const n^/a^rny/cT^ — const 



where we took into account that = o(n^/^) as n oo. 

Let us now estimate from above on the same circle \z\ — Vn the terms in the 
right-hand side of (3.33). We have 



tanh \/n^ — A 
V'n? — \ 



< ciTi , n oo, 



I H“ Otn) (P2A^ + /3n) | < P 2 ~ 

^ ^2'^ n y/ ^n(^n ~ O (oijJ \ , 



In the deduction of (3.35) and (3.36) we took formulas (3.22) into account. 

Similarly we get that 

P 2 {tanhn — 1)| < C 3 a^(l - tanhn), 

|A^P 2 <^n(cothn - 1)| < C 4 a^(l — tanhn), (3.37) 

for which we took into account that 1 — tanhn ~ cothn — 1 ~ 20 “^^^ as n oo. 

From (3.35)-(3.37) it follows that the orders of the terms in the right-hand 
side of (3.33) are 

a^/^rnn“\ a^n~^{l — tanhn), a^n~^{l — tanhn). 

Whence and from (3.34) it follows that for n oo the first term on the right side of 
(3.33) is of order o{nrnOCn) on any circle |z| = |A — iy/an/ p 2 \ = '^n- Now, if we choose 
Vji such that a^n~^{l — tanhn) / {nanTn) = o(l), n ^ oo, or, in particular, if is as 
in (3.32), then using the Rouchet theorem we get that equation (3.33) has as many 
zeroes as its shorter version, nX{p 2 \^ + o^n) — 0, namely one, inside the circle (3.31). 

Let us deduce now the first term of the asymptotic resolution for the root A+ 
as n ^ oo. 
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with 



2n I < 



7„ = | I®’’ ^2 > 0, 

P 2 gn tor a\ = 02 = 0. 



(3.39) 



To prove formula (3.38) we represent A = A+ = iy^ctn/p 2 + and then, 
applying 6° to Wn we have the estimate 



\Wn\ < C 



an{l — tanhn) 



for each 5 > 0. 



(3.40) 



Substituting the representation for A in (3.33) and taking into account that 
p 2 X"^ = <a^[l + o(l)] as n ^ oo and (tanh \/n^ — X) / \/n^ — \ — n~^[l + o(l)], we get 

n {2y/p^Wn\ + p2wl) 

-n“^[l + o(l)] {2^P2an\ + p 2 Wn)Wn {/3n ~ a„ + 2^/p^Wn'l + P 2 wl) 

= n~^[l + o(l)] (— a^[l + o(l)](l — tanhn) - a‘^[l + o(l)]ce^(l - tanhn)) 

= -2n“^a^(l - tanhn)[l + o(l)]. (3.41) 



From (3.22) and (3.40) it follows that for n oo the second term in the 
left-hand side of (3.41) has a higher infinitesimal order than the first one. Therefore, 
deriving the main terms we have 






71 ‘^Oiji 



1 — tanh 71 




[1 + o(l)]. 



whence we get formula (3.38) with the coefficient (3.39). 

103.4 General Conclusions and Hypotheses on the Structure 
OF THE Spectrum of the Hydrodynamics Problem 

The previous considerations allow us to draw the following conclusions on the 
properties of the solutions to the model problem (3.8) (3.13): 

1° This problem has a discrete spectrum situated in the right half-plane. 

2° All eigenvalues A can be separated into several countable sets (branches) 
corresponding to different — from the physical point of view — forms of normal 
oscillations. 
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3° The branch Xnk > 0 corresponds to those solutions of the 

evolution problem that are periodically fading in time, with fading decrements as 
large as possible {X^k oo for n, A: oo) that depend weakly on p 2 , that is, on the 

presence or absence of an upper layer of an ideal fluid. 

4° There are also two different branches of eigenvalues, {An ^}^2 

( 2 ) 

{An }^i, that correspond to the boundary waves on the boundary of the two 
media. The branch {An corresponds to aperiodic solutions for which the fading 

decrements are substantially dependent on the presence of an upper fluid layer with 
density p 2 [see (3.29)]. 

5° The branch {An corresponds to those aperiodic solutions for which 

the fading decrements depend substantially on whether or not the capillary forces are 
taken into account. In the first case (<Ji > 0 and <J 2 > 0) we have limn^oo A^^^ = +oo 
[see (3.28)], that is, the solutions correspond to oscillations that are fading as quickly 
as possible. In the second case (<Ji = 0 and <J 2 = 0) we have limn^oo An ^ =0 [see 
(3.28)], that is, the corresponding solutions of the evolution problem can fade in time 
as slowly as possible. 

6° The two branches {A^}^^ of nonreal eigenvalues correspond to those 
oscillating modes for which the frequencies equal asymptotically \JoLn! P 2 and the 
fading decrements 7 n > 0 [see (3.38) and (3.39)]. Thus, it seems possible that the 
surface layer oscillations of the upper fluid correspond to the A^ eigenvalues. Since 
limn^ooReA^ = limn^oo 7n = 0, then the influence of the lower layer fluid on the 
fading decrements of these solutions is negligibly small for sufficiently large n. 



These conclusions obtained in the case of the special model problem (3.8)- 
(3.13) lead to the following hypotheses on the spectrum structure of a real 
hydrodynamic problem (1.23), in which we study the normal oscillations of the two 
fluid layers situated in an arbitrary container (the lower layer consists of a viscous 
fluid and the upper layer of an ideal one). 

Hypothesis 1. The spectrum of problem (1.23) is discrete, is situated in the right 
half-plane, and can have A = 0 and A = oo as limit points. If the fluids are capillary 
and we take into account the capillary forces, then the spectrum has only one limit 
point, A = oo. If the fluids are heavy, that is, the capillary forces are not taken into 
account, the spectrum has one more limit point, A = 0. 
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Hypothesis 2. For capillary fluids, there are three branches of eigenvalues 
corresponding to the dissipative waves in the lower fluid layer, to the boundary waves 
on the boundary of the two fluid layers, and to the surface waves on the free surface of 
the upper fluid layer, respectively. The first two branches are situated on the positive 
semi- axis, and the third one is situated in the neighborhood of the imaginary axis. 

Hypothesis 3. For heavy fluids, there exists a branch of eigenvalues corresponding 
to the waves on the media boundary that has zero as a limit point. 

In the next section, we will prove that some of the statements presented in 
Hypotheses 1 through 3 actually take place. Some other statements on the complete- 
ness of the system of eigen- and associated functions of problem (1.23) will be obtained 
as well. 

10.4 Normal Oscillations of a Partially Dissipative Hydrosystem 
in an Arbitrary Domain 

In this section the solution properties of the spectral problem (1.23) for a hydrosystem 
situated in an arbitrary domain Q are considered. The approach employed here is 
similar to the one in Section 10.2 for the initial-boundary value problem (1.2)-(1.11). 

10.4.1 Transition to an Operator Pencil with 
Bounded Operator Coefficients 

Let us go back to problem (1.23) for an arbitrary domain D and, after deriving the 
trivial solution (1.24), assume that the spectral parameter is A 7^ 0 and U2{x) G 
^11,52(^2)- The latter condition follows from 

U 2 — (Ap2)~^Vp2, divu 2 = 0 in fl2 U 2 n = 0 on S 2 - 

Problem (1.23) leads to a system of operator equations obtained by repeating 
the same transformations that were done in Section 10.2 for the initial boundary 
value problem (1.2)-(1.11). It is obvious that the derivatives with respect to t are 
now substituted with multiplication by (—A) and the field of external forces f{t,x) 
should be set equal to zero. Thus, instead of the evolution problem (2.22) we come to 
the following system of equations, 

pAui + p(Ap)GiCi == A(piixi + ^2(^1^11711x1 + GiCi272'*^2))7 

PP2C2 = ^(P2G2i7i1Xi + p2C22l2'^2)^ 

71IX1 = -ACi, 

721X2 = -AC2. 



(4.1) 
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[Here, instead of the second equation in (2.22), we are using the initial relation (2.19) 
from which the second equation in (2.22) is obtained by applying the operator G2.] 
Since A ^ 0, then we can exclude from (4.1) both (i and (2 and obtain a 
system of two equations with two unknowns, 

fiAui — g{Ap)X = \{piUi + p2{GiCn^iUi + GiCi2'y2U2)), 

~9P2^ ^2^2 = A(p2C'2i7i'Ui T P2C22l2'^2)‘ (4-2) 

In (4.2), let us perform the following substitutions, 

= i, 72«2 = /3, (4.3) 



and consider that 



^ ^ *^o.5i(^i), T] e H 2 L2{T2) © { 12 }- (4.4) 

If in the first equation (4.2) we apply the operator we obtain the next system 

of equations, 

= + p2{A-^/^GiCnliA-^^H + A-^^^G,Cuv)), 

~ 9P2^ 7 ^(^2^2171^ _|_ p2G22'n)- (4-5) 



This system can be written down in a vector-matrix form as follows. 



( _ A ( A-G^pj,+p,GiCn^i)A-G2 p^A-G^G.Cu 

\0 0 J \T] J t P 2 G 2 \' 1 \A~^G P 2 C 22 

, ( {^P)A-G2g,^,A-G 2 0\(i\ (Q\ 



(4.6) 



Let us take a closer look to the properties of the matrix coefficients that 
appear in equation (4.6). We are going to prove that except the unit operators I\ and 
I 2 acting on Jo,s^(f7i) and i/27 respectively, all the other operators are compact. 

In fact — as stated in Section 10.2.3 — the operator GiCu'yi acts boundedly 
from Jo,5i(^i) into Gh,5i(^i) © Jo,Si{Oi). Therefore, the operator 
PiGiCii'yi)A~^G is compact as the product of a bounded operator multiplied to the 
left and the right with the compact operator A~^!^ . Further, C 22 is a compact positive 
operator acting on H 2 . This fact was often used when stating the properties of the 
solutions to Problems III and IV and of the operators Cik in the previous chapters of 
the present book (see, e.g.. Section 4.2). 
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As stated in Section 8.1.3, 71 — denoted there by — is a compact 

operator acting from into Hi := L2{Ti) © {li}. Since the operator C21 ' 

Hi H2 is compact ais well, then C2\"i\A~^!^ is a compact operators acting from 
Jo,Si{Oi) into H2. Let us remark now that C12 = {C21)* and = 71 

The former as well as the fact that the operator matrix {Cik)‘f j^=i is positive was 
stated in the previous chapters of this book, whileas the latter follows from identity 
(2.27) applied to the elements ^ G and v = G Jq that is, 

g^(S2i) = = (^)7i^“^^^w)L2(ri)- (4-7) 

Whence it follows that A~^^‘^GiCu is a compact operator acting from H2 into 
Jo,sA^i)< where {A~^^^GiCi2)* = 

Finally, A~^l‘^G\'y\A~'^l'^ = is a compact nonnegative 

operator acting on Jo,5^(f^i). This proves the properties of the operator coefficients 
in equation (4.6) that were stated previously. 

We rewrite equation (4.6) as 

ifiVi - XA- gX~^B)y = 0, y = {^;v)\ (4.8) 



with 



Pi = diag(/i;0) 

B = diag (j,Ap){A-^/^Gi){yiA-^^y, P2l2'j , 

A — (A '|2 — f ^ ^^^(^171+^16^1(71171)^“^/^ P 2 A ~^^‘^ G \ Gi 2 \ / , 

-4 - [ Ai ,),^, = i - P2C21717I-1/2 p , G 22 ) ■ 

Following the preceding considerations, we can state that Vi is the orthoprojector 
onto Jo, S'! (^1), ^ is a compact self-adjoint operator, and B is a bounded nonnegative 
operator. Note also that the operator (A“^/^Gi)(7i coincides with the operator 

B = (A^/^T)(7„A~^/^) that occurred previously in the basic hydrodynamic problem 
of Chapter 8 (see Sections 8.1, 8.3, 8.5, and 8.6). 

Therefore, in the sequel, we will denote 

(21“1/2Gi)(7i24“*/2) =: B (4.10) 

and notice that its eigenvalues have the asymptotic behavior (8.1.33), that is, 

Xn{B) = cg/^n“^/^[l + o(l)], n -> oo, cb = mes ^^^) > 0- (4-11) 
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Thus, there is a self-adjoint operator pencil 

L{\) -XA-gX'^B, 



(4.12) 



with the previously mentioned properties of the operator coefficients V\, A, and B 
that corresponds to the spectral problem (1.23) describing the normal oscillations of 
the considered partially dissipative system. 

More importantly, the operator A in (4.9) is positive and compact. Indeed, A 
can be written cts 

A = diag(A"^/^;/2)Cdiag(A“^/^;/2), (4.13) 



where 



C 



Pih + P2G1C1171 
P2C'217i 



— Pl'Pl + P2 



Gi 0 

0 h 



P2G1C12 

P2G22 



Gu C12 

C21 C22 



7i 0 

0 h 



(4.14) 



Since the properties V\ > 0, =71, (C2fc)^/e=i > 0 are satisfied, we have that 

^ > 0. However, condition Ay = 0 leads to y — (^; rff — 0, and thus ^ > 0. 

To conclude this section, let us note that equation (4.8) generalizes equation 
(8.1.41) on the problem on normal oscillations of a viscous fluid in an open container 
(see Chapter 8) in the case of a partially dissipative hydrosystem. If in (4.8) we set 
p 2 = 0, then Ap = p == the second equation turns out to be zero, and the 
first one coincides with equation (8.1.41) with the account of (4.10). 



10.4.2 General Properties of the Spectrum 

The operator pencil (4.12) is not Fredholm because V\ and B are bounded operators 
and none of them is compact. However, equation (4.8) can lead an equation with 
a Fredholm operator pencil. In fact, taking into account the previously introduced 
notations (4.9) and (4.10), problem (4.8) can be written in a vector-matrix form as 

Fi ~ KMii + ^ 127 ?) - g\-\A.p)Bi = 0 , 

— A(j42i^ + A22g) — 5A ^p2V = 0, (4-15) 

whence we get 

Li{X)y 




(4.16) 
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In (4.16), all the operator matrices except the first one are compact and the first 
matrix 

I := diag(/i/i ; P 2 gl 2 ) (4.17) 

is bounded and positive definite. Thus, after substituting = z and applying the 

operator 1“^/^ in (4.17), we come to the following equation 

L2(X)z := I“^/2^i(A)J“^/2^ =: (I + ^X))z = 0 (4.18) 

with a Fredholm operator pencil and where ^(A) is an analytic operator function on 
the entire complex plane C, with the exception of the points A = 0 and A = oo, that 
takes compact values. 

The properties of the spectrum in problem (1.23) can be deduced by studing 
the properties of the operator pencils (4.12), (4.16), and (4.18). Let us mention these 
properties and carry out their proofs. 

1° The spectrum of problem (1.23) is discrete with possible limit points A = 0 
and A = oo, all the eigenvalues have finite multiplicity and the resolvents of the pencils 
(4.12), (4.16), and (4.18) are operator functions meromorphic in C \ {0} with poles 
coinciding with eigenvalues. The multiplicity of the poles coincides with the maximal 
multiplicity of the eigenelements corresponding to those eigenvalues. 

To prove Property 1°, we use the statements in Section 1.6.3 and the previous 
considerations in this section. It will be enough to check that the Fredholm pencil 
L 2 (A) is invertible at least in one point of the complex plane. Using (4.17) and (4.18) 
it is enough to check this property for Ti(A) in (4.16). However, for A = —1 we have 

Li(-l) ^ I P A -h g(Ap) dmg(B;0) > X > 0, (4.19) 

where ^ > 0 is the operator matrix defined by (4.19) and B > 0 is the operator 

(4.10) . Whence, Property 1° is proved completely. 

2° Problem (1.23) has a branch of eigenvalues {A^}^]^ C M+ whose limit 
point is A = 0. In this 

A° = 5 (Ap)/x-iAfe(B)[l+o(l)], k-^oo, (4.20) 

where Xk{B) are the eigenvalues of operator B and have the asymptotic behavior 

(4.11) . 
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To prove Property 2®, let us eliminate the variable rj from the system 
of equations (4.15) and consider A to be sufficiently small, that is, |A| < r := 
(p 2 ^ 11^22 II Then from the second equation in (4.5) we obtain 

V — {P2Q) ^^o(A)v42i^, mo(A) := I 2 + }?{p 2 g) ^^ 22 - (4-21) 

Substituting rj in the first equation (4.15) we come to the following equation, 

• = {ph — g{Ap)X ^ B — XAn + X^{p 2 g) ^^ 12^0 ^("^)^ 2 i) ^ 

= 0, ^eJo,Si{0). (4.22) 

One can easily see that for | A| < r, h{X) is a self-adjoint, holomorphic operator 
function, which is a Fredholm operator pencil because all the terms except the first 
one take compact values. 

Let us now substitute the variable A in (4.22) by A“^ and consider that 
|A| > Tq \ with vq < r. Further, let us use the statement in Section 1.6.8 on the 
asymptotic behavior of the branches of eigenvalues corresponding to the previously 
introduced operator pencil 

/i(A-i) = nh - g{Ap)\B + $(A), 

$(A) := — A Mil + (A) ^(P2g) Mi2mo ^(A“^)v42i. (4.23) 

Since mg ^(A“^) = h + 0(A“2) as A -> oo, then 4>(A) = 0(A“^) ^ 0 as A ^ cxd. Let 
US note now that KerJ5 = No{Lti) ^ {0}. This particular fact and the orthogonal 
decomposition 

Jo, 5, (^^i) = Mo(fli) 0 ATo(^i), (4.24) 

appearing from the decomposition 

JoU(f^i) = Mi(M)©ATi(fii), (4.25) 

were used repeatedly in Chapters 8 and 9 in the study of the problem on small 
oscillations of a viscous fluid in an open container. 

Let us denote the orthoprojector on A^o(^i) by P, and the one on Nq{Qi) 
by Pq. If we write down the solution ^ of equation 

/i(Vi)^ = 0, CeJo.s.(M), (4.26) 

as ^ = P^ + Pq^, and project (4.26) on Aio(Aii) and No{fli) using the orthoprojectors 
P and Pq, we obtain 



pP^ - g{Ap)X{PBP)P^ + PHX){P^ + PoO = 0, 
pPo$ + Po^mp^+Po0^o. 



(4.27) 
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Since $(A) = O(A-i) as A (X), then from the second equation in (4.27) we 

have 

Po4 = - (l^Po + Po«>(A)Po)”' (Po^WP) (P$) 

for sufficiently large (in absolute value) A. Substituting the preceding expression into 
the first equation in (4.27), we finally get the following equation for e 

LWm -={ 1 ^ 1 - g{Ap)X{PBP) + ^>i(A)) (P^) = 0, 

$i(A) = P$(A)P - (P$(A)P„) (mPo + Po^(A)Po)”' (Po^(A)P) 

= 0(A~^), A -^ 00 . (4.28) 

Here already Kev{PBP) = {0}, the numbers Xk{PBP) = Xk{B) / 0 have the 
asymptotic behavior (4.11) and ^i(A) 0 as A 00 . Therefore, according to the 

statements of Section 1.6.8, problem (4.28) and consequently problem (4.26) have a 
branch of eigenvalues with the asymptotic behavior 

T k 00 . 

Whence, following the substitution (A^)~^ = A^, we obtain formula (4.20) and 
Statement 2° is proved. 

3° The eigenelements corresponding to the eigenvalues of 

problem (4.22) located in the interval (0,r), where r := (p 2 ^||^ 22 ||~^)^^^, form a Riesz 
basis with a finite defect in Mo(^7i) after being projected on Mq{Qi). Moreover, that 
basis is a p-basis (with finite defect) for p > po, with 

= (5 + 



To prove this statement, let us go back to (4.28) and multiply it by A, then, 
using the definitions for ^(A) in (4.23) and of mo(A) in (4.21) we arrive at the following 
problem, 

m(A)(PC) : = (A/x/ - g{Ap){PBP) + $ 2 (A)) (P^) = 0, 

$ 2 (A) := AP$(A-1)P - A (P$(A-')Po) {pPo + Po^\~^)Po)~' (Po^(A-i)Po) , 

$(A-i) = -A^ii + X\p2g)-^A,2 ) A2v (4.30) 
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Since $(A“^) = 0(A) as A ^ 0, then ^ 2 (A) = O(A^) as A ^ 0 and, therefore, 
according to Statement 3° in Section 1.6.10, the system of eigenelements 
of problem (4.30) corresponding to the eigenvalues A^, for |A| < r = (p 2 ^||^ 22 ||~^)^^^ 
forms a Riesz basis in Mo(fli) that has a finite defect. 

Now we need to make sure that the above-mentioned basis is a p-basis (with 
a finite defect) in Mo(fli) for p > po, where po is defined by the (4.29). To prove 
this we use Statement 4° in Section 1.6.10 on the property of p-basicity of a system 
of eigenelements for a self-adjoint holomorphic operator function XI + YlT=o in 
the case of problem (4.30). It it obvious that A^ = g{Ap)PBP, Ai = 0, ^2 = An, 
As = -fi~^PAiiPoAiiP, An = A~^^‘^{pili + P 2 GiCii 7 i)“M“^/^ [see (4.9)]. Since 
P and Po are orthoprojectors and GiCn^i is a bounded operator (see Section 2.3), 
then using the preceding formulas and the ones on the asymptotic behavior of the 
eigenvalues of the operators B and A, (4.11) and (8.1.12), we get 



^0 e 

^2 e 6 
Asee 



92 ’ 



93 ’ 



qo> qo = 
qi> qi=^ 

<?2 > ^2 = 

qs > qs = 



2 , 

0 , 

3 

2 ’ 

3 

4’ 



(4.31) 



Whence and using formula 

1 



p = I mm 



mm 



112 1 

; I ; ^ 

qi qo q2 qo qs 

11 12 1 

qi qo q2 qo qs 



-1 



> Po 



1 2 
2 3 



6 

7’ 



which is a particular case of the general formula presented in Section 1.6.10 (for pi), 
we conclude that the eigenelements corresponding to the eigenvalues A^ for 

0 < A < r form a p-basis (with a finite defect) in Mo{Di) for p > po = 6/7. 



4° If the physical properties of the studied partially dissipative hydrosystem 
are such that conditions 

/ \ 1/2 

2 {g{Ap)\\Au\\ • \\B\\y/^ <p< 2 P„|| j ( 4 . 32 ) 

are satisfied, then the system of eigenelements of problem 

mi(A)£:=A/i(A)^ 

= (^Xpl ~ g{Ap)B — All + X‘^{p2g) ^^12 (.^2 + A^(p2<?) ^^22) ^21)^ 

= 0 , ( 4 . 33 ) 
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corresponding to the eigenvalues for 0 < A < r together with an orthonormal basis 
in Nq(Di), corresponding to the infinitely multiple eigenvalue Aq = 0, form a Riesz 
basis in the space 

Let us remark that conditions (4.32) are satisfied if the density values of the 
two fluids, Pi and p 2 , are close enough, and the viscosity value, /i, of the first fluid is 
neither large nor small. 

To prove Property 4° we use Statements 1° and 2° in Section 1.6.9 as well 
as Statements 1° and 2° in Section 1.6.10. In particular, we need to find an interval 
[—£,6] C M for which conditions 

mi(-£)<c0, mi(6)>0, m'i(A)>0, Ag[-£,6] (4.34) 

are satisfied. Since B > 0 and An >0, then 

— 7Tii( — s) = spli + g(^N,p)B + £‘^ All T 0(£^) ^ 0, 

that is, mi{—£) <C 0 for every sufficiently small £ > 0. Further, taking into account 
that A 22 > 0, for A > 0 we have 

— 2XAii + {p2g) ^Ai2 ^A^ (/2 + }?{p2g) ^^ 22 ) ^21 

> (/i-2A||An||)/i 

{p2g) ^^ 12 ! 4A^/2 + 2A^"(P25')~^^22^ (^2 + A^(P2^) ^^ 22 ) 

X [4A^/2 + 2A^^(P25') ^^ 22 ] ^ I 2 I 21 

> {p-2X\\Aii\\)h. (4.35) 

Whence, for 0 < A < /i/( 2 || 2 lii ||) =: ro, we get the property m[{X) ^ 0. Since the 
operator- function in (4.35) represented by the last term to the right takes the value 
O(A^) for A — > 0, then the property of positive definteness of m[{X) is retained even 
in the case of a negative small enough A = — £ < 0. We may now choose any £ > 0 
that satisfies the conditions mi(— £) <C 0, m[{X) > 0, A G [-£,0]. 

Next, we select 6 > 0 such that b < r and mi{b) 0. We have, 

mi(6) = buh - g{^p)B - h^Aix + 6'^(/025)“^^i2 {h + b'^{p2g)~^ A22) ' ^21 

> {bi,~g{Ap)\\B\\-b^\\Axx\\)h. (4.36) 
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If > ^g{Np)\\B\\ ■ mull) then we have the property m\{h) 0 for 

. 0 , ( 4 . 37 ) 

Thus, in order to insure that conditions (4.34) and b < r are satisfied, the 
physical and geometrical parameters of the problem should verify the relationships 

/ \ 1/2 

p>2{g{Ap)\\B\\■\\A^,\\y/^ 6e(r_,ro), ro < r = (^ j , 

Taking into account that A 22 = P 2 C 22 [see (4.9)], the previous assertion leads to 
inequalities (4.32). 

If these inequalities are satisfied, then the operator function mi (A) in (4.33) 
admits the spectral factorization mi (A) = m.|.(A)(A/ — Z), where the spectra of the 
operators mi (A) and Z coincide on the interval {—e^b). Moreover, since mi(0) == 
—g{Ap)B is a compact self-adjoint operator, then according to Statement 1° in Section 
1.6.10, the set of eigenelements corresponding to the eigenvalues A^ in the 

interval (0,6) together with an orthonormal basis in ATo(r^i) corresponding to the 
infinitely multiple eigenvalue Aq = 0 in problem (4.43) form a Riesz basis in Jo,Si (^i)- 

5° The physical meaning of the previously obtained branch of eigenvalues 
{A^}^^ that corresponds to a set of eigenelements of problem (4.1) is the following: 
Such eigenvalues correspond to boundary waves in a small vicinity of the surface Ti 
that fade in deviation along a direction perpendicular to T 1 oriented into the depth 
of either the first or the second fiuid. 

Indeed, let us first normalize the solutions of problem (4.1) by the condition 

ll7i'*^i|lL2(ri) + llCi|lL2(ri) + llC2|lL2(r2) “ (4.38) 

Since A = A^ ^ 0 for A: — > 00 and the operators in the right-hand side of (4.1) are 
bounded, we obtain 



pAuik + g{Ap)GiCk 0 , 
C2k 0, 
^ 0 , 
l2U2k 0 , 



fc — > 00. 



(4.39) 
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Multiplying the first relation by U\k in the scalar product on L 2 {D\) and using 
G* = 7 i, we get 

+5'(^P)(Cife,7i«ifc)L2(ri) ^ ^0, k oo. 

whence it follows that U\k ^ 0 in Jo.s^ Then from (4.39) and the normalization 
conditions we have 



IlCifclUsiri) h 

l|Wlfc||jo.Si(fii) ^ 0> 

ll7i“i/c||L2(ri) ^ 0, 

||72W2fc||L2(r2) 0, fc ^ 00. (4.40) 

This proves Statement 5° completely. 

Statements 2°-5° shed some light in the study of those solutions of problem 
(4.1) that correspond to a branch of eigenvalues with the limit point A = 0. In the 
next section, we will study the location of the spectra of problem (4.1) in the complex 
plane as well as the completeness of the system of eigen- and associated elements in 
the case of arbitrary values attributed to the physical and gemetrical parameters of 
a partially dissipative hydrosystem. 



10.43 The Theorem on Spectrum Location 

Let us return now to problem (4.1) and perform in it the substitutions (4.3). Thus, 
we obtain the following spectral problem: 



C{\)u = 0, 



£(A) = 



— AA2I 

-Q 

0 



^;Ci;C2)^ 


gH:= Jo 




0 

0 

0 


(4.41) 


— AA 12 


g{^p)Q* 


0 \ 






—XA22 

0 


0 

-XI 


gp-ii 

0 , 




(4.42) 


-I 


0 


-XI/ 







where Hi = L 2 (FJ © {T}, i = 1,2, / is the identity operator in the corresponding 
space, Q := Q* := and Ajj are defined by (4.9). We need to get 

a formal expression of the matrix resolvent, £“^(A), of problem (4.41)-(4.42). With 
this aim in mind, we consider the following equation. 



u := (^;^;Ci;6)^ ^ H, 



C{X)u = u. 



(4.43) 
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and find the specific form of its solution for any A. 

The system of equations (4.43) is equivalent to 

+ 9{^p)Q*Ci ~ + Aup) = 

9 P 2 C 2 - A(^2iC + A22TI) = fj, 

-Q^ - ACi - Cl, 

-V - AC 2 = C 2 . (4.44) 

Then, eliminating (i and C 2 , 

Cl = “A ^(Ci + (?^), 

C 2 == -A“^(C 2 +??), (4.45) 

we come to a system of two equations with two unknowns, ^ and r], 

Zo(A)^ :-(///- AAln - g{Ap)\-^B) $ = A^iai? + g{Ap)\-^Q*Ci + I 

m)Wr]- = {I + \^{p 29 )~^ M2) V = -A^(p2ff)“'^2i€ -C2- X{p2g)~^fl- ( 4 . 46 ) 

Assuming that the operator functions Z(7'(A) and exist, we get 

^i(A)^ (^o(A) + X'^(p2g) ^Ai2mQ ^(A)A2i) ^ 

= I + 9{^p)M^Q*Ci - X^{p2g)~^Ai2mQ^{X)fi - AAi2m7^(A)C2, 
hiX)^ : = (mo(A) + A‘*(p2ff)~^ A 2 i/ 7 ^(A)Ai 2 ) g 

= -A2(p2ff)-'A2i/o-i(A)^ - A(p25)-'r? - AA2iZ7'(A)QX'i - C 2 . 

(4.47) 

We encountered the function /i(A) previously; see (4.22). 

Let us now assume that the operator functions li^{X) and /^^(A) in (4.45)- 
(4.47) exist. Then the resolvent can be wit ten down as 

£-i(A):=(£-;(A));,^^, (4.48) 

where 



£y(A) = zr^A), 

£7yA) = -A2(p29)“'^r'(A)Ai2m7i(A), 
CT,\X) = X-^g{Ap)ll\X)Q*, 
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£r4'(A) = -A/r'(A)^i2m,7'(A), 

A"/(A) = -A2(p25)-'/7'(A)^2i/o '(A), 

A~2 '(A) - -A(p25)-1|7'(A), 

A“3 (A) = -A /2“'(A)^2i/(7'(A)Q*, 

A~4'(A) = -/2~'(A), 

£3-i(A) = -A-iQiri(A), 

A72 (A) = A(^25)-'Q/r'(A)Ali2mo-'(A), 

A"3 (A) = -A-i [l + Ql-^(X)Q*g(Ap)X-^] , 

£3-;(A) = Q/71(A)^i2to7'(A), 

£47(A) - AM-'^7'(A)Al2i77'(A), 

A“2(A) = (P25)-'^2“'(A), 

A~3 (A) = l^\X)A2il^\X)Q*, 

C^,\X) = -X-^I-l-\X)). (4.49) 

From (4.48) and (4.49) it follows that £“^(A) is an analytic operator-function for 
A 7^ 0 and A 7^ oo at those points of the complex plane where the functions mg ^(A), 
/j~^(A), and /^^(A) are defined. Taking into account Property 1° in Section 
10.4.2, we conclude that £“^(A) is a meromorphic operator function in C\ {0} whose 
poles coincide either with the eigenvalues of the operator function /i(A) or, which is 
the same, with the eigenvaluess of the operator function /2(A). 

Let us show next that for small enough values of the density p 2 of the second 
fiuid, the function £“^(A) is holomorphic in a certain domain of the complex plane 
outside some sectors adjoining the imaginary half-axes and the positive half-axis. For 
this purpose we introduce the notation 

Ae,/? := {A G C : £ < I arg A| < tt/2 - 5, | A| > R], (4.50) 

where e > 0 is an arbitrary small number and R = R{e) will be chosen in the future. 

Let us recall that £“^(A) is a holomorphic function in the open left half-plane. 
Moreover, we can derive from (4.46) that the function rUg ^(A) has the poles on the 
imaginary axis at the points AJ = ±i\/ P 29 / ^ 00, /c 00, where A/e(^22) 
are eigenvalues of the positive compact operator yl22- Further, the function /o(A) in 
(4.46) is an operator pencil of the same kind as the one studied in Chapter 8 that 
corresponds to the problem on normal oscillations of a viscous fiuid in an open vessel. 
We know already from the study of the solutions to this problem that the spectrum 
of the pencil /q(A) is situated on the positive half-axis and probably also contains no 
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more than a finite number of nonreal eigenvalues of finite multiplicity. Whence, it 
follows that for any e > 0 and sufficiently large R, the operator function is 

defined and it is holomorphic in the domain A^.r and in the open left half-plane as 
well. 

To obtain estimates for the operator functions and /^^(A) that appear 

in the expressions of the matrix coefficients in (4.49), we represent the 

functions /i(A) and hW in (4.47) as follows: 



/i/i(A) — / — A/i ^ All - g{Ap){Xfi) ^ B X'\p 2 gp) ^-^12 (^ + A^(p25') ^^ 22 ) ^21 

X / - g{Ap){X^i)-^ b(^I- ^ 



/2 

22 



M/ 

x\l/2 \ 

-j Ali^j [I - g{Ap){Xp)-^T,{X) + XHp 2 ggr^T 2 {\)] 



x|/+(-i 



=: / 






(4.51) 



/ 2 (A) = I + X\p2g)-^A22 + X^{p 2 gp)-^A 2 i ) ^11 - g(Ap){Xp)-^B ) 2 I 12 

= + iVP25)“^^^2l2f) 

I / + X^{p2gp)-^ (/ + iA(p25)-'/"4f ) ”' {a~,^^^A2iA;,^^'^) x4;/ 



/2 






B 
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x|/+(-) A\{^ 



1/2 



-1 



' ^ 1/2 \ . 1/2 






"11 



X .42^ (/ - iA(p2ff) ) 

X (/- iA(p25)“^/^2l2f) 

=: (/ + iA(p29)“^/^2l2^^) (7 + A^(/925/i)“iT3(A)) -\\{p2g) 



22 } 5 



(4.52) 



where Re > 0 for Re A > 0. 

We further use the following norm estimates for the nonnegative operator A: 



\\{I-XA)-^A\\< 



\\{I + XA)-^A\\< 



\\{lAiXA)-^A\\< 



1 



|Im A| ’ 

1 

N’ 

1 



ReA’ 



Re A > 0, 

Re A > 0, 

Re A > 0, Im A > 0, 



1 



||(7 + iAA)-^Al| < — , ReA>0, ImA<0 

1^1 



(4.53) 

(4.54) 

(4.55) 

(4.56) 



that are obvious from the spectral representation A = tdPt (see Section 1.1.22). 

We also need to estimate the norms of the operator functions T^(A), i = 1, 2, 3 
that appear in (4.51) and (4.52). For this purpose we use the inequalities 



and we get 



l|ri(A)|| = 



11(7 — At!) 1 II < (sin I arg A|) i, ReA>0, 
||(7 + A>l)-i|| < 1, ReA>0, 



(7 - A1/2 ' R (7 + A1/2 )) 



(4.57) 



-1 



< (sin I arg A^/^l) ^\\B\\, ReA>0. 
For Im A > 0 we have 



(4.58) 



Aii‘ 



.-1/2. .-1/2 

>lll >112.^22 



r2(A)|| < 
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4I/2 

^22 



22 ^21^11 



< 






1/2 






-1 



. 1/2 

^22 



1/2 






1/2 



|Im AV2| 



-1/2 



All ^ "4 i2A22 
1/2 



[p2gf^‘^ 
Re A 



((P25)^^^|A|) 



122 ^2iAii 



- 1/2 






|A|V2 



i-l/2 

^11 



- 1/2 



A12A22 ■ 



P25'A^1A1 ^(sinarg |A^/^1 cosarg A) ^ 



(4.59) 



A similar estimate can be found for Im A < 0. 

To establish (4.59), we used the fact that operator Ai/^^Ai2A22^^^ is bounded 
and it is adjoint to A^2^^^A2i and that their norms are equal to each other. 

To prove these properties we use the definitions (4.9) of the matrix elements Aik and 
consider the operator 



{Au 






)* (a\II'^a,^a-^1''^ 



12^22 

22 ^21^l/^12A22 



) 



A-^ A.^ A^/‘^ 



= ^^^^*22^^^) (p2C'2i7i-4 (^A^^'^ipih + p2GiCn'yi) ^A^G~^ 

X (^P2A-G^GiCi2) 

— P2C22^'^Gu'yi{Plh + P2GiCii'fi) ^G\Gi2G22^ ■ (4.60) 

From this representation and the properties of the operators Cik, 71, and Gi =7*, it 
follows that the operator defined in (4.60) is bounded from Hi into H 2 - Indeed, the 
following chain of bounded mappings holds true: 



Ho 



c. 



-1/2 



H-G^{T2) ^ ^ Gh,s,(fi 



Gi 






Gh,5,(f^l) 



Using the inequalities 



C“ 



Ho. 



GiCii^i > 0, [pil\ + P2G1C1171) ^ ^ Pi ^/i, 
we obtain from (4.60) the following estimate as well: 

P2 



All ^ ^i2A 



22 



< — 
Pi 



^ r^~lG 
CJ1O12O22 



(4.61) 
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where the norm squared depends only on the geometric characteristics of the domains 
and f ^2 ocupied by the two fluids. 

Let us now assume that A belongs to the domain deflned in (4.50), and 
that A — > 00 . Then, from (4.58), it follows that the second term in the right-hand 
side square brackets of (4.51) has a value of order 0(|A|“^). Further, from (4.59) and 
(4.61), we get that the last term within square brackets has a value of order 0(1) as 
A ^ oo, with A G 

We choose an arbitrary number e, 0 < 5 < 7 t/ 4, and introduce R = i?(^), 
such that the operator /q(A) from (4.46) is invertible in the domain Since 

on this domain sin(£/2) < sin |(arg A)/2| = | sin(arg A^/^)| < sin((7r/2 — s)/2), and 
sine < cosargA < cose, then, in virtue of (4.58), (4.59) and (4.61), we have the 
estimate 



||T(A)11 := \\-g{Ap){X^i)-^T^iX) + X^{p2gpyT2{X)\\ 



< 






ll'B||(sin0 |A| 



■1 P2 
Pi 



GiCi2C2-y" 



+ ^sin I sin 



(4.62) 



for A G 

Further we will consider only the case of such hydrodynamic partially dissip- 
ative systems for which the density p 2 of the ideal fluid is much less than the density 
Pi of the viscous fluid. Basically, we assume that for some e, with 0 < e < 7t/4, the 
following condition is satisfled: 



P 2 < Pi sin - sin £ 



GiCua 



- 1/2 



22 



(4.63) 



Then, from (4.62) we derive that there exists such a large enough number R — R{e) 
for which the following condition is satisfled: 



q •= 






11^11 (sin |i?(e)) + — 



Or 1012^22 



^sin ^ sin 



p \ z ' / Pi 

Thus, according to (4.62), for the newly chosen R{s) the condition 

llT(A)||<g<l. 



< 1. (4.64) 



(4.65) 



is satisfled on the region A^ This means that the operator function I T T{X) is 
invertible and, according to (4.51), in the previously mentioned domain, the operator 
function /f^(A) exists and is holomorphic. 
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The reader can check independently that condition (4.63) ensures also the 
invertibility for the operator function hW defined in (4.52). In this particular case it 
is necessary to employ estimates similar with those in (4.58), (4.59), and (4.62)-(4.64) 
and to represent / 2 (A) as in (4.52). 

Thus, if condition (4.63) is satisfied and R = R{e) is chosen from condition 
(4.64), then in the domain there exists a holomorphic operator function £~^(A) 

as in (4.48) with the matrix coefiicients as in (4.49). We are now in a position to 
formulate the final result for problem (4.41), which may very well be called the 
theorem on spectrum localization. 

If condition (4.63) is satisfied and R{e) satisfies condition (4.64), then the 
spectrum of problem (4.41), and consequently the spectrum of the initial problem 
(4.1) on normal oscillations of a partially dissipative hydrosystem is situated in the 
right half-plane outside the domain In other words, the spectrum of problem 

(4.1) consisting of finitely multiple eigenvalues may have the limit point at X = 00 
and be localized (in the above-mentioned sense) in the neighborhood of the positive 
half-axis and the two imaginary half-axes. 



105 On the Completeness of the System of 
Modes of Normal Oscillations 

This section considers the issues of the completeness of the system of eigen- and 
associated elements of the problem (4.41), (4.42) on normal oscillations of a partially 
dissipative hydrosystem, and also some heuristic arguments connected with the proof 
of the existence of branches of eigenvalues in the vicinity of the positive semiaxis and 
also of the imaginary semiaxes in the complex plane. While discussing the issues of 
completeness, a method of M. V. Keldysh [1, 2] proposed for linear and polynomial 
operator pencils will be used. 

105.1 Auxiliary Results 

Several auxiliary statements will be given here. They are necessary to prove the 
theorem on completeness in problem (4.41)-(4.42). Some of them are rather well 
known. 



1. Phragmen-Lindeloff principle. Let the function f{z) be holomorphic 
inside the angle f] := {z G C : | arg z\ < tx j (2o:)}, a > 1, and on its sides, and suppose 
that for some (3 < a one has 

lim r~^\og sup \f{z)\ < 00 . 

r— ^00 \ A =^ 



(5.1) 
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If |/(^)1 < M for I argz| < 7 t/(2q;), then \f{z) < M for all z eft. 

It should be noted that instead of the angle ft in the Phragmen-Lindeloff 
principle, the region ft f {z : \z\ > R} =: ftji may be also taken. 

2. On the behavior of the resolvent of an operator function in the 

vicinity of an eigenvalue. Let Aq G C be eigenvalue of the operator function L{\) 
acting in a Hilbert space E and analytic at the point Aq. If L{\) is invertible in 
a punctured vicinity of the point Aq, then a necessary condition for the function 
9 W fc) be analytic at the point Aq is the orthogonality of the element 

f e E to all elements of the root subspace of the function L{\) corresponding to the 
eigenvalue Aq. If L“^(A) has a pole at the point Aq, then the orthogonality condition 
mentioned above is also sufficient for the function g{\) to be analytic at the point Aq. 

3. Growth order of an analytic operator function at infinity and at 
zero. Let the operator function A{\) be holomorphic in C \ {0}. The number 

P = Poc-= lim|A|^oo Inin P(A)|l/ln |A| 

is called the growth order of function t 4(A) at infinity. The growth order of function 
A(X) at zero is defined similarly as 

po := lim Inin ||^(A)||/ln |A|“^ 

A — ^0 

An operator function A (A) meromorphic in the entire complex plane is said 
to be a function of finite order p, provided it admits the representation 

A(A)=Ai(A)//(A), 

where the entire operator function Ai(A) and the scalar valued function /(A) are of 
orders p and the order can not be taken less than p. 

4. An estimate of the resolvent growth of a Fredholm operator 
pencil. Suppose that the operator function L{\) has the form 

n 

L(A) — I A^Afc, Ak e , —m < k < m,n > 0, (5.2) 

k——m 

and therefore is analytic in C\ {0}. Then is a meromorphic operator function 

in C \ {0} that can be represented as the ratio of two functions of orders not higher 
than 



Poo = max {jpj), A ^ 00, 

Po = . max i\j\Pj), A^O, 
and minimal types for orders poo and po, respectively. 



(5.3) 
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105.2 Theorem on Completeness. Keldysh Scheme Realization 

Let us go back to considering the problem (4.41)-(4.42) and recall that it has 
a disctete spectrum situated in the right complex half-plane with a limit point at 
zero and probably at infinity. In the right half-plane, the spectrum is situated outside 
the region i? [see (4.50)] and consists of finitely multiple eigenvalues, where the 
resolvent £~^(A) of problem (4.41) is a meromorphic operator function in C \{0} 
having poles at points coinciding with eigenvalues. 

Relying on these facts, the propositions of Section 10.5.1, and also the 
properties of coefficients of the operator function >C(A) in (4.41)~(4.42), it is possible 
to state the following basic result. 

Theorem on Completeness. If condition (4.63) is satisfied, then the 
system of eigen- and associated elements of problem (4.41)-(4.42) corresponding to 
eigenvalues in the region {A G C : Re A > 0} is complete and minimal in the Hilbert 
space 

H := Jo,s, {Oi) 0 i/2 0 0 (5.4) 

The proof of the theorem is based on the Keldysh scheme and will be carried 
out step by step. 

(a) Suppose that the system of eigen- and associated elements of the problem 
(4.41)-(4.42) is incomplete in H. Then, according to the Statement 2 in Section 10.5.1 
there is a nonzero element u G H such that the function 

i{X) := [jC%X)]-^u = (^(A); 77(A); Ci(A); C2(A))‘ ( 5 . 5 ) 

is analytic at every point of the spectrum of the function £(A), and therefore in the 
region C \ {0}. 

(b) We write down equation (5.5) in the form 



£*(A)|(A) =u = {ui; U2\ U3; G H, (5.6) 

or, by taking into account the expression (4.42) for £(A), as a system of equations: 

ifil - XAn)${X) - XAnvW - Q*Ci{X) = 

—XA2i^{X) — XA22r){X) — ( 2 W = U 2 
5(Ap)Q^(A)-ACi(A) = « 3 , 
gp2'n{X) - ac 2( a ) = Ui. 



(5.7) 
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Hence, we get 



Ci(A) = -A ^{u:i - g{Ap)Q^{\)), 

C2(A) = -X~\u4- gp2r]{X)), 

and a substitution into the first two equations of (5.7) gives 

/ o ( A ) C ( A ) - A ^ i 27 ?( A ) = m - \-^Q*us, 

\2 A 1 

mo(A)ry(A) H A2i^(A) = W2 H ^4, 

P29 P29 P29 

where the operator functions 

Zo(A) :=p/-A^n -5(Ap)A-'B, 

•= 7 H ^422 

p29 

were already met in Section 10.4.3 [see (4.46)]. 

From the second relation (5.9) we find 

77(A) = TTlg ^(A)(- — lt2 + — «4 - — ^21^(A)i 

V P29 P29 P29 J 

and for ^(A) we obtain the equation 

1 A^ A 

/i(A)^(A) =ui - -Q*us >li2mo ^(A)u 2 H ^i2mo ^(A)w 4 

A P29 P 29 

=■■ /(A), 



where the function 

^ l (^^) •= ^ o (^) H “^ 12^0 ^(^)^21 

P29 



was studied in complete detail in Section 10.4.3. 
(c) We note now that the function 



mo^(A) = 



r 4 

I H j422 

P29 



-1 



= /- 



iA 



,1/2 

*22 



/ + 



iA 




(5.8) 

(5.9) 

(5.10) 

(5.11) 

(5.12) 

(5.13) 



-1 
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by virtue of the inequalities 



22 



, 1/2 



-1 



-1 



< 



COS arg A ’ 



ReA > 0, ImA > 0, 



< 1 , 



ReA > 0, ImA > 0, 



(5.14) 



leads to the estimate 

11^0 II ^ ^ ^ = {A G C : ^ < I arg A| < 7r/2-e, [Aj > R, ReA > 0}. 

(5.15) 

For ImA < 0, the expressions on the right in (5.14) change their places. 

Therefore, the function /(A) in (5.12) can be estimated as follows, 

/(A) = 0(|Ap), A^oo, AeA,,fl. (5.16) 

Since, according to the representations (4.51) and (4.62), has the form 

'A' 



Zf^A) =^^-^{I+{^y A\y (7 - T(A))-i (^7 - 0) ^ Aj/ 



/2 



-1 



and 



X\ 1/2 . \ -1 

A ^/2 x -1 



F/ 



4I/2 



< 1, ReA > 0, 



<(sin|argA|) ReA > 0, 



11(7 -T(A))-i II <(1 -<?)-!, AeA,,fl, 
[see formulas (4.57) and (4.63)-(4.65)], then the following estimate 

||ZG(A)||< ^~'^^7^^^'\ A-.^, AeA,,fl, 



sm 



(!) ’ 



(5.17) 



(5.18) 



takes place. 

Hence from (5.16) and (5.12) we get that 

||^(A)|| = 0(|A|2), A^^, AeA,,fi. 

Then from (5.8), (5.11), and (5.15) we have 

i?(A) = 0(|An, Ci(A) = 0(|A|), 

6(A) = 0(|A|3), a^oo, AeA,,fl. 



(5.19) 



(5.20) 
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(d) Consider the behavior of the function ^(A) from (5.5) for small A. Since 
in this case ^(A) is an analytic operator function, then the function /(A) in (5.12) 
has the following estimate, 

/(A) = 0(|A|-i), A^O. (5.21) 

Further, considering the estimate 

= + A-^0, (5.22) 

A 

from (5.10) and (5.13) for small A, and also from the inequality 

< (sin|argA|)-\ ReA > 0, (5.23) 

we conclude that 

IKrH>^)ll < C'e.r, A ^0, A G := {A G C : |argA| > e, |A| < r}, (5.24) 

where the constant depends only on the choice of e and r. 

The formulas (5.21), (5.24) and (5.8), (5.11), (5.12) show that 

^(A)=0(|A|-i), 

7?(A)=0(1), 

Ci(A) = 0(|Ar2), 

C 2 (A) = 0(|A|-1), A^O, AGfle.r- (5.25) 

(e) From (5.19), (5.20), and (5.25), and based on similar considerations, we 
get that, in the region 

G,:={XeC\{0}:s<\ arg A| < tt/ 2 - e, tt/ 2 + e < | arg A| < tt} (5.26) 
and along its boundary, the function ^(A) in (5.5) has an estimate of the form 

4 

l^(A)| < 

k =-2 

Here, since the operators Aij, i,j = 1,2, Q, and Q* in problem (4.41)-(4.42) belong 
to some classes 0^, then, in virtue of Property 4 in Section 10.5.1, the function ^(A) 
will be an analytic function in C\{0} with a finite growth order at zero and at infinity. 
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Therefore, for the angles 

{A G C \ {0} : I arg A| < e}, {A G C \ {0} : tt/ 2 - ^ < | arg A| < tt/2 + e} 

we may use the Phragmen-Lindeloff principle (see Statement 1 in Section 10.5.1), 
and conclude that the estimate (5.27) for ^(A) is realized not only in G^, but also in 
C\{0}. 

(f) From the latter statement we get that the Laurent series expansion for 
^(A) has the form 

4 

k=-2 

that is. 



4(A) = E 

k=-2 

4 

^(A) = E 

k=-2 

4 

0(A) = E i = 1, 2, A G C \ {0} (5.29) 

k=~2 

We substitute the expressions (5.29) into the system of equations (5.7) and 
identify the coefficients of the same powers of A. For A'^ we obtain the following 
relations 



Cl4 — 0, (24 = 0, ^11^4 + ^12^4 = 0, ^21^4 + ^22^74 = 0. (5.30) 

Since the operator A = is positive, then from (5.30) it follows that 

^4 = 0, 774 = 0. Similarly we get that 

Cu = 0, C2k = 0, ^fc = 0, T]k=0, A: -0,1, 2, 3, 4. (5.31) 

The coefficient identification for gives the relations 

C2,-2 = 0, t 7_2 = 0, /i^_2 - 0*Ci.-2 = 0, g{Ap)Q^_2 - 0. (5.32) 

From the two latter equations it follows that 

pQ$-2 = QQ*Ci,-2 = 0, 
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and, therefore, ||Q*Ci,-2|P = 0, that is, Q*Ci.-2 = 0- 

Thus ^_2 = 0 , and from the equation ( 5 *Ci .-2 — 0 it follows that Ci,-2 = 0. 
A similar reasoning for leads to the following result 

6=0, 77, =0, Cu-0, C2/c = 0, A: = -1,-2. (5.33) 

Finally, for and taking into consideration (5.31) and (5.33), we obtain the 
relations 

0 = 1^1, 0 = Uk, k = 2,3,4 (5.34) 

that lead to a contradiction, since according to the initial assumption, the element 
u = {ui; U 2 ] uy, u^Y ^ H is nonzero. 

Hence, it follows that the system of eigen- and associated elements of the 
problem (4.41)-(4.42) is complete in H. 

(g) In conclusion, we note that the previously mentioned system consists of 
linearly independent elements that are the solutions of problem (4.41), which is linear 
relatively to the spectral parameter A. Therefore, the system is minimal in H, that 
is, the deletion of any element from an arbitrary finite set of such elements contracts 
the space spanned by these elements. 

The Theorem on Completeness is proved. 

1053 On the Existence of Branches of Eigenvalues With a Limit Point at 
Infinity. Heuristic Arguments 

Let us return to considering the problem (4.1) on normal oscillations of a 
partially dissipative hydrosystem and turn again to its self-ajoint form (4.8), (4.9) 
with bounded operator coefficients: 




where y = (^; 77 )^ G Jq,Si{0,i) 0 H 2 , and the elements are defined in (4.9). 

The Theorem of Spectrum Localization (Section 10.4.3) together with the 
Theorem of Completeness (Section 10.5.2) of the system of eigen- and associated 
elements of problem (4.41) and the directly connected with it Problem (5.35), lead 
to the natural assumption that in these problems there exist branches of eigenvalues 
situated in a vinicity of the positive semiaxis and the two imaginary semiaxes and 
having a limit point at infinity. In particular, a similar situation was encountered in 
the model problem discussed in Section 10.3. 
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The proof of the existence of such branches in the common situation 
considered now comes across serious mathematical difficulties. Thus, in stating the 
facts of the existence of a branch for eigenvalues ajoining the positive semiaxis and 
with a limit point at infinity, it is natural to consider the problem (4.22) on eigenvalues 

:= ^fili — g(Ap)X ^ B — XAn F X^(p2g) ^ A12 ^^2 + ^21^^ 

- 0 , ^eJo,sA^i)^ (5.36) 



Respectively, in stating the presence of eigenvalue branches ajoining the imaginary 
semiaxes, it is necessary to consider the problem on eigenvalues 



h(X)v 



( y? y? 

= i I2 ^22 H A 2 i{pli — XAii — 

\ P29 P 29 

= 0, ry G H 2 . 



g{Ap)X ^B) 



(5.37) 



One would think that in problem (5.36), for A cx), the main terms 
determining the presence and asymptotic behavior of a branch of eigenvalues with 
a limit point at 00 are in the contracted pencil /?(A) := ph — XAu. However, for 
A G M+, A ^ 00 , the perturbation of pencil /?(A) with additional terms turns out to 
be of order A^, that is, they could affect the existence and asymptotics of eigenvalues. 
A similar situation takes place in problem (5.37). 

Based on these heuristic assumptions, we will consider, apart from problem 
(5.35), the problem on eigenvalues 



La{X)y 



Fh 0\ (i\ 
0 Oyl \g) 





‘'1 

or 



Ai2 

0 



V 



(5.38) 



corresponding to a self-adjoint operator pencil La{X) that coincides with L{X) for 
a = 1. 

A peculiarity of the pencil Lc{X) is the property that, for o; = 0, problem 
(5.38) splits into two independent and already studied problems on eigenvalues: 

/o(A)4 := {ph - AAii - g{Ap)X-^B)^ = 0, ^ € Jo,sA^i), 

*^o(A)?7 := (/2 H ^22)^7 = 0 , ry G H2- 

V P2g ) 



(5.39) 
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The first one was studied in detail in Chapter 8 , and the second one is very simple. 
In the case of arbitrary viscosity values, /i, the first problem (5.39) has two branches 
of positive eigenvalues with limit points at zero and oo, respectively. The spectrum of 
the second problem consists of two branches of eigenvalues situated on the imaginary 
semiaxes and having a limit point at infinity. 

For the sake of simplicity, in our further considerations we will assume that 
the fluid viscosity value, /i, is so large that the spectrum of the first problem (5.39) 
is real and does not contain intermediate eigenvalues (see Section 8.3.1); then, all the 
problem’s eigenvalues are negative or positive. We suppose also that each eigenvalue 
of problem (5.39) is simple, that is, of multiplicity one. 

Now we note that if in equations (5.38) it is assumed that ^ = ^{a) = 0(1), 
a ^ 0, then ry = rj{a) = 0(a), a 0. Further, if it is assumed that r/ = 77 (a) = 0(1), 
then ^ = ^(a) = 0(a), a 0. Note also that under the conditions formulated above, 
the eigenvalues and eigenelements of problem (5.38) are analytic functions depending 
of the parameter a and coincide with the solutions of problem (5.39) for a = 0 . An 
exact analysis shows that the series expansions should be not in powers of a, but 
rather in powers a^. 

Taking into account what wats said up until now, we will consider the solutions 
of problem (5.38) in the form of two classes. The first class contains the solutions for 
which 

€( q :) = 6 + a ‘^^2 + 0 ( a '*), 

T){a) = aril + + 0{a^), a — > 0, (5.40) 

and the second one, the solutions of the following kind 

^(a)=a 6+^'6 + 0 (ct'), 

77 (a) = 770 + a^?72 + O(a^), a 0. (5.41) 

For a 0, the solutions of (5.40) transform into the solutions of the first problem 

(5.39) , and the solutions of (5.41) into those of the second problem (5.39). 

Let us consider now the eigenvalues A(a) of problem (5.38) of the form 

A(a) = Ao + a^A2 + O(a^), a ^ 0. (5.42) 

First, let us get asymptotic solutions of the first class. Substituting the expansions 

(5.40) and (5.42) into (5.38) and identifying the coefficients of the same powers of a, 
we come to the relations 

^o(Ao)^o = 0, 

^o(Ao)^2 = ^2^11^0 + A 0 A 12771 — ^(Ap)A2Aq 
\2 

mo{Xo)r]i = ^^ 21 ^ 0 . 

P29 



(5.43) 
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As previously mentioned, the first equation in (5.43) has a countable set of 
solutions Ao = G M+, with A^ ^ +oo as fc — > oo and 



^0 = ^ Jo.SiiOi), 



for which 

ll^fe IIl2(Oi) = 

+2A+(Aii^^ ^t)LAn^) 

= Xt[{An^t 0^2(0.) 

-5(Ap)(A+)-2(B^+, 

> 0. (5.44) 



For Ao = the operator mo(Ao) ^ 0, and the last equation in (5.43) provides 
the solution 

( \ + \2 

~ '^ik ~ • (5.45) 

p29 

Since ^ bounded self-adjoint operator, then the second equation in 

(5.43) is solvable if and only if its right side is orthogonal to the solutions of the 
homogeneous equation ~ This, together with (5.45), leads to the formula 



A 2 = ^2k — 



(A+)^(mo^(A+)A2i^^ 



A21^k)n2 



P2g[{Aii^^ 



k ’ 



^t)L2{ni) 









2 (^ 1 )] 



(5.46) 



Here, the numerator of the fraction is positive by virtue of the condition ^0 ^ 

and the denominator is also positive by virtue of (5.44). 

Now let us find aisymptotic solutions of the second class. The substitution of 
(5.41) and (5.42) into (5.38) leads to 



mo{Xo)r]o = 0, 

^o('^o)^2 = ~{p2g) ^[2AqA 22122^0 + ^0^21^l]? 
^o(Ao)^l = XoAi2PO’ 



From the first equation we get 



v- 1/2 



~ ^ok Ti 



{A22) 



\/m 



Vo=Vk =Vk{A 22 ), keN, 



(5.47) 



(5.48) 
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where A/e(^ 22 ) are eigenvalues of the compact positive operator ^22 and r]k{A 22 ) are 
its normalized eigenelements. Since in this case the operator 

/o(Ao) = /o(Ao± ) = 1,1- A± - giAp)iX^^)-^B (5.49) 

is invertible, then from the third equation in (5.47) we have 

6=Cf, = A±/o'(AjfcMi2r?±. (5.50) 



Using again the orthogonality conditions for the right-hand side of the second equation 
in (5.47) and taking into account (5.48)-(5.50) we obtain 



Afc^(^22) /. ..± 

2{p2gr ^ 



(Zo(Ao± ^ 0 . (5.51) 



We note that from this equality and from (5.49) and (5.48) it follows that 



ReA^^>0, ImAj^<0, 



All these constructions together with formulas (5.46) and (5.51) lead to the 
following conclusions. 

(1) In problem (5.38), for small a > 0, there is a branch of eigenvalues Xook{(^) 
of the form 

Xook{o^) = X^ + oA X2k H“ 0 ( 0 ;"^), ol >■ 0, (5.53) 

that is situated on the positive semiaxis and has a limit point at +00 as k ^ 00 . The 
eigenvalues Aoofc(<^) are situated to the right of the eigenvalues A^ of the undisturbed 
problem (5.38) that corresponds to the case a = 0, that is, the first problem (5.39). 

The physical meaning of the zero approximation Aoo/c(0) is the following. 
These eigenvalues correspond to the interior dissipative waves in the considered 
partially dissipative hydrodynamic system. The waves correspond to the solidified 
free surface T 2 of the ideal fluid. According to (5.46), the second term in (5.53) 
describes the influence of the free surface T 2 oscillations on the damping decrements 
of the interior dissipative waves. 

(2) Apparently, the shift of the eigenvalues Aoo/e(<^) fo the right of Aoo/e(0) 
takes place not only for small a > 0, but also for 0 < a < 1. Therefore, problem 
(5.35), which is a a particular case of problem (5.38) for a = 1, will also have a 
branch of positive eigenvalues {Aoofc(l)}^i with a limit point at -hoc. This branch 
corresponds to interior dissipative waves with arbitrarily large damping decrements. 
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(3) In problem (5.38), for small a > 0, there are two branches of eigenvalues 
A^(a) adjoining the imaginary semiaxes, situated in the right complex half-plane and 
having a limit point at infinity. 



\^{a) = ±i{p2gXk{A22)) -h O(a^), a 0. (5.53') 

The eigenvalues A^(0) correspond to the oscillation frequencies o;/c(0) = 

{p 2 gXk{A 22 ))~^^^ of the ideal fiuid situated under the viscous one provided that the 
separating boundary Fi between the two fiuids is not disturbed. The infiuence of the 
boundary Ti motion is described by the second term in (5.53'). We deal here with 
oscillation damping decrements of the ideal fiuid due to the motion of the viscous 
fiuid and the separation boundary T i . These decrements have the form 



ReAj(a) 



^k^i-^22) II ±||2 



(5.54) 



The infiuence of the viscous fiuid causes the oscillation frequencies of the ideal fiuid, 
to decrecLse in comparison with the case of a solidified viscous fiuid by 



LUk{0) -cuk{a) 



a 



2 K^{^22) 

2{p29f 






^k)L, 



(f2i 



+ 






{B 



w^,w 



k )L2{ni) 



(5.55) 



(4) Apparently, the previously mentioned physical effects and properties of the 
frequencies and oscillation decrements take place not only for small a > 0 but also 
for 0 < q; < 1 and, in particular, in the partially dissipative system we are studying, 
for a = 1. In this case, there are two branches of eigenvalues adjoining the imaginary 
semiaxes and having the limit point at co. 

(5) These asymptotic and heuristic conclusions allow us to introduce the 
following hypothesis. 

In the problem (5.53) on normal oscillations of a partiallly dissipative 
hydrosystem, the following assumptions are satisfied: 

(a) The solutions of this problem are three branches of eigenvalues 
corresponding to two types of oscillation regimens that differ by their physical 
meaning. The three branches have a limit point at infinity. 
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(b) The branch {Aoo/e}^i C M+ corresponds to the interior dissipative 

waves in the viscous fluid. The modes of normal oscillations corresponding to this 
branch, describe arbitrary quickly damping aperiodic regimens, for which 

the boudary surface Fi that separates the two fluids is almost not disturbed. The 
eigenvalues corresponding to this branch have the following asymptotic behavior: 

Aoo/c = iyXk{A)[l + o(l)], /c ^ 00, u = —, (5.56) 

Pi 

where Xk{A) are the eigenvalues of operator A appearing in the auxiliary Problem 
I in Section 10.2.2 [see (2.9)]. The oscillation modes {^oo/e}^i C Jo.S'i(^i) form a 
system that is complete in Jq,Si (^^i) up to a flnite defect. If the values of viscosity 
are large enough, then the system {^oo/e}^i is complete in Jo. 5 i(fli). 

(c) The two branches {A^}^^ and adjoin the two imaginary semi- 

axes and their corresponding solutions describe the surface waves in the upper ideal 
fluid. In this regard, the oscillation frequencies of the partially dissipative hydrosystem 
are less than the oscillation frequencies of one ideal fluid with a solidifled bottom P i , 
and the oscillation decrements are small enough. The eigenelements and 

corresponding to the two branches of eigenvalues form a system that is 
complete in H 2 up to a flnite defect. If the values of the viscosity p of the lower fluid 
are large enough, then the two systems of eigenelements are complete in H 2 . The 
asymptotic behavior of the eigenvalues AJ hats the form 

A± = ±i(3A^i(C22))'^" [1 + 0 ( 1 )], k^<^, (5.57) 

where C 22 is the positive compact operator introduced in Section 10.2.2 [see (2.16)]. 

We remind the reader that in problem (5.35) there exists also a branch of 
eigenvalues {A^}^^ C with the limit point at zero and the asymptotic behavior 
described in (4.20). The properties of the solutions to problem (5.35) corresponding 
to this branch were studied in detail in Section 10.4. The corresponding oscillation 
modes describe the boundary waves at the boundary surface P 1 that separate the two 
fluids. 

We leave the reader the opportunity to study in full detail the properties 
of the interior dissipative oscillations and also the surface oscillations in a partially 
dissipative hydrosystem. In particular, those approaches that allow obtaining solutions 
to the two classes of problems for equation (5.38) in the form of series with powers 
of and the proof of their convergence with a — 1. Another approach could be the 
use of methods from perturbation theory to the nonself- adjoint problem (5.38) and 
its proof in the case a — 1. 
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10^.4 Concluding Remarks 

In the conclusion of this chapter, let us say some words about the problem considered 
here. First and foremost this problem is new both in its hydrodynamic statement and 
as a problem in mathematical physics. In one part of the considered region (in fli) the 
equation is parabolic, and in the other region (in f^ 2 ) equation is elliptic. Further, 
the boundary conditions at the boundaries F i and F 2 include the time derivatives with 
respect to the unknown functions and, therefore, a spectral parameter in the study of 
normal oscillations. The authors believe that problems of this kind will capture the 
attention of other researchers. 

These are some directions in which we believe that the studies should directed 
in the future. 

(1) In Sections 10.4 and 10.5, the theorem on spectrum localization and the 
theorem on the completeness of the system of root elements in problem (4.41) were 
stated in a rather restrictive setting, assuming condition (4.63) corresponding to 
sufficiently small values of P 2 / pi- From the physical point of view, however, it is 
natural to assume that the stability condition p 2 < pi is the only one that is satisfied. 
It seems that the results stated in Sections 10.4 and 10.5 might be valid even under 
such less restrictive conditions. 

(2) In Section 10.5 we stated the theorem on the completeness of the system 
of root elements in problem (4.41). We believe that the Riesz basis property and even 
the p-basis property of the system of root elements should take place in this case. 

(3) Apparently, the Riesz basis property (with a defect for arbitrary values of 
the viscosity and without defect for large values of viscosity of the lower fluid) should 
occur in the space Jo^Si (^ 1 ) for the system of eigenelements {^oo/J^i corresponding 
to the eigenvalues {Aoo/e}^i- A similar Riesz basis property could be expected for 
the solution describing the surface waves at the free surface F 2 . 

(4) Most probably, it would be useful to study in a general setting some 
operator pencils of the form (5.36) and (5.37), where, for A ^ 00 , the terms considered 
to be disturbing terms with respect to the basis problem have the order for A greater 
than that of the main terms. 




Chapter 11 

Oscillations of Visco-Elastic and Relaxing Media 



As we mentioned in the Introduction to Part IV, this chapter deals with the problem 
on small oscillations of a visco-elcistic or relaxing fluid. In Section 11.1 we will con- 
sider the most baisic problem: The oscilations of a visco-elastic fluid in an arbitrary 
completely fllled container. Ba^sed on the connection between the tensors of viscous 
stresses and deformation velocities, we formulate an initial boundary-value problem. 
This problem leads to a differential equation of the first order in a Hilbert space. Us- 
ing the dissipativity of the operator coefficient of this equation we prove the theorem 
on correct solvability of the initial problem. Further, we study the normal oscillations 
of the system, prove that the spectrum is discrete, and show the existence of its limit 
points, situated on the positive semiaxis and caused by the presence of visco-elastic 
forces. 

A natural generalization of the problem in Section 11.1 is obtained in Section 
11.2. Here, we study an integro-difPerential equation, where instead of just one opera- 
tor (the Stokes operator Aq), we introduce some other operators with the same power 
as the basic one. In this Ccise, the theorem on correct solvability can be also stated 
easily, but the problem on normal oscillations becomes more complicated. Thus, even 
in the case of commuting operator coefficients, the spectrum may not be discrete, and 
some other interesting effects, such as the appearence of segments and points in the 
continuous (limiting) spectrum, may occur. 

Section 11.3 deals with the problem on small oscillations of a visco-elastic 
fluid in an open container. Both physically and mathematically, this problem is a 
generalization of the problems discussed in Sections 8. 1-8.3. However, even in this 
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caise, the transition to a differential equation of the first order with dissipative oper- 
ator coefficients enables us to state the theorem on correct solvability of the initial 
boundary value problem and to study the problem on normal oscillations. 

In Section 11.4 we consider the problems on multiple basicity of the system of 
eigen- and associated elements corresponding to the problem on normal oscillations. 
Here, we use the generalized Laptev and Greenlee method that involves a transition 
to a new spectral parameter (see Section 8.2.2). This allows us to employ (with the 
required changes and inevitable complications) the same research scheme that was 
previously used in Section 8.2 and, as a result, state the property of multiple basicity 
of a system of eigen- and associated elements of a special kind in the spectral problem. 

Another approach to the study of the spectral problem on normal oscillations 
of a visco-elastic fluid in an open container is used in Section 11.5. Here, based on T. 
Ya. Azizov’s general theorem on the basicity of the system of eigen- and associated 
elements of a J-self- adjoint operator in a Krein space, we state the properties of Riesz 
and p-basicity without a complex change of the spectral parameter. We also study 
the existence of various branches of eigenvalues, their limit points, their location in 
the complex plane, etc. 

Finally, in Section 11.6, we investigate the problem on oscillations of a relaxing 
fluid in a region with boundary. The classical statement of the problem is given for 
model boundary conditions. Then, we carry out a transition to a differential equation 
of the third order in a Hilbert space. The simplest problem on normal oscillations is 
studied, and the existence of two kinds of waves, acoustic-relaxing and purely relaxing, 
is stated. The spectral problem for variable characteristics of a relaxing medium is 
studied, too. We show that here, along with the branches of the discrete spectrum, 
there is a segment in the limiting spectrum caused by the relaxation mechanism. 



11.1 Visco-Elastic Fluids in Completely Filled Containers 

In this section we consider the simplest problem on small motions and normal 
oscillations of a visco-elastic incompressible fluid that completely fills an arbitrary 
container. We show that the presence of the visco-elastic forces leads to new physical 
effects that were not met in an ordinary viscous fluid. 

11 . 1.1 A Model of a Visco-Elastic Fluid 

There is a great deal of incompressible homogeneous viscous fluids for which the 
connection between the tensor of viscous stresses, cr' = (crL)f ^^i, and the doubled 
tensor of deformation velocities, r = is no longer described by the 
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simplest Hooke law, 



cr = pr 



i{u) := 



dui duj 
dxj dxi 



(1.1) 



as it was assumed in previous chapters of this book. For such fluids, a more complex 
dependence that takes into account the visco-elastic properties of the medium is 
needed. One of such models is the Oldroit model described, for instance, in F. Airich 
[1]. For this model, the connection between cr' and r has the following differential 
character: 

where Avq, • • • , and /^i, . . . , are some positive physical constants. 

In this model it is assumed that the roots of the polynomial 



£;(A):=l + ^77,(-A)^ (1.3) 

3 = 1 



associated with the differential operator in the left-hand side of (1.2), are distinct and 
positive, 

0 < 7 i < • • • < 7 ^ < oc. (1.4) 

The model (1.2)-(1.4) for m = 1 was suggested and studied by Oldroit. In 
this chapter we will consider the case of an arbitrary natural number m. 

From E{\) in (1.3) and the polynomial 



F(A):=«o + 5]«,(-A)^ (1.5) 

3 = ^ 



associated with the differential operator in the right-hand side of (1.2), we form the 
rational function 



E{\) 



• /^7o(A) — /i I 1 -h ^ 



( 1 . 6 ) 



where p. = Km! Pm > 0. We will additionally assume that for the considered model of 
a visco-elastic fluid, the following conditions are fulfilled. 



Oij > 0 , 






m. 



(1.7) 
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From the physical point of view, we need to accept one more natural require- 
ment: If, at the initial moment of time, the tensor of deformation velocities in the 
fluid and its derivatives in time up to the order m — 1 are equal to zero, then the same 
conditions are true for the tensor of viscous stresses as well. Under this assumption, 
the differential connection (1.2) with the initial conditions mentioned previously leads 
(as it is easily seen by means of Laplace transforms) to the integral connection 

a' = fiIo{t)r, ( 1 . 8 ) 

where, according to (1.6), the operator Io{t) acts by the rule 

m 

(/or) (t) := T{t) + / exp(-7j(i - s))r{s)ds. (1.9) 

i=i 

If Qj = 0, j = 1, . . . , m, then we come to the model of an ordinary viscous fluid. 

Let us note that in (1.8) and (1.9) the connection between the tensor r and 
the tensor of stresses cr' is given by means of a Volterra integral operator of the second 
kind. This leads to the fact that for any t the operator Io{t) is invertible. Moreover, 
the inverse operator, Io^{t), is a Volterra integral operator of the second kind as well. 



11.1.2 Statement of the Initial Boundary Value Problem 



Let us consider now small motions of a visco elstic incompressible fluid corresponding 
to the model (1.2)-(1.9) in an arbitrary region D. Instead of the Navier-Stokes 
equations 

du 1 

— = — Vp + z/Au+f, divu = 0 in fl, 
ot p 

in this case, the linearized motion equations take the form 
du 1 

-^ = --Vp -h z//o(t)(Atx) + /, divit = 0 in fl, (1-10) 

where u = p/p > 0 is the ordinary kinematic fluid viscosity and, based on (1.9), the 
operator Iqv is deflned as 



m « 

(/qv) {t, x) := v{t, a;) + aj / 
1=1 



exp(— 7 j(t — s))v{s,x)ds, 



( 1 . 11 ) 



for any held v{t,x). 

We need to add to equations (1.10) the initial and boundary value conditions, 
that is, the stickiness condition on the rigid wall. 



u{t, x) = 0 on S = dQ, 



( 1 . 12 ) 



and the initial condition 



u(0, x) = u^(x) 



in Lt. 



(1.13) 
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11.13 On the Solvability of the Initial Boundary Value Problem 



Starting with equation (1.10) and the boundary value condition (1.12), we will 
assume — as we did in Chapter 7 — that the velocities field u(t, x) is a smooth function 
of variable t with values in the subspace Jo{Cl) of the Hilbert space L2(^2). Applying 
to both sides of equation (1.10) the orthoprojector Pq onto the subspace Jo(S2), 
introducing the Stokes operator Aq, and taking into account that p~^\/p JL Jo(f^), 
instead of (1.10)-(1.13) we obtain the Cauchy problem for an abstract integro- 
differential equation of the following form, 



du 

dt 



+ U AqU + 



m .t 

i=i Jo 



exp(— 7j(i — s))^o«(s)ds 



= fo{t) := Pof{t), n(0) = u°. 



(1.14) 



We used here the fact that Io{t) and Pq are commuting operators. 

Let us now make the transition from (1.14) to a differential equation in the 
orthogonal sum of spaces Jo./e(^^), where Jo,a:(^) •= *^o(^)- For 

this, we introduce the new unknown functions 



Uo{t) := u{t), 

Uj{t) f exp(-7j(i - s))^y^«o(s)ds, j = l,...,m. (1.15) 

Jo 



Whence, and from (1.14), we obtain a system of linear differential equations for the 
functions j = 0, . . . , m, that we could better write in a vector-matrix form. For 

example, for m = 2 the system looks like 



_d 

d^ 



Uq 

Ui 

U2 



+ 



-(i/ai)i/My^ 

\-(i/a2)i/My^ 



7i/ 

0 



0 

I2I / 



Uo 

Ui 

«2 




(1.17) 



where I is the identity operator in Jo(r^). The functions uj{t) satisfy the initial 
conditions 

tto(O) = Uj(0)=0, j = l,...,m. (ITS) 

The system of differential equations for m > 2 has a similar form; the basic 
matrix operator A corresponding to it has a block structure. 



/ uAq Ai2 

V ~^12 T22 



A:= 



(1.19) 
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where A 12 = aY^ , ■ • • > is a row matrix, A 22 = diag( 7 fc/)^i, 

and the column matrix A *2 is adjoint to the row matrix A\ 2 - 

We consider the Cauchy problem (117), (1.18), that is, the problem 

^+Av = ip{t), v{0) = vY ( 1 . 20 ) 

Here, the matrix operator ^ for m = 2 is given by (1.17), and for m > 2 it 
has the structure presented in (1.19). Other notations are obvious as well: v{t) := 
{uo{t),Ui{t),...,Um{t)Y, <p{t) ■= (/o(i),0, ...,0)‘, and := (m°, 0, . . . ,0)b It is 
easy to see that operator A is defined on the dense subset 

V{A) {r; e ( Jo(fI))’”+' : «o G I>(^o), G P i = 1, . . . , m} (1.21) 

of the space and hcis the important property that (— v4) is a maximal 

dissipative operator. Indeed, from (1.19) we get the following representation: 



A — ^0 “H i^i 5 



Ai = i 



i^ 



12 



— i^l2 

0 



.4*, 



^0 = diag(z/^o,7i^. •••:7m/) = 



( 1 . 22 ) 



and, therefore, for all v G T>{A), we get 



Re(^'i;,t;) = u 






+ y^7fcii^fciijo(Q) 

k=l 



>c 



c = min{z/Ai(Ao),7i:---:7rn)} > 0. 



(1.23) 



Since A* = Ao — lAi , we obtain similarly that 

Re(^*tx7, t/;) > c|lit;|p, for all w G V{A*). (1-24) 

Thus, (1.20) is a non-homogeneous Cauchy problem for a differential equation 
of the first order with the maximal dissipative operator (— ^4). The statements in 
Section 1.5.4 ensure that the semigroup U{t) corresponding to problem (1.20) is 
contractive and allows the estimate 



\\U{t)\\ < exp(-ct), (1.25) 

where the constant c > 0 is defined by (1.23). As a result, we obtain that the 
homogeneous problem (1.20) is uniformly correct. 
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Furthermore, according to the conclusion of Section 1.5.7, if G T>(A) and 
cp(t) in (Jo(n))^+^ is continuously differentiable, the formula 

v(t)=U(t)v^F f U{t — s)(f{s)ds (1.26) 

Jo 

gives the solution to problem (1.20), that is, v{t) G F){A) for every t G [0,T] and any 
T > 0, v'{t) G (Jo(f^))"^“^\ and equation (1.20) is satisfied for each t G [0,T]. 

The preceding considerations lead to the following result. 

If in problem (1.14), G T>{Aq) and fo{t) is a continuously differentiable 
function with values in Jo{ft), then this problem has a solution u{t) G for all 

t G [0,T], and u'{t) G Jq{ 0,). If G Jo(^) ^nd fo{t) is a continuous function of t 
with values in then (1.26) gives a generalized solution of problem (1.20) and 

the first component of the function v(t) := (uo{t), Ui(t), , Um(t)y is a generalized 
sol u tion of problem (1.14). 

These statements give a positive answer to the question on correct solvability 
of the initial boundary value problem (1.10)-(1.13) on small motions of a visco-elaistic 
fluid in a completely filled container. 

11 . 1.4 Normal Oscillations 

Let us consider now solutions of the homogenous problem (1.20) that depend on t 
according to the law exp(— At). For the amplitude functions v = {uq, txi, . . . , UmY we 
obtain the spectral problem 

Av — \v, (1-27) 

that is, the system of equations, 

m 

vAqUq + Uk — 

k=l 

FykUk = \uk, /c = l,...,m. (1-28) 

Eliminating Uk from (1.28), we obtain the following problem, 

uIq{X)AoUo = Atxo, (1.29) 

where /o(^) is defined by (1.6). Hence, it follows that the eigenelements of problem 
(1.29) should coincide with the eigenelements {un(^o)}^i Stokes operator 

Aq, and the eigenvalues A are solutions of the characteristic equations 

m) = 

^^n\Ao) 



n = 1 , 2 ,..., 



(1.30) 
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where the equations (1.30) are set up with regard to the multiplicity of the eigenvalues 

Equation (1.30) can be easily studied graphically by building the graph of 
the function Iq{X) in (1.6) and the graph of the linear function A/(i/An(Ao)). We 
now list some properties of the solutions of this equation and formulate the physical 
conclusions that they lead us to. 

1° For any n > 1, equation (1.30) has m-\-l roots, among which no more than 
two can be nonreal complex conjugate, and all the remaining ones are positive. 

2° Let /?/c, k — 1, . . . ,m, be the zeros of the function Io{X), that is, of the 
polynomial F{X) in (1.5). Since > 0, as indicated in Section 11.1.1, the following 
inequalities are valid. 



0 < yi Pi <C • • • <C 'ym ^ Pm ^ CXD. (1.31) 

For any n > 1 there are no more than two real roots situated to the left of the point 
A = 7i. For large enough n, these roots are absent. Therefore, there is only a finite 
number of such roots situated to the left of 71, for all n > 1. The remaining roots are 
all situated to the right of the point A = 71 . 

3° For large enough n, the complex conjugate pairs of nonreal eigenvalues are 
absent and, therefore, the total number of nonreal eigenvalues in problem (1.30) is 
finite. 



4° The eigenvalues of problem (1.30) for all n may be divided into m + 1 

(k) 

series having the limit points /?/c, k — l,...,m, and +00. The eigenvalues An 
corresponding to the the kth series are situated in the interval {Pk^yk-\-i)^ where 
7ni+i is, by definition, the multiple root of equation (1.30), with the right side equal 
to aA, for some a > 0, situated to the right of Pm- The eigenvalues a 1^^ corresponding 
to the series whose limit point is +00 are situated in the interval (7^+1, 00). 

5° For the series An 7 the following asymptotic formula takes place, 

= Pk+/3k {iyIo{0k)K{Ao)y^ + O (A;;^(ylo)) , n-^ oo,k = l,...,m. (1.32) 

6° For the series a 7\ the following formula takes place, as n — > oo, 

1 (V"7o)) . 



A^) = i.A„(^o) 



(1.33) 
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7° To the series with the asymptotic behavior (1.33) there correspond 
dissipative waves in the visco-elastic fluid that are similar to the ordinary dissipative 
waves in an incompressible viscous homogeneous fluid (see Section 7.1.3). For these 
waves, the fading decrements can be as large as possible, although the presence in the 
hydrosystem of the elastic forces can decrease somewhat the values of the decrements, 
as suggested by (1.33) for ak > 0. 

8° To the series k = l,...,m, there corresponds a new kind of 

waves caused by the action of the visco-elastic forces in the system. The fading 
decrements corresponding to these waves are located inside finite intervals of the 
positive semiaxis, and have only m limit points (see (1.32)), that is, the number 
of integral terms in the motion equations (1.10) and (1.11). Thus, in the spectral 
problem (1.27) on normal oscillations of a visco-elastic fluid, we find an essential 
spectrum consisting of exactly m points /3/c, with the properties (1.31). 

9° The presence of visco-elastic forces can also account for the fact that in the 
given hydrodynamic system we find only a finite numbers of oscillating fading modes 
of the normal oscillations, together with the aperiodically fading modes. 

Thus, the visco-elastic forces are the cause of new physical effects that are 
not characteristic for an ordinary viscous incompressible fluid filling completely a 
certain container. In the following sections we will consider some more complicated 
mathematical problems related to the problem of small oscillations in a visco-elastic 
fluid. 



11.2 Abstract Evolution and Spectral Problems Generated by 
Small Motions of a Visco-Elastic Fluid 

Here, the spectral and evolution problems are considered. They generalize the problem 
of Section 11.1 on small motions and normal oscillations of a visco-elastic fluid in a 
container, in the case when the operators of the problem, basic and integro-differential, 
include different differential operators of equal force with one and the same domain 
of definition. Even for commuting operators entering into the evolution equation, the 
spectral problem may have regions of the essential spectrum situated on the real axis. 




324 



OSCILLATIONS OF VISCO-ELASTIC AND RELAXING MEDIA 



112.1 Statement of the Problem. Transition to an 
Equation with a Dissipative Operator 

In a separable Hilbert space H, let us consider the Cauchy problem for an integro- 
differential equation of the form 

1 rn 

-n+^ou + Y] e~'>'‘-'^*“'^Mfeu(r)dr = /(t), w( 0 ) = ( 2 . 1 ) 

Here, u — u{t) is an unknown function with values in iJ, 7 /. are positive constants, 
0 < 7 i < • • • < 7 m < 00 , f[t) is a given function with values in and G H. 

By Ak, /c = 0, . . . , m, in (2.1) we denote m 4 - 1 unbounded positive definite 
operators for which 

D{Ak) = D{Ao), k = l,...,m, (2.2) 

0 < Aj^ ^ G ©oo: /c = 0, . . . , m. (2-3) 

As an example of operators of this kind in the Hilbert space H = L 2 {^), 
C M^, it is possible to take a set of uniformly elliptic operators. 



AkU : 




/c = 0, . . . ,m. 



(2.4) 



given on one and the same domain 

V{Ak) := H^{n) {u{x) G : u = 0 on dfl} . (2.5) 

Here, all the energetic norms 11^11^^ are equivalent to the norm of the space ^^ 0(^)5 
and consequently equivalent to each other. 

If, in particular, H = Jo{fl) and Ak = o^kAo, where Ok > 0, k = 1, . . . 
then we recover the problem analyzed in Section 11.1 for the operator Aq = —PqA^ 
that is, for the Stokes operator. 

Just as in Section 11.1, we proceed from problem (2.1) to a differential 
equation in the orthogonal sum of spaces H := 0^o Hk, Hk H , by introducing 
the unknown functions 

wo(^) : = u{t), 

pt 

Uk{t) : = / A]/‘^u{T)dr, /c = l,...,m. (2.6) 

Jo 
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If u(t) is a solution of problem (2.1), that is, a continuously differentiable function of 
t that for every t belongs to V{Ao) = T>{Ak), then the functions Uk{t) from (2.6) are 
continuously differentiable and 

dU-Zr 1 /2 

— = V - 7fcWfe(0, Mfe(0)-0, k=l,...,m. (2.7) 

Together with (2.1), relations (2.7) lead to the next Cauchy problem in the space H, 

du ~ 

— +Au = f{t), u{0) = u^, 

) . (Uq (t),Ux(^), . . . , ‘Urn (0) 5 

= (u°,0,...,0)‘, (2.8) 

where the (m + 1) x (m + 1) matrix operator A has the block form 



with 



All = Ao, 

An=-{Al'^ AT-)' 

A22 = diag( 7 fc/)^^j . 



(2.9) 



( 2 . 10 ) 



11.2.2 On the Solvability of the Cauchy Problem for 
Integro-Differential Equations 

The formulas (2.9), (2.10) show that the operator A defined on the set dense in H 
D(.4) = D (To) 0(^0 11(4/2)^, P (4/") - D (4/") , (2.11) 

is in essence maximal dissipative, since 

(^ 12 )* = -^ 21 , {Aou,'u.)fi > c\\u\\}i , (2-12) 



To := diag(To,T 22 ) ,c = min ( Ai (To) ,mm 7 fc j > 0. 



where 
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Therefore, problem (2.8)-(2.10), for e D{A) and any continuously dif- 
ferentiable function f{t) with values in is uniquely solvable and its solution u{t) 
is expressed by the formula 

u{t) — U{t)u^^ f U{t — r)f{r)dT, (2.13) 

Jo 

where the semigroup U{t) allows the estimate 

\\U{t)\\ < exp(-ct), (2.14) 



with a constant c as in (2.12). 

If in the original integro-differential equation (2.1) f{t) is a continuously 
differentiable function with values in H, and G V{Aq)^ then = (u^,0, ... ,0)^ G 
T>{A), and f{t) = (/(t), 0, . . . , 0)Ms a continuously differentiable function with values 
in H. Then, equations (2.7) are fulfilled for any t together with the equation 

A ^ 

^ + Aouoit) + Y, = f{t), (2.15) 

k=l 

where all their terms are continuous in t. 

From equations (2.7) by the condition u{t) G V{A), we get that uq( 0 ^ ^(^o), 
Uk(t) G V{A]J‘^)^ and thus, duk/dt G V{A]/‘^). From (2.7) it also follows that Uk{t) 
are expressed by the formulas (2.6). Substituting them into (2.15) we conclude that 
equation (2.1) is fulfilled for the function u = uo(t), where all terms in (2.1) are 
continuous functions. 

Thus, if G D{Aq) and f{t) is continuously differentiable with values in H, 
then problem (2.1) has the solution u{t), for which u{t) G T>{Aq) and all terms in 
(2.1) are continuous functions. 

11.23 Spectral Problem. Transition to an Equation with a 
Bounded Operator 

We consider solutions of the homogeneous problem (2.8) depending on t according to 
the law exp (—At). For the amplitude elements u = {uq, ui, . . . , UmY we come to the 
spectral problem 

Au = Aft, u G D{A), (2.16) 

where the operator matrix is defined by formulas (2.9) and (2.10). 
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We note at once that from properties (2.11) and (2.12) it follows that the 
spectrum of problem (2.16) is situated in the half-plane 

ReA>c>0. (2.17) 

From these properties we get 

Re (Au,u)p > c||u||^, (2.18) 

and, therefore, operator A has a bounded inverse operator, A~^ ^ for which 



(2.19) 

We will next derive explicit formulas for the operator A~^ when m = 1, and 
also when m> 2. 

For m = 1, consider the equation Au — v; we have 

AoUo + A^ui = vq, 

-Ay^uo + 7iwi = vi. (2.20) 

From the second equation we find ui = + A\^^uq). Substituting into the first 

equation we come to the relation 

Aua ;= (^0 + 7i”^^i) uq^vq- ^yA^vx. (2-21) 

Since the operators and A\ are positive definite and 71 > 0, then operator A is 
positive definite, and 

Mo = (no - 7r^^i^^^i) • 

Therefore, we get the next formula for the operator matrix A~^ , 



ly [A^A- 



-,y {a^a-^) 

i-^yAy^A-^Ay 



It can be rewritten in a more convenient form by observing that 

7r' (/ - jyAyu-^Ay^ = b-\ b ■.= 71 / + Ay Ay Ay . (2.23) 

We prove property (2.23) assuming, if necessary, that instead of products of 
bounded and unbounded operators we take their closures. We first check that 

i = ^yB(i-^yAyA~^Ay). 



(2.24) 
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Using the definition (2.23) for operator B we have 

= {lF,r^AY^A^^A\^^) {i-,-^Ay^A-^Ay^) 

= I + A^^^ A-^ A^!'^ - ^^^A\'^A-^A,A-^a\'^ 

=:/ + 7r'U. 

We next prove that (7 = 0. In fact, 

C = (A-1 - ^-1 - 7,-Mo A\/^ 

= (^ - ^0 - 7r'^i) A-^A^!'^ = 0, 

by the definition (2.21) of operator A, 

Similarly we check the property 

/ = 7f' (/ - (2-25) 

and (2.23) follows from (2.24) and (2.25). 

The final expression for the operator matrix (2.22), with m = 1, takes the 

form 

j-.J yr‘(ArA-‘y\ 

\7r' (aY^A-^) B-^ ) ’ 

A: = Ao+-ry^Ai, 

B: = -fiI + AY^A^^Ay\ (2.26) 

Now we assume that m > 1 is arbitrary and use the block representation (2.9), 
(2.10) of the operator matrix A. We introduce the notation u := (i^o, ui, . . . , u^)^ =: 
{uq, fi)^, := {u\, . . . ,UmY G Then, equation Au = f; for m > 1 is equivalent to 

the system 



^11^0 + A\2U — r^o, 

— yl*2'^o T A 22 U = Vj (2.27) 

where the first property (2.12) has been already taken into account. 

Bearing in mind that the operators Au = ^0 and A 22 = diag(7jt/)^i are 
invertible, from the first and second equations (2.27) we find 

Wo = («0 - Ai2u), u = Ay^iv + AI 2 UQ). 



(2.28) 
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Substituting the expression for uq from (2.28) into the second equation (2.27), and 
the expression for u into the first equation (2.27), we come to the relationships 

Auq : — [All + A12A22 ^12) '^0 == '^0 ~ ^12^22^ 

Bu : = [A 22 '^i2^i/-^12) u = V P (2.29) 



From the definition of the operators A and B and the properties of the 
operators and A 22 , it follows that A and B are positive definite operators, and 
consequently the operator matrix A~^ takes the form 






A-^ -/I-M12AJ2' 



(2.30) 



Here, as in the previous calculations, we use the standard rules of multiplication of 
square matrices by column or row vectors. 

As in the case when m = 1, that is, for the matrix (2.26), the matrix (2.30) 
may be represented in the more symmetric form 






5-1 



(2.31) 



if we note that 

= A22A*i2A-\ (2.32) 



This property follows from the property 



^12^11 ^ ~ -^^22 ^125 



which is checked by using the definitions (2.29) of the operators A and B. 

Based on the formulas (2.26) for m = 1 and (2.31) for any m > 1, from 
problem (2.16) we derive its equivalent spectral problem 

= /ift, /i = l/A, (2.33) 

in which the operator A~^ is bounded. The additional study of problems (2.16) and 
(2.33), presented below, is based on the theory of self-adjoint operators in spaces with 
indefinite metrics and on the theory of self-adjoint operator functions. 
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11.2.4 Properties of Operator Coefficients of the Spectral Problem 



Before studying problem (2.16), (2.33), we introduce some additional assumptions 
with respect to the operators A^^ k — 1, . . . ,m. We will assume further that every 
operator Ak ^ generates an energetic space with the norm equivalent to the 
norm of the energetic space Haq of the operator that is. 



0 < Cfc < 






H 






< dk < oo, k = 1, . . 



(2.34) 



These properties were considered earlier in the example (2.4), (2.5). 

From (2.34) we get the following important conclusions with respect to the 
operator elements of the matrix (2.26) and (2.31). 



(a) The operators aI.^‘^Aq and Aq 
inverse operators, and 

2 

— < dk, 



Ck < 



Cfe < 






ll«f 



\h 



-1/2 ,1/2 



ll«l" 



u 



H 



< dk, 



H 



AI/‘^ are bounded with bounded 



A: = 1,.. 


. ,m. 


(2.35) 


fc = 1,.. 


. , m. 


(2.36) 



Indeed, inequalities (2.35) are obtained from (2.34) by substituting the 
element v = Aq^^‘^u with u ^ H instead oi u e X>(Aq^^). Further, the right 
inequalities (2.36) follow from the same inequalities (2.35) by taking into account 
that the norm of a bounded operator coincides with the norm of its adjoint operator. 
The left inequalities (2.36) are obtained from (2.34) by substituting, instead of 
u G V{AI^‘^) = V{A]/‘^), the element v = with u e H, estimating the norm 

of the operator and the norm of its adjoint, and then by performing the 

change = w. 

(b) The operator B from (2.23) is bounded and positive definite in R, 

(7i+ci)7<B<(7i+di)/. (2.37) 



Indeed, 



[Bu,u)h = li\\u\\]j + 



i-l/2 .1/2, 

^0 



\H 
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and, therefore, inequalities (2.37) follow from (2.36). 

(c) The operator A~^ — (^o + compact, positive, and has the 

representation 

K = I + j^^A^^^^AiA-^/\ (l + 7r'ci)/< K< (l + 7r'c?i)/. (2.38) 

Formulas (2.38) follow from A = Aq^^{I + 7 j“^Aq and the 

estimates (2.35). 

(d) The off diagonal entries in the matrix (2.26) are compact operators, and 
the operator is bounded and positive definite. 

In fact, by (2.38), the operator aY‘^A~^ = {aY‘^ Aq^^‘^)K ~^ is the 
product of the bounded operators aY‘^Aq^^‘^ (formula (2.35)), K~^ (formula (2.38)), 
and the compact operator The properties of boundedness and positive 

definiteness of operator follow from (2.37). 

Similar properties take place for the operators A and B from the 
representation (2.31) of the operator matrix A~^ for any m > 1. 

(e) The operator A~^ = {An + ^ 12 )”^ admits the representation 

m 

k=l 

(^1 + j < X < ||l + f^7fc '4^ /. (2.39) 



Indeed, using the definitions (2.10) of the matrix block Aik of the operator 
v4, from (2.9) we have 



A — Aq ^ Ak 



k=i 






- 1/2 



k=l 



— / 1 q rs./±Q , 



A 



1/2 

0 



whence, by using (2.35), we get the formulas and inequalities (2.39). 
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(f) Operator B from (2.29) is bounded and positive definite in the space 
= He ...eH. 

In fact, based on the definitions (2.9), (2.10), this operator has the 
representation 



B = diag (7fe/)™^i + C*C, 0<7i<---<7m, 

O : = [a-^^^aY\ . . . , , (2.40) 

where C, according to Property (a), is a bounded row matrix, and C* is the adjoint 
column matrix. Therefore, from (2.40) we get the inequalities 

(71 + a_) 7 < B < (7m + /, (2-41) 

where o_ > 0 and o:+ > a- are lower and upper bounds of the matrix operator C*C. 

(g) In matrix (2.31), the off diagonal elements ^12^^ •“ and 

are compact operators and are related by the equation 

47" = - (4;“)’ . (2.42) 

Indeed, the connection (2.42) follows from the definition of these elements, the 
first formula (2.11), and the properties of the operators A 22 and A~^. Let us prove the 
property of compactness, for example, for ^27^^- have, by the definitions (2.10) 
and representation (2.39), 

47') = diag (77'^)r=i {A\/\...,Al/^y 

= diag(77'/)r=i (2.43) 

Using again Properties (a) and (e), we conclude that A 21 is a product of bounded 
operators — the first three factors in (2.43) — and the compact (positive) operator 
Aq , that is, it is a compact operator. 
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\\25 Properties of Solutions of the Spectral Problem 

Based on the previously stated Properties (a)-(g) of the operator elements of the 
matrices (2.26) and (2.31), we determine properties of the solutions of problems (2.16), 
(2.33), both for m = 1 and for any m > 1. 

1° The spectrum of problem (2.16) is symmetric relatively to the real axis 
and situated in the half-plane Re A > c > 0, where c is the constant from inequality 
( 2 . 12 ). 

The location of the spectrum was mentioned previously [see formula (2.17)]. 
The symmetry relatively to the real axis follows from the fact that, by definitions 
(2.9)-(2.11), ^ is a j7-self- adjoint operator for 

J-diag(7, 



2° Problem (2.33) and, therefore, problem (2.16) have no more than a finite 
number of nonreal eigenvalues. 




according to Properties (e), (f), (g) has as elements the compact operators A~^ ^ 
A^ 2 ^\ — (^i 2^^)*7 the bounded positive definite operator . Thus, according 
to the assumptions in Section 1.3.5, operator A~^ being j7-self- adjoint with respect 
to the above mentioned operator J, has the non-negative and non-positive invariant 
subspaces L± C . 

If Kj^ : H is the angular operator of the subspace L+, then 



L+ == {u := {uo,uY e H : u = (uq, i^+uo)\ U q G H}. 



For any u = {uq, K-^UqY we have A G L+, which leads to the equation 

B-^K+ = K+A~^ + ( 2 - 45 ) 



Since the operators , ^12 and (>lx 2 are compact, and operator B, according 
to Property (f), is bounded, then G ©oo- Therefore, by the same reasoning 
developed in Section 9.2.6 for proving Property 7°, we conclude that problem (2.33) 
may have no more than a finite number of nonreal eigenvalues. If ||7^+|| < 1, then 
problem (2.33) has no nonreal eigenvalues (see Property 8° in Section 9.2.6). 
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3° The limiting spectrum of problem (2.33) coincides with the limiting 
spectrum of operator and, therefore, the limiting spectrum of problem (2.16) 
coincides with the limiting spectrum of operator B. 



The proof of this property is similar to the proof done in Section 6.5.7 for the 
limiting (essential) spectrum of the problem on eigenoscillations of an ideal rotating 
fluid partially Ailing an arbitrary container. 

Namely, from (2.33) and (2.44) we have 

A~^uq T A^2 uq ^ H^/jl — 

“(^12^^) = U = {ui, . . . ,Umf e . (2.46) 

If ^ <j(A“^), then from the first equation we find Uq = —{A~^ — /i/)“M^2 
Substituting this relation into the second equation (2.46) we come to the problem 



M{h)u:=\b^^ + {A-^ -Hi) V 



l(-i) 

M2 



U = flU. 



(2.47) 



Here, the second term on the left side is a compact operator, for each fixed fi ^ cf{A~^) 
and by virtue of the above mentioned assertion from Section 6.5.7, the limiting 
spectrum of problem (2.47) coincides with the limiting spectrum of operator B. 



4° In the region A ^ cr{B) C M, the spectrum of problem (2.16) is discrete 
and may have as limit points for (finite multiplicity) eigenvalues the point A = oo and 
also points of the set cr{B). In this, to the points in cr{B), the branches of eigenvalues 
in the discrete spectrum may come only along the real axis (positive half-axis). 



To prove this property we state a similar property for problem (2.46). If 
jj = ^ a{B~^) and /i ^ 0, then by eliminating the element u from (2.46), after 

dividing by /i we come to the problem on eigenvalues L{/j)uq = 0 for the operator 
pencil 

L{fi): = I-^fi), 

Since ^(ytx) for fi ^ a{B~^), /i 7^ 0, takes compact values, and 4>(/i) > 0 for /i < 0, then 
L(/i) is invertible on the negative half-axis, that is, it is a Fredholm pencil. Therefore, 
according to the assertion of Section 1.6.3, the problem L{fi)uo = 0 has a discrete 
spectrum with possible limit points for (finite multiplicity) eigenvalues either in the 
set a{B~^) or at /i = 0. Hence, because of the connection fi = A“^, for the eigenvalues 
of problem (2.46) or (2.16) we get the formulated above conclusion on the discreteness 
of the spectrum. 
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Since, according to Property 2"", problems (2.16), (2.46) may have no more 
than a finite number of nonreal eigenvalues, then the latter assertion in Property 4° 
immediately follows. 

5° If in problem (2.16) the conditions 

Ak ^ akAo, a/e > 0,/c = l,...,m, (2.49) 

are satisfied, then the problem has a discrete spectrum consisting of m series of 
finite multiplicity eigenvalues f3k asn ^ oc, k — l,...,m, and the series 

+00 as n — ^ oo. Their asymptotic behavior for n — > oo is given by formulas 
(1.32), (1.33). Here, (3^ are infinitely multiple eigenvalues of the operator B from 
(2.29) in the considered case (2.49), for which the next inequalities take place 

0 < 7 i < < • • • < 7 ^ < < oc. (2.50) 

Indeed, under condition (2.49), we get back to the situation described in 
Section 11.1 for u = 1 for the hydrodynamic problem on normal oscillations of a 
visco-elastic fiuid in a vessel. There, the numbers j3k are defined as zeroes of the 
function /q(A) := 1 + ~ X) [see (1.6)] and they have the properties 

(2.50). Therefore, according to Property 3°, the operator B in (2.29) has the points 
as points of the limiting spectrum. However, from formula (2.29) for operator 
H, definitions (2.10), and from (2.49) it follows that in this case 

B = diag (7fc/)r=i + h^k)Tk=l - = ay^a^I. (2.51) 

Therefore, the problem on eigenvalues for operator J5, that is, the problem 

Bu — Xu, u = {ui, . . . ,UmY e , (2.52) 

leads to the ordinary characteristic equation 

det (( 7 fc - A) S^k + 7^fc)a=l = 0, (2.53) 

that has exactly m roots, which, by virtue of the previous comments coincide with 
the numbers (3k. Simultaneously we get that each of these roots is infinitely multiple, 
that is, belongs to the limiting spectrum of operator B. 

Thus, in the simplest case (2.49) related to the hydrodynamic problem of 
Section 11.1, the spectrum of problem (2.16) is discrete and divided into m + 1 
series of eigenvalues. It turns out that such a property of the spectrum superimposes 
rigid limitations on the connection of the operators Ak with the operator If the 
operators Ak are less closely connected with Aq, then the structure of the spectrum 
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of problem ( 2 . 16 ) may be different, and, in particular, there may appear intervals in 
the limiting spectrum. 

6° In problem ( 2 . 16 ) for m = 1 the commuting operators Aq and Ai may 
be chosen in such a way that the complete spectrum of the operator B will be 
the limiting spectrum and coincide with the segment [71 + 1,71+2]; for m = 2, 
7i =72, the commuting operators and A2 may be chosen in such a way that 

the spectrum of operator B will be its limiting spectrum and coincide with the set 
{71} U [71 + 2,71 + 4 ]. 

Let us first consider the case m = 1 . We choose the operators Aq and Ai 
such that they commute and the set of acummulation points of the spectrum of the 
operator aY‘^Aq^aY‘^ coincides with the segment [ 1 , 2 ]. Let Ai > A2 > • • • > 0 be 
the ordered set of eigenvalues of the operator where every eigenvalue is simple. 
Since operator A]^^ has to commute with operator then Aq^ has the same 

eigenelements as 

We choose the unknown countable set of eigenvalues of the operator 
A^^ Aq^ aY‘^ according to the following rule: aoi = 1; on = 1, 012 = 2; a2i = 1, 
<^22 = 3 / 2 , 0:23 = 2 ; . . . Here, in every following group one new value is added. That 
values is the midpoint of two neighboring numbers; for example, 031 = 1 , 032 = 5 / 4 , 
<^33 = 3 / 2 , 034 = 2 , 041 = 1 , 042 = 5 / 4 , 043 = 3 / 2 , 044 = 7 / 4 , 045 = 2 , etc. 
We relabel these numbers as a sequence {/?n}^i, set fin and assume that 

jjin are the eigenvalues of operator A^^ corresponding to the same eigenelements to 
which there correspond the eigenvalues A„ for the operator A]^^ . Then, the operator 
Ay‘^ A q^ A\^‘^ is diagonal and its eigenvalues {Pn} form a dense set in the interval 
[1,2], where each eigenvalue P^ by its construction is infinitely multiple. 

Since, according to formula ( 2 . 23 ), B = 71/ + A\^‘^ Aq^ A\^‘^ , then by virtue 
of the above proved facts, the spectrum of operator B coincides with its limiting 
spectrum and equals the segment [71 + 1 , 71 + 2] . 

A similar contraction may be done in the case when m = 2 and 72 = 7i- 
Here, it is necessary to put A2 = Ai and introduce, just as above, the numbers A^, 
Pn, and Again the operator A^'^ A^^ A\^‘^ = A ~^^ is diagonal and its 

1 /o 1 1 Id 

eigenvalues /?„ form a dense set in the segment [1,2]; the operators A^ A^ A{ , 
Ap Aq Ap , coinciding with it, possess the same property. Since in this case 

B = diag(7i/,7i/) + ( 7 *fc)L=i > 7 ^fc = ^ 

then B = Sn, with 



B 



n 



+ 



7i 0 
0 7i 



/?n Pn 
/3n /?n 
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Hence, the eigenvalues of operator for any n, are equal to 71 and 71 + 2/?„, 
respectively. Whence it follows that the complete spectrum of the operator B = 
0^1 Bn is exactly its limiting spectrum and coincides with the set {71} U [71 + 
2, 7i +4]. 

All these considerations show how to construct examples of problems of 
the form (2.16) in the case of commuting operators with a rather complicated 
structure of the limiting spectrum. 

In connection with Properties 5° and 6°, the next natural question arises: To 
what extent may the operators Ak in problem (2.16) be different from the simplest 
operators OkA^^ when the general structure of the spectrum of problem (2.16) is the 
same as it was described in Property 5°. The answer to this question is given by some 
sufficient conditions formulated below in Properties 7° and 8°. 



7° Let in problem (2.16) the operators Ak have the structure 
Ak = OLkAo + Ck^ Ck = aJ FkAj , Fk G ©005 

and assume that the following conditions are fulfilled: 

(a) the operators 

are infinite dimensional, and 

(b) 



(2.54) 



(2.55) 



Fu 

Ti := ^ 0 ^ - ^ ^ (2.56) 

^ {Pk - Ik) 

Then, the spectrum of problem (2.16) is discrete and may be divided into m + 1 series 
of positive eigenvalues with limit points {Pk}]^=i and +(X), where the numbers f3k are 
the same as in Property 5°. 

To prove this property we derive from the system of equations (2.16) written 
as 



m 

AoUq + Al^'^Uk = Xuo, 

k=l 



1 /2 

~A- uo + = Auj, 



j = 



(2.57) 
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a single equation in uq. This can be done since the numbers A = 7 j are not solutions 
of the problem (2.57). Thus we get the spectral problem 

m 

AqUo + ^ (7fc - ^kUo - Xuo = 0. (2.58) 

k=i 

We next make the substitution apply the operator to the left and 

right sides of (2.58), and use formulas (2.54); we have 



/o(A)/ + ^ (7fc - A)-' Fk - AaIq-i U - 0, 



A:=l 



-fo(A) — 1 + 



Qfe 



7o(/3fe)=0, k = l,...,m. 



After dividing by /o(A), we get an operator pencil of the form 



(2.59) 



L(A) := / + iy{\) (7. - A)-^ F, - XA^ := 7 + #(A), 



(2.60) 



\k=l 



where ^(A) takes compact values. 

It is easy to see that for each negative A, with a large enough absolute value, 
the operator L{\) has the estimate 



L(A)> 



m 



'-E 

k=l 



\lk - A| 



I > cl, 



c > 0 , 



and, therefore, L{\) is a Fredholm pencil. Whence it follows that the spectrum of 
problem (2.57) is discrete and consists of infinitely multiple eigenvalues, with limit 
points in the complex plane C among the points where ^(A) is not analytic, that is, 
among the points and A = oo. 

We can show however that the points { 7 ^}^! are not limit points of the 
spectrum of problem (2.57). Assume, on the contrary, that there exists a sequence of 
eigenvalues A/^^ 7 ;^ as n ^ 00 for some k, to which correspond normalized eigen- 

elements Un = {uoni'fJ'in, ’ ’ ’ of problem (2.57). From the equation with the 

number j = k we get 

Aj^ Uqji — (7/c A/e^q) 'U/cn ^ ^ ^ 

1 /2 

Whence, by inequalities (2.34), it also follows that Aj uon 0 for j 7 ^ /c, and 
A^^'^uon 0. Further, for j ^ k we have ( 7 ^ — Xkn)ujn — A^^‘^uon 0 whence, 
since 7 ^ ^ it follows that Ujn 0 for j 7 ^ k. From the first equation (2.57) after 
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multiplying by Aq we get 

^0 ^ (^Ay^Uj^j + Ao„^q 0, 7Z 00, 

and since by (2.36) Aq is a bounded and boundedly invertible operator, then 

Ukn — > 0 as n ^ oo. Together with the properties uon 0, and Ujn 0, j / /c, 
whence it follows that ||ftn||^ = ll^Onll^ + J2T=i ll'^A:n|P|// ^ 0, contrary to the 
assumption \\u\\p = 1. 

Now we show that the point A = oo is a limit point of the discrete spectrum 
of problem (2.57), that is, of problem (2.16). We substitute in (2.59) the spectral 
parameter X — and multiply both sides by p; we have 



M{n)v \= [ill - Ay - yMiin)) V = 0, 






Y aki + Fk 



(2.61) 



Since M(0) = -^o ^ € ©oo, M'{0) = I ^ 0, then according to Statement 3° in 
Section 1.6.10, the eigenelements of problem (2.61) corresponding to eigenvalues from 
the interval (—5,6:), for any 5 > 0, form a Riesz basis in a subspace having a finite 
defect in the infinite dimensional space H. By the arbitrariness of 5 we get that there 
exists a branch of eigenvalues of problem (2.61) with the limit point p — Q. 

Therefore, problem (2.59) has a branch of eigenvalues xi^^ — l/pn with the limit 
point (X). From Properties 1° and 2° it follows that this branch consists of positive 
numbers and therefore has the limit point A = +oo. 

It can be similarly proved that the numbers j3k are limit points of the discrete 
spectrum of problem (2.16); here it is necessary to apply the conditions (a) and (b). 
We substitute in (2.59) X = /3 k P p choosing any number k = 1,2,.. .,m. Taking into 
account that Io{Pk) = 0 we come to the spectral problem 

Mk{fJ.)v : = (^-Aok + M^o(/?fc)iife + i2fc(M)) = 0, 

m 

Mkik) ■ = Mokin)i + yy FkipkiiJ.) = o{y), /i ^ 0, 

k=l 

Mofe(M) : = lo {Pk +l^)-Io iPk) /X = O(m'), 

i’kin) ■■ = {lk- Pk - - {ik - Pk) - {ik - Pkf = 0(/i^), (2.62) 



where Aq/c and Ak are the operators occuring in conditions (a) and (b) [see formulas 
(2.55) and (2.56)]. Taking into consideration these conditions and the property 
I[){l3k) > 0, for problem (2.62) it is possible to repeat the considerations presented 
above for the pencil (2.61) and to prove that to the point X = /3k in problem (2.16) 
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there corresponds a branch of eigenvalues situated on the positive half-axis 

and having the property as n — > oc. 

Property 7° is entirely proved. Incidentally, we also proved the Riesz basicity 
with a finite defect in H of each of the system of eigenelements corresponding, 
respectively, to the branches of eigenvalues /c = 1, . . . ,m, and {An"^^}. 

8° Let the conditions in Property 7° be fulfilled [see (2.54)-(2.56)], and assume 
that KerAok = {0}, k = 1,. . . ,m, the eigenvalues Aj(^o) of operator Aq have the 
asymptotic behavior 

i^oo,ao >0 ,do >0, (2.63) 

and the eigenvalues of the operators Aok from (2.55) have the asymptotic behavior 
(^Ofc) = +o(l)], j ^ oo,af > 0,af > 0,k = 1,. . . ,m. 

Then, the branch {A^^^} has the aisymptotic behavior 

A^^^ = A^- (^o) [1 + o(l)], i oo, (2.65) 

and each of the branches {An^^} may be divided into two subbranches, situated 

to the right and left of the point f3k and having the asymptotic behavior 

= /3fc + (^ofe) (-^o(^fe))”^ [1 +o(l)], j ^ oo,k = l,...,m. (2.66) 

Instead of proving these properties, we note that they follow from the facts 
presented in Section 1.6.8, formulas (2.63) and (2.64), and also from the fact that the 
operator pencils (2.61) and (2.62), after substituting fi = A“\ get the form of the 
pencil (1.7.6) and satisfy the requirements of Section 1.6.8. 

We remark also that the asymptotic behavior of the branches is 

determined not only by the properties of operator Aq, but also by properties of the 
compact operators Fk from (2.54). In particular, from (2.55) it follows that if F^ > 0, 
then, by virtue of the inequalities fik ~ 7/c > 0, we have Aofc > 0, and, therefore, the 
branch A^ ’ from (2.66) is absent. Besides, the main term in the asymptotic formula 
(2.64) may be defined not by the operator ^ but by one or several operators Fk. 

Let us get rid of the constraints (2.54)-(2.56) and consider again the general 
problem (2.16) under the cissumptions (2.34). Since this time, according to Property 
6°, the spectrum, generally speaking, cannot be split into m+1 series of eigenvalues, as 
it was for the conditions in 7° and 8° , then one raises the question whether it is possible 
to single out a branch of eigenvalues in the spectrum to which there corresponds a 
system of eigenelements forming a Riesz bcisis (p-bctsis) in H, with a finite defect. 
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9° In problem (2.16) it is possible to single out a branch of positive eigenvalues 
{An^^} with the limit point A = +oo, such that the projections onto H of the 
corresponding eigenelements form a Riesz basis with a finite defect in the space H. If 
the condition 

^0 ' e ©PO (2-67) 

is fulfilled, then the mentioned basis is a p-basis (with a finite defect) in H for p = 2po- 

To prove this property, let us return to problem (2.46) with p = A“\ and 
recall that the operators and A[ 2 ^^ are compact, and is a positive definite 
bounded operator. As in the proof of Property 2°, we introduce the nonnegative 
maximal subspace L-|_ C , invariant relatively to the operator A~^ in (2.33), 

(2.44). 

Let us show that A~^ | L+ is a compact operator acting in L+. Indeed, 
according to (2.44), the operator A~^ \ L+ acts on any element u = {uq, G 

by the law 

\L+)u= ((^-1 + «o, {(-^ 2 '^)* + uo)' . (2.68) 

If (P-h I I/+) is the restriction to of the orthoprojector acting by the law 
P+fi := (rio^O)^ for any element u e H = then, with due account of the 

equation uq = {P^ \ P-f )fi, from (2.69) we get, by the arbitrariness of G P, 

(P+ I L+) {A-^ I L+) = (^-1 + a{-^^K+) (P+ I L+) . (2.69) 

As it has been proved in the theory of J-spaces (see, for example, the 
monograph by T. Ya. Azizov and I.S. lokhvidow [AI], Section 1.4), the operator 
(P_i_ I L+) homeomorphically maps L+ onto P+ = H. Therefore, from (2.69) it 
follows that {A~^ 1 P+) is similar to the operator A~^ -f- a[ 2 ^^ 

{A~^ I L+) = (P+ I L+r^ (^-1 + a[-^'>K+) (P+ I L+) . (2.70) 

Since by the compactness of ^i 2 ^\ and the boundedness of P+, the operator 
A~^ T A[ 2 ^^ is compact, then from ||P+ | L+|| < 1 and ||(P+ | P+)“^|| < a/ 2 we 
conclude that the operator {A~^ | L+) is also compact. 

Further, as it is proved in the theory of operators in spaces with indefinite 
metrics, the operator {A~^ \ P+) is similar to a self-adjoint operator, and, therefore, 
has a countable set of positive eigenvalues /i° — > 0 as A: — > 00 . In problem (2.16), to 
them there correspond eingenvalues An^^ and jT'-orthonormal eigenelements forming 
almost a J^-orthonormal basis in L+ for J := diag(/, — . . . , —I). The projections 
of these elements on P+ = (P+ | P+)P = H give a p-basis with a finite defect in 
H if and only if the angular operator P+ of the invariant subspace L+ belongs to 
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the class & 2 p', this fact was discussed in T. Ya. Azizov’s dissertation [1] (consequence 
1.21, p.55). 

To conclude the proof, we consider equation (2.45) satisfied by the angular 
operator K^. As it follows from (2.67) and formula (2.39) for the operator this 
operator belongs to the class &p^. Analogously, from (2.43) we get that the operators 
^ 21 ^^ — —(^12 belong to the class Sp^. Therefore, by virtue of equation 
(2.45) and the boundedness of 5, we have G © 2 po- Statement 9° is proved. 



113 Small Motions and Normal Oscillations of a 
Visco-Elastic Fluid in an Open Container 

The problem discussed in this section generalizes in the case of a visco-elastic fiuid 
the problem on oscillations of an ordinary viscous fiuid in an open vessel (see Sections 
8 . 1-8.3) and mathematically it is not as simple as the problem from Section 11.1. The 
spectrum of this problem has a rather complicated structure and consists of several 
spectral series of eigenvalues corresponding to various kinds of normal oscillation 
waves. 

113.1 Mathematical Statement of the Problem 

We consider small motions of a visco-elastic fiuid partially filling a container. Usually, 
at rest, the domain filled with fiuid is denoted by the rigid container wall is denoted 
by 5, and the horizontal free surface is denoted by T. 

Let us assume that F has the equation X 3 = 0 where the Ox^-axis along the 
unit vector is directed vertically upward, that is, opposite to the acceleration vector 
of the gravity force g = —ge^. Then, the equilibrium pressure in fiuid is given by 

Po = Poixs) =Pa- pgx3, (3.1) 

where pa is the external constant pressure. 

For the velocity field u{t^x) and the deviation p{t,x) of the pressure field 
P{t,x) from the equilibrium field Pq(^ 3 ) we obtained, just a>s in Section 11 . 1 . 2 , the 
linearized equation (l.lO)-(l.ll) in the domain Ll and the stickiness condition (1.12) 
on a rigid wall S', 

du 1 

- 7 ^ = — + iyio(t)Au + f(t,x),diYU = 0 in fl, (3.2) 

at p 

u = 0 on S. (3.3) 

On the equilibrium surface F, just as for an ordinary viscous fiuid, the 
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kinematic and dynamic conditions should be fulfilled. If the equation of the moving 
surface T{t) has the form X 3 = C(t,xi,X 2 ), (xi,X 2 ) G F, then the kinematic condition 
is the following, 



I \ 

Un{=U3=U-n) = — 



on r. 



(3.4) 



As for the three dynamic conditions on F, they are obtained by linearization 
and a drift on F from the conditions of equality to zero of the viscous stresses on F(^). 
In the chosen coordinate system Ox 1 X 2 X 3 , we get the conditions cri 3 = 0, <723 = 0, 
<^33 = 0 (on T{t)). Recalling the connections (1.1), (1.8) between the tensors cr, cr' , 
and r in a visco-elastic fiuid, and also the relationship P — Pq+p and formula (3.1), 
we get the following dynamic conditions 



-/o(«)r.3(u) := (|| + I5) = 0. < = 1.2. 

-p~^p + iyio{t)T 33 {u) = -gC on r. (3.5) 

Thus, the initial boundary value problem on small motions of a visco-elastic 
fiuid in an open vessel consists in finding the velocity field u{t,x), the pressure field 
p{t,x), and the function ({t,xi,X 2 ) of deviation of the moving surface T{t) from the 
equilibrium surface F, from equation (3.2), the boundary value conditions (3.3)-(3.5), 
and the following initial conditions, 

u{ 0 ,x)=u^{x) in fl, 

C(0,xi,X2) = C°( 2 ii,a: 2 ) on r. (3.6) 

We recall that Io{t) in (3.2) and (3.5) is an integral Volterra operator in the 
variable t which on vector fields is defined by formula (1.11) and on tensor fields and 
their components by the similar formula (1.9). 

113.2 Transition to a System of Operator Equations 

Let us consider the velocity field u{t,x) for every t to be an element of the Hilbert 
space L 2 { 0 ). Then, by the condition of solenoidality and from (3.3) we get that 
u{t,x) G Jo, 5 (f^). Introducing the orthoprojector Pq. 5 onto the subspace Jq^s{^) 
applying it to the first equation (3.2) we get 

du 1 ^ ^ / X ^ 

— = — Vp + i//o(i)^o.sAw + /o.s, 

ot p 

Vp : = Pq^s'^p e Gh,s{^) C Jo,s(^)> /o.s := Po.sfit,^)- 



(3.7) 
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We represent the field Vp, just as in the problem of Section 10.2, as a sum of 
two terms, 

Vp == Vpi -f Vp2 5 G 2 = 1, 2, (3-S) 

and assume that the field v{t, x) := Io{t)u{t, x) and V(pi(t, x) for every t are solutions 
of the first auxiliary problem considered in Section 10.2.2, that is, the problem 

Ou 

- i/Po,s^v + Wipi =: vAv = T]:= - — - Vv?2 + fo,s, 
divt; = 0 in f], t; = 0 on 5, 

dv 

i^Ta{v) = 0, i = l,2, i^T 33 {v) = -(fi +2u~ = 0 on T. (3.9) 

(7X3 

In (3.7) and (3.9) we used the commuting property of the operator Io{t) and 
the operators acting on space variables. 

If 77 = T]{t) e Jo,5(fl), then from (3.9) we get that 

i^v := iyio{t)u{t) = - V^2 + /o,s) , (3.10) 

where the operator A has been already studied in detail in the previous chapters. 

Now we consider the second auxiliary problem for the field ip 2 {t,x)^ similar 
to the problem (10.2.11), 

Ap2 = 0 in fl, =0 on S', 

on 



ip 2 = 'ip := gC on T, / (dF = 0. 



(3.11) 



This problem — a Zaremba Problem — has a unique solution ip 2 {t^x) G JTp(fl) for any 
2/i(t,xi,X2) taking, for fixed t, values in 77^^, and 

Vp2-GV^ = pGC, (3.12) 

where G is a bounded operator acting from in G^ ^(fl) and obtained as the 

adjoint to the operator that gives the normal component 7n7x for any field u G Jo^s{Ll). 

Based on the solutions of the auxiliary problems (3.9) and (3.11) and on 
the relations (3.8), (3.10), (3.12), we conclude that the equations, boundary value 
and initial conditions (3.2)-(3.6) give the following Cauchy problem for a system 
of operator equations relatively to two unknown functions (the function u{t), with 
values in the space Jo,5(fl), and the function ({t), with values in the space Hr ■— 

L2{T)e{l}): 

du '' 

— = -uIo{t)Au - gGC + fo.s{t), 

^ = 7 „m,m( 0 ) = tx°,C(0) = C“- 



(3.13) 
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1133 On the Solvability of the Initial Boundary Value Problem 

Let us rewrite problem (3.13) by taking into account the definition (1.11) of operator 
Io(t) and by performing the substitution 

=: 7 ]. (3.4) 



We obtain the Cauchy problem 
du 



dt 



-hiy 



^ nt \ 

Aud-'^^aj / exp {—'yj{t — s)) Au{s)ds \ 
^=1 / 



= fo,s{t), 



1/2 

m ( 0 ) = rj{0) := =■_ rp . 



(3.15) 



As in Section 11.1.3, from problem (3.15) we switch to a differential equation in 
the space H ( Jo,5(fl))"^^^ 0iLp. For this we introduce the new unknown functions 

(1.15) and use the relations (1.16). Then from (3.15) we have the following problem 
in a vector-matrix form, which for simplicity is written down for m = 2: 



d 

d^ 



Uo 

Ui 

U2 

V 



+ 






vA 

-(l/ai)l/2yll/2 

-(m2)l/Ml/2 

-gG'^G* 



fo,s \ 

0 

0 

0 / 



«o(0) = w*’, Uj{0) = 0 j 



(mi)l/Ml/2 

111 

0 

0 



{va2YGAG‘^ 


gG^G\ 


/no\ 


0 


0 


Ui 


I 2 I 


0 


U2 


0 


0 / 


\ rj / 



1,2, r7(0)=r?“, 



(3.16) 



where it has been already taken into account that the operator is adjoint to G. 

The matrix operator in (3.16) has the same block structure (1.19) as the 
operator A from (1.17), with the substitution of the operator Aq by A, and with 
the difference that the block A 22 in (3.16) has the form diag(7 i /,..., 7^/, 0), 
and, therefore, is nonnegative but not positive definite as in (1.17), where A 22 = 
diag(7 i/, . . 7 /e > 0 , A: = 1 , . . . ,m. 

Whence it follows that the operator A in (3.16) is again representable in 
the form (1.22), that is, A = Aq iAi, where Ao := diag(//A, 71 /, . . . ,7^7,0) is a 
nonnegative operator. Therefore, we get inequality (1.23) with the constant c = 0, 
and also the similar inequality (1.24). 
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Thus, the problem (3.16) is a nonhomogeneous Cauchy problem for a 
differential equation of the first order with a maximal dissipative operator (— v4). 
Therefore, the semigroup U{t) corresponding to problem (3.16) is contractive. 
Whence, just as in Section 11.1, we get the following conclusion. 

If in problem (3.2)-(3.6), f{t, x) is a continuously differentiable function in the 
variable t with values in L 2 (D), u^(x) G D(A), (^(xi,X2) G D{G) = , then this 

problem has a solution {u{t,x)X{i^^)} such that u{t,x) G V{A) for any t G [0,T], 
with T > 0 arbitrary ({t,xi,X2) G h\!^ for any t G [0,T], the functions du/dt and 
d(/dt are continuous in Jo,s(^) 9,nd respectively, and the equations (3.13) are 

satisfied. The homogeneous problem (3.13) is uniformly correct. 

If f{t,x) is a continuous function in t with the values in L 2 {Ll), u^{x) G 
C^(^ 2 ,^ 2 ) ^ Hr, then formula (1.26) gives a generalized solution of problem 

(3.13). 



113.4 Normal Oscillations. Main Operator Pencil 

We consider the spectral problem on normal oscillations corresponding to the 
evolution problem (3.16) (for arbitrary values of m). Assuming fo^s{f) = 0 , a 
dependence on time for the unknown functions in the form exp(— At), and denoting 
the amplitude elements by the previous symbols, we have 

m 

vAuq + + g^^'^Gr] = \uq, 

k=l 

(r'O/c) ^ A ^ Uq ^k'^k — Alt/-, k 1, . . . , 771, 

= At/. (3.17) 

First we observe some simple properties of the spectrum of problem (3.17). 
1° The number A = 0 is not an eigenvalue of problem (3.17). 



Indeed, assuming in (3.17) that A = 0, multiplying the first equation scalarly 
by lio, the following m equations scalarly by k — 1, . . . , m, and the last one by rj 
(the first in Jo, 5 (^l), and the last in Hr), by taking the real part we get 



0 = u 






k=i 



> min{i^Ai(^),7i,...,7m} 



ii“oii^+y^iiwfcir 



k=i 



(3.18) 
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Hence, it follows that uq = Ui = = Um = 0. Then from the first equation (3.17) 

(for A = 0) we get that Grj = 0 and therefore rj = 0. Thus, for A = 0, problem (3.17) 
has the trivial solution. 

2° The eigenvalues of problem (3.17) are situated in the right half-plane. 

Indeed, if A ^ 0 is an eigenvalue, then calculations similar to the ones 
presented previously [see (3.18)] lead to the relation 



k=l 



^ 1/2 



Uo 






7/e||^/e|P = Re A IlixolP + 



(3.19) 



k=l 



whence it follows that Re A > 0. 



3° The points A = 7^, /c = 1 , . . . , m, are not eigenvalues of problem (3.17). 



Indeed, if A = 7^, then from the equation with A: = j in (3.17) we get 
= 0, and, therefore, uq = 0. Then, from the equations with k ^ j we have 
(7/c - lj)uk = 0, that is, Uk =0, k ^ j, and from the last one we get 77 = 0. At la^t, 
from the first equation (3.17) we have = 0, whence it follows that 

Uj = 0. Thus, for any A = 7^, k — 1 , . . . , m, problem (3.17) has the trivial solution. 

Based on these properties and eliminating in (3.17) all the unknown elements 
except no, we obtain the next problem. 






m 



k=l 



O^k 

Ik 



A.U() — qX ^ GG*uq — Aiaq) 



(3.20) 



with unbounded operator coefficients. Performing in (3.20) the substitution 



G Jo.s(^), 



(3.21) 



applying on the left the operator and recalling the definitions (1.6) of the 

function /o(A) and also of the operator B = (A~^/^G)(7nA“^/^), 7n = G* ^ = 

Adl'^T ^ which has been already met in Chapter 8 and Section 10.4 [see Section 10.4.1 
and formula (10.4.10)], we arrive at the spectral problem 

L{\)i := {vh{\)l - Ayf-i - 4 = 0 (3.22) 

for what in this section will be called the main operator pencil. 




348 



OSCILLATIONS OF VISCO-ELASTIC AND RELAXING MEDIA 



Its study enables us to reveal properties of the spectrum and the eigen- and 
associated elements of the problem on normal oscillations of a visco-elastic fluid in 
a partially filled container. We remark that if ak = 0, k — the pencil 

(3.22) transforms into the main operator pencil of the problem on normal oscillations 
of an ordinary viscous fluid [see (8.1.41)]. We recall also that A~^ in (3.22) is a 
compact positive operator, and B is a compact nonnegative operator. Properties of 
these operators and the asymptotics of their eigenvalues were studied in detail in 
Chapter 8. At last, we notice one more fact: If in (3.22) it is formally assumed that 
^ = 0 and A — Aqj where Aq is the Stokes operator, then problem (3.22) transforms 
[after the inverse substitution (3.21)] into problem (1.29) on normal oscillations of a 
visco-elastic fluid in a completely filled container. 

We mention another property of the solution of problem (3.22), and, therefore, 
of problem (3.17). 

4^ The numbers f3k, k = 1, . . . ,m, that is, the zeroes of the function /o(A), 
are not eigenvalues of problem (3.22). 

Indeed, for A = from (3.22) we get {j3kA~^ -h = 0, and since 

j3k > 0, A~^ > 0, .B > 0, it follows that ^ = 0. 

Based on this property it is now easy to state the following important fact. 

5° The spectrum of problem (3.22) is discrete, with possible limit points A = 0, 
X = /3k ^ k = 1, . . . , m, and A = oo. 

To prove this property, we observe that the function /o(A) in (3.22) equals 
zero at points that are not eigenvalues, so we can divide both sides of (3.22) by z//q(A). 
In effect we get the problem 

1{X)^ (/ - (i^/o(A))-' (A^-i + gX-^B)) ^ = 0, (3.33) 

for a Fredholm operator pencil of the form I -h ^(A), where ^(A) takes compact 
values and is an analytic operator- function in all the complex plane C, except the 
points A = 0, A = k = l,...,m, and A = oo. Since for each negative A the 
function 

m 

Jq(A) := 1 + ak > 0,k = 1,. . . ,m, (3.34) 

takes positive values (> 1), then ^(A) for A < 0 is a positive operator-function and 
therefore I + ^(A) is invertible on the half-axis (- 00 , 0). 
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Thus, the operator- function /(A) from (3.33) is a regular Fredholm pencil 
and, according to the statements of Section 1.6.3, its spectrum consists of finitely 
multiple eigenvalues with the possible limit points A = 0, A = oo, and X = 
k — l,...,m. The resolvent /~^(A) is a meromorphic operator-function having its 
poles at points coinciding with the eigenvalues, where the pole multiplicity coincides 
with the maximal multiplicity of eigenelements corresponding to the given eigenvalue. 



11.4 Multiple Basicity of the System of Eigen- and Associated 
Elements for the Problem on Normal Oscillations of a 
Visco-Elastic Fluid in an Open Container 

In this section we study the problems on multiple completeness and basicity of 
the system of eigenelements of problem (3.33). In studying them, we use the method 
of reduction to an operator pencil linear relatively to a new spectral parameter, thus 
generalizing the approach discussed in Section 8.2.2 for a more simple problem on 
normal oscillations of an ordinary viscous fiuid. The schemes and constructions from 
Sections 8. 2. 2-8. 2. 5 are preserved in what follows. 



11 . 4.1 The Linearization of the Pencil 



We perform in (3.33) two formal substitutions, redenoting, for the convenience of 
further recordings, 

(4.1) 

We have 



l{\) ■.=I-iy{X){XA + \-^B), 


(4.2) 


in 


III 

?r 

1 

?r 

1 




0 < 7i < /?i < 


■ * * ^ 7m ^ Pm 


(4.3) 


We decompose the functions 






a(A) := ~Xiy{X), 


5(A) := -(A/o(A))-i, 


(4.4) 



as sums of simple fractions. 

For a(A) we get 

m 

^ 2=1 

m ’ 

UiPi - A) 

2=1 



a(A)_-A-c + 5].^ 



(4.5) 
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where c and are to be defined. Multiplying (4.5) by ni^i(A “ have the 

identity 

mm m 

-(A + c) - A) + afc - A) = -A ^(7^ - A). (4.6) 

i=l k=l i^k i=l 

Assuming A — we get 



m 

°-k IJ(A ~ 0k) = -0k tJ(7i - 0k), 

i^k i=l 



whence 

m 

Il(^* - /^fc) 

ak = -0k-^ > 0, k=l,...,m. (4.7) 

l[{0^-0k) 

i^k 

[The positiveness of the coefficients ak is obtained by using inequality (4.3)]. 

To get a formula for the constant c from (4.5), we equate in (4.6) the coeffi- 
cients of on the left and the right sides, and have 

m 

c = ^(A - 7,) > 0. (4.8) 

2=1 

Similarly, for 6(A), from (4.4) we have the decomposition 



and, therefore. 



6(A) = 



d ^ bk 



2=1 

m ’ 

AflC/^i-A) 

2=1 



mm 272 

d • Y[{0^ - A) - A ^ 6, H(A - A) = n(7* - A). 

2=1 k = l i^k 2=1 

Whence, for A = 0 we get that 



(4.9) 



(4.10) 



Il7* 

2=1 

272 



> 0 . 



(4.11) 
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Putting \ = (5k into (4.10), we have 

m 

-0kbk 1J(A - f3k) = U(')'* “ 

i^k 2=1 

and, therefore, 

m 

bk = -f3k-':^ = S>0- fc = l,...,m. (4.12) 

- Pk) 

i^k 

Based on the decompositions (4.5) and (4.9), with the coefficients (4.7), (4.8), 
(4.11), and (4.12), we perform a linearization on the spectral parameter in the problem 

l{\)^ := (7 + a{X)A + h{X)B)^ = 0, ^ G (4-13) 



here we use the method applied in Sections 8.2.2 and 8.4.5 to a more simple situation, 
and based on the introduction of a new spectral parameter and new unknown 
elements. 

Let us introduce the notation 

m ^ 

fi:= X- +'^{Pk- >^)~\ Vo-=-y 

k=l 

nk := y k = l,...,m. (4.14) 

We rewrite equation (4.13) in the form 




With regard to the notations introduced in (4.14) we have 



m m 

{I - c^)4 - + Arjo + y^{ak + l)^»?fc + d ' Brio + ^ bkBrik = 0. (4.15) 

k—1 k=l 
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Now we divide (4.13) by (—A). Using the identities 






A 



1 - 



(3 



X{f3-X) p\X (3-X)' (3-X /J-A’ 

we rewrite the obtained equation in the form 






k — l 






+ 






"fel-K'- 



In the notations of (4.14) we have 



(/ - c^)?7o + ^ ^{Atjo - Arjk) + nd • Brio + d- Bi 



k=l 



Pk 






k=\ 



Pk 



(4.16) 



Finally, we divide (4.13) by /?* — A and using the previous identities and also 
the identity 

1 1/1 1 



we have 

(I - cA)r]k 

( 



iPk - A)(A - A) {P^-Pk)\pk-X A - a; ’ 



+ 



+ 






Pk - A \ak 



- 1 



i^k 






Pi-X 



i>k 



P^-x 



a^A 



bkB 



Pk — X 

€ 

Pk — X 



) 



= 0 , 



(7 - cA)rik + p-iakA + bkB)r]k 

+ (^{ak + 1)^^ - Pk(ak + l)^»7fe - ^Ario + ^Arik + ^ 

+ (^^-~{Bt]o - Brjk) + ^ ^(Vk - Vi) + hB{^ - Pk^k)^ 



= 0 . 



(4.17) 
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We will treat the collection of m+2 equations (4.15)-(4.17) containing the new 
spectral parameter /i as one linear equation with respect to /i in the orthogonal sum of 
spaces H relatively to the vector-colomn y := (^, r/o, , rjmY G 

H with the components (4.14). Then, the mentioned system of equations may be 
written in the vector-matrix form 



C{ii)y := {I- iiHE T)y = 0 . 

Here X is the identity operator-matrix in the matrix EL has the form 

EL := diag(^, -d • B, -aiA - biB , . . . , -UmA - bmB), 

and the operator-matrix T = has the following components 

Fii = -cA, 

Fi2 = F 21 = A d - B, 

^i,/c +2 = ^/e+ 2,1 = {cik + 1 )^ + bkB, 

/ m \ / rn j ,\ 

^k\ , , I s:^bk-d 



(4.18) 



(4.19) 









\k=i 



Pk 






^ 2 , fc +2 = ^/ e + 2,2 = ^ 

Pk Pk 



F,+2.fe+2 = -cA + - Hkia, + 1)^ + ^ ^ + 



i^k 



Ui 

0i- 0k' 



b k - d 
0k 



B — 0kbkB 






i^k 



0i - 0k 



di b[b^ 



k,l = 1 , . . . , m, A: 7 ^ /. 



(4.20) 



From formulas (4.19) and (4.20), it follows that the operators EL and F are 
self-adjoint and compact, since the operators A and B possess these properties. Note 
also that from (4.4) we have a(0) = 0, and, therefore. 



k=l 






using this equality, the formula for F 22 niay be rewritten in the form 

/ ^ \ / ™ \ 
bk-d^ 



F22= E- 



Kk=l 



0k 



c-d-J20P B. 



(4.21) 



(4.22) 



fc=i 
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11.4.2 The Theorem on Basicity of the System of Root Elements of 
THE Linear Pencil 

We consider the spectral problem (4.18) and carry out the same methods already 
presented in Sections 8. 2. 4-8. 2. 5 in addressing the pencil structure problem (8.2.10). 
First of all, we mention that operator H from (4.19) has a nonzero kernel, 

Kein = {y:y = (0,r/oo,0, . . . ,0)\ r/oo eKevB = No{D) c Jo, 5 (f^)}, (4.23) 

whence dim Ker H = oo. We denote by Vq the orthoprojector onto Ker H, V\ = J—Vo^ 
and set y = y^ yi, y^ = Viy, i = 0, 1. 

Applying to (4.19) the orthoprojectors Vi, we obtain the system 

yi - iLHiyx + VxTV^y^ + ViVViyi = 6 , 

^0 + VoWoyo + VoWiyi = 6. (4.24) 

Taking into account the structure of operator T from (4.21) and formula (4.23) for 
F 22 , we have 



Vo Wo = diag(0, Pq, 0, . . . , 0) • diag(0, P 22 , 0, . . . , 0) 
•diag(0,Po,0,...,0) 

= diag(0,PoP22Po,0,...,0), (4.25) 

where Pq is the orthoprojector onto KerP = iVo(O). Therefore, from the second 
equation (4.25), we get that yo — —VoWiyi, and the first equation (4.25) changes 
into the next equation for yi, 

^i(M)yi •= (^1 - -f Vi)yi = 6, 

yi e Hi := ViH, 

Hi := ViHVi, 

Ti := ViWi - ViWoVTi, 

Ti = Vi. (4.26) 

Here, the operator H\ is complete, that is, Ker Pi = {6}, and is a compact 
self-adjoint operator. Since, in addition. Pi is compact, self-adjoint, and belongs to 
a certain class 0p, p > 0, then, according to the second Keldysh theorem (Section 
1.6.4), the system of eigen- and associated elements of problem (4.26) is complete in 
the space 



ViH := M{Q) := JoA^) 0 Mq(^^) 0 ( Jo,s(^^))"^. 



(4.27) 
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Moreover, the spectrum of this problem is discrete and has the limit point // = oo, 
where for any e > 0, all eigenvalues //, except maybe a finite number, are situated in 
the sectors 

|argp|<£, |7T - arg|u| < £. 

Therefore, we can find a real number p = a such that the operator 

1= X — al~i\ “h fF \ 

is invertible. Then, performing in (4.26) a substitution of the spectral parameter 
according to the formula /x = a + /i, we get the problem 

tti = /i£7^(a)Wiyi (4.28) 

that concerns the definition of the characteristic numbers of the compact J^-self- adjoint 
operator £^^(a)Wi, where 

J = Ci{a)=I + JC, Ke&oo- 

Since the root subspace Lo(£f ^(u)Wi) corresponding to the zero eigenvalue of 
the operator is not degenerated according to the constructions mentioned 

above, then, in virtue of the statements in Section 1.4.7, the system of root elements 
of problem (4.26) forms a Riesz basis in In addition, the nonreal spectrum 

of problem (4.28), and, therefore, of the problems (4.26), (4.18), consists of no more 
than a finite number of normal eigenvalues that are symmetric relatively to the real 
axis. There exists no more than a finite number of real eigenvalues to which there 
correspond nontrivial Jordan chains of problem (4.18). 

11.43 Connection between the System of Root Elements of 
THE Two Problems 

Let us use the previous results related to problem (4.18) to study properties of the 
solutions of the spectral problem (4.13) and the pencil /(A). We will subsequently 
assume that the following conditions are fulfilled: 

m 

1° .c(A) := m'(A) = 1 + A-2 + - Xf 7^ 0, y(A) e a(£(y)). (4.29) 

k=l 

T All the roots of the equation k{\) = 0 are different in pairs. 

We introduce, for A G C, the subspace Ho{\) C H made up of the vector- 
columns 

i ^ ^ 

A’ A-A’-"’/?^-A 





(4.30) 
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where ^ is an arbitrary element running through the entire space Jo^s{0). From the 
relations (4.15)-(4.18), we get the formula 

AM(A))yo- (4.31) 

indicating in particular that 

£(m(A))Ho(A) c Ho{X). (4.32) 



Now we note that the subspace H'{\) H Q Ho{\) is invariant relatively 
to the operator >C*(//(A)) = £(/i(A)), and consists of the elements 

= {z,zo,zu...,Zm)^ e H, 



for which 






Zo Zk 



= 0 . 



Substituting here A by A, we get that C{fi{X))H'{\) C H'(X), where, 

Zk , 

/3/e - A 

Let us prove that the direct sum of the subspaces Hq{X) and H'{\) equals 
the entire space H. In fact, let x = {x, xq.xi, . . . , XmY be an arbitrary element from 
H. Consider the system of equations 




H\X) := \ z e H : z = (z,Zo,Zi, 






k = I 



z 



i + z = x, 



+-Z0 = Xo, 



Pk — X 



+ Zk= Xk, 



^ + Y =0 



k — 1, . . . , m. 



(4.34) 



relatively to the variables z, zq, Zi, . . . , This linear system of m + 3 equations 
with m + 3 unknowns has the unique solution 



i = K ^(A) 




m 






Xk 

Pk - X 



z = X - 

-2^0 = 3^0 + T? 



Pk-X^ 



Zk=Xk- 



k = 1, . . . , m. 



(4.35) 
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Since (x,xq,Xi, . . . in (4.34) is an arbitrary element of the space 

( then from the just proved fact it follows that 

H = Ho(X)EH'(X). (4.36) 

To continue the study of the problem, we need several auxiliary statements 
that are presented below. 



(a) We introduce the operator 



Do(X) 



1 

k(\) 



I 



1 

-A-1 



(A-A)-i 






-A-i 

A-2 



(/?m-A)-l \ 

-A-i(/3m-A)-' 
(/?i-A)-i(/3m-A)-i 



(4.37) 



(/3m - \? / 



A straightforward calculation shows that Do{X) projects the space H onto 
Hq{X) parallel to H'{X). 



(b) We denote by = ^^(A), j = 0, . . . , m + 1 , ^o{X) = A, the roots of the 
equation 

m 

= m(A) := a - A-' + ^(/3fc - X)-\ (4.38) 

k=l 

We note the following important property of the roots <^j(A): If the point belongs to 
the spectrum of the operator pencil C{p) from (4.18), then all the roots of equation 
(4.38) are different. 

Indeed, if^j = i ^ j, then /r'(^) = l+^“^ + Er=i(33fc-C)^ = «(0 = 

and, therefore, the pencil £(/i) has for this value of ^ the eigenvalue for which 
/^(O = O 5 ^ conclusion that contradicts Property 2° from (4.29). 

Hence, it follows that the functions ^j(A), j = 0 , . . . ,m + 1 , are analytic in 
neighbourhoods of those points A for which p{X) e a{C{ij)). 



(c) The next direct sum decomposition takes place. 



H — Hq{X) -i- ^i(A) -!-•••+ Hm{X) + .^r^_^i(A), 

z z z 

j = 0 , . . . , m + 1 , z G Jo. 5 (^)- 



Hj{X) :={z:z={z, 



(4.39) 
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Let us prove this statement. To this end we need to make sure that the 
equation 

m+1 

Y.h=9 (4.40) 

j=0 

has a unique solution fj G j — 0, ...,m + 1, for any g e H. Put 

9 ■= {9,9o,9i,---9m)\ fj = j = 0,...,m+ 1. Breaking down 

equation (4.40) by coordinates, we easily see that for the uniqueness of its solution it 
is necessary and sufficient to fulfill the condition 



A(A) ^ 0, 

where A(A) is the determinant of system (4.40), 



(4.41) 





1 


1 


1 










A(A) := 


(/3i-^o)-' 


(/3i-6)-^ 


••• iPi-ur^ 




{Pm — ^o)~^ 


(/?m-6)-' 


1 • 
1 



(4.42) 



By induction on m it may be checked that 

A(A)= n n n /?o:= 0,(443) 

0<i<j<m m + i 

j = 0 m 

whence (4.41) follows since ^ i ^ j, p- ^ /3j^ i jL and ^ Pj, for all i,j. 

(d) We introduce the notations 



D,{\) := Do(^,(A)), J = 0, . . . , m + 1. (4.44) 

As previously, it can be checked that the next relations are true, 

DjHj{\) c Hj{\), = {6}. (4.45) 

Now we show that 

HjiX)cHl{X), (4.46) 

With this goal in mind it is enough to check the property Hj{X) -L Hi{X) for i 7 ^ j, 
that is, the property 



1 ^ 1 

^ - OiPk - ^j) 



= 0, 



* 7 ^ j- 
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To prove this fact, we successively set ^ = ^i(A) and ^ = ^j(A) in (4.38), and 
then subtract one equation from the other and get, 

0 = //(A) - /i(A) 

1 1 / 1 1 \ 

/ 1 1 \ 

\ ^ (/5fc “ ^i)(0k - ^j)J 

Since ^ the required equation and statement (4.46) follow. 

As a corollary of the relations (4.45), (4.46), we get the formulas 

m+l 

A(A)Z),(A) = A(A)A(A) =0,i^ j, and ^ A(A) = I. (4.47) 

2 = 0 

Substituting A in formula (4.31) by ^i(A) and taking into account (4.38) we 
get, for each jf=0,...,m+l, the properties 

C(p(X))Hj(X) c Hj(X), C{p{X))Dj{X) = D,{X)C{p{X)), (4.48) 

We employ now the concept of a root function of an operator pencil (Section 
1.6.2). Let ^(A) be a root function of order n of the operator pencil /(A) of problem 
(4.13), corresponding to the point A = Aq. It means that /(A)^(A) has at the point Aq 
a zero of the order n + 1. 

For the operator 



C(A) := diag /, 



the next relationship takes place. 



/ I I 

A ’ /?i - A ’ ■ " ’ /?rn - A 



^(A) 





= £(m(A))C(A)(^(A),^(A), . . . ,^(A))‘ =: £(^(A))C(A)^(A) 



Whence it follows that C(A)^(A) =: z{X) is a root function of order n for the 
operator pencil £(/i(A)) at the point Aq. We calculate its corresponding eigen- and 
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associated elements, 



Zk 



1 d''z(A) 
M dA'' 



A=Ao 



1 

D. 



d'^^(A) 

dA'' 



A=Ao 



dA^V A 



d'^ ( C(A) 

dAn/3m-A 



lA=Af 



d^ ( 4(A) 

A=Ao’dAH/3i-A 



A=Ao 



fc! (_AoV'+i ’^^(^^_A„y+i’---’^^(/3„-Aoy+i 

k = Q, . . . ,n. 



t 



(4.50) 



The elements in the form (4.50), where is eigen- element and k = 
1,. . . ,n, are associated elements of /(A) corresponding to the eigenvalue Aq will be 
called elements of special form for C(p(X)) at the point /iq = m(Aq). 



(e) Let po ^ Consider the root function u(p) of order n for 

the operator- function C{p) relatively to the point po = p(^j); then C{p)u{p) = 
0{{p — po)^^^) as p pq. By virtue of the equality p — po — p'{^j){X — Cj ) + ' ‘ ^ 
where p'{^) = k{^) ^ 0 for ^ the function ii{p{X)) is a root function of order n of 
the operator-function C{p{X)) relatively to the point , j = 0, . . . , m+1. We introduce 
the functions Dj{X)u{p{X))] if Dj{Xo)u{po) / 0, then they are root functions of the 
pencil C{p{X)) of order not lower than n, relatively to the points , J = 0, . . . , m + 1. 

Let us recall that since the spectum of the pencil C{p) is discrete, there is a 
real number a such that C{a) is invertible. Then, by the identity, 

C{p) = C{a) -pH = C{a){I - pC-\a)H), 

the spectrum of the pencil C{p) coincides with the set of characteristic numbers of 
the operator C~^{a)'H. 

(f) In every root subspace of the operator C~^{a)l-L one can choose a basis 
consisting of elements of special form. 

We carry out the proof of this statement as follows. Let /xq be a characteristic 
number of the operator an eigensubspace, and TVq a root subspace 

(Mo d iVg). Denote a basis of eigen- and associated elements in iVg by \ 
i — 1, . . . ,r, k = 0, . . . ,n. These elements are eigen- and associated elements for 
the operator-function £(/x), therefore, we can construct r root functions, u^{p), 
X = 1, . . . , r, of orders rii for C{p) relatively to the point pQ. 




Multiple Basicity of the System of Eigen- and Associated Elements 



361 



Every eigenelement i = 1, . . . ,r, according to formulas (4.47), may be 
represented in the form 



.(z) 

Vo 



Do{^o)yo ^ "h Di{Xo)yQ^ + • • • + Dm-^l{Xo)y^ 

= ■ Vol + yo!l ^ yo^m^l 



(l) 






(4.51) 



As it will be proved below [see Property (g)], in the subspace Mq one can choose a 
basis such that, after relabeling, it consists of the elements 



-(ro + 1) 

i/0,0’ • • • 5 i/0,0 ’ i/o,i 






VoA' ^Vo.i ' '5 • • • 5^^0,2^ • • • • • • ?2/o,m+V' (4-52) 

Based on this fact, consider the functions 

Do{y)u^"\l2), 0 < i < ro, 

ro + 1 < z < ri. 



^ (rm + l) 






Dm+i{p)ii^"\p), 



+ 1 < i < r. 



m + l 5 



(4.53) 



we recall that Dj{ii) — Z^o(Cj(M)) where ij{y) are branches of the solution of the 
equation //(^) = fi^ 0(/^o) = • The functions (4.53) are root functions of the operator 

C{y). The eigenelements corresponding to them form a basis in Mq and together with 
the corresponding associated elements, form a linearly independent system in Nq. 
Since the length of the zth chain is not less than + 1, then it is exactly equal to 

Tli 1. 

It remains to show that the functions (4.53) define eigen- and associated 
elements of special form. Differentiating a composite function we have 



:= = MOvl' 



M) 



Jph 



0 > 






= ly 

k! ^ 



dWo(^p)u(/uUp)) 



j=i 



d^p 









where p = p{i) and are some constants appearing due to the change of the 

spectral parameter (see Section 1.6.2). Now we note that the next relationships are 
fulfilled, 









:C{^p) 



“ -i 

' -i 

I -I 



\ 



dm 

I 

dm Cp 

dm f,p ^ 



■U^\h{ip)) 






(4.54) 
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By (4.49), the functions are root functions of the operator It 

means that the elements 






d^P 






= jjmp){e\^p),---,eK^p))%=i» 

?P=?S d^p 



are elements of special form relatively to the point Statements (f) is proved. 



(g) Now we give an exact formulation and a proof of the fact mentioned and 
used previously with regard to the set (4.52). 

Suppose that the n-dimensional vector space R is expressed as a direct sum 

R = R^^^ 4- • • • + R^"^\ n = ni + ri2 H h 

Let the system of vectors {xk}^=i^Xk = + • • • + x^j^\ form a basis in R. 

Then in R one can choose a basis in such a way that from each group of vectors 
{x^j^\ x^j^\ . . . , } one and only one element enters it. 

Proof. Let n = q. Then all the spaces R^^^ are one-dimensional; we choose in 
each of them a nonzero vector r/^. It is obvious that the vectors Vk, k = 1, . . . , n, form 
a basis in R. Express vectors Xk in the basis {r^}, 

q n 

Xk = = '^akjTj, k = l,...,n. 

j=l j=l 

Since the determinant of the matrix A = {dij)Zj=i associated with the transition from 
one basis in R to another differs from zero, then a nonzero product aid^a 2 d ,2 • • • ^ndn 
can be found, where the indexes di, c?2 , . . . , give a permutation of the numbers 1, 
2, . . . , n. As a required basis we can choose the basis x^J\ j = 1, . . . , n. 

^ (7) 

For n > q we give a proof by induction on n. Decompose the vectors Xn 

relatively to the basis x/e, 

n 

= "Yh dm^rn, j = (4.55) 

m=l 

Here, not all the numbers dn \ j = I, ... ,q are equal to zero, since in the opposite 
case, after adding up the equalities (4.55) we get a linear dependence of x^ on the 
other vectors /c = l,...,'u — 1. For definiteness, let us assume that dn^ ^ 0, and 
decompose the space into a direct sum of two subspaces. 




Multiple Basicity of the System of Eigen- and Associated Elements 



363 



Denote by P the projector onto the subspace 



Ri + ■■■ 

parallel to the one-dimensional subspace then Pxn ^ = 0. The vectors Pxk, 

k = — 1, are linearly independent and form a basis in Ri. Indeed, in the 

opposite case, 

n— 1 n— 1 

0 = y^P{akXk) <=> y^akXk = \x^^\ 

k=l k=l 

For A 7 ^ 0 this relationship contradicts (4.55) with j — q, since ^ 0, and for A = 0 
it contradicts the basicity of the vectors {xk}- 

By the induction assumption, in the space R\ one can choose a basis in such 
a way that from each group of vectors , . . . , vector 

will enter that basis. Changing the labeling it is possible to think that the vectors 



^( 1 ) ^( 1 ) ^( 2 ) 



^(2) 

' 7 ’ 



pA^i) 






(4.56) 



form a basis in R\. Then, the desired basis in R is formed by the vectors 



^(1) ^(1) ^(2) 

0^1 , . . . , , x ^^ _|_2 , . 



^(2) 

7 *^r2 5 






r(<?) 



(4.57) 



since they are linearly independent. 

Indeed, in the opposite case we have a nontrivial equation of the form 

E4‘’4” + + - ■ + = o. (4.58> 

k k k 

Applying the operator P to the left and using the property of linear independence of 
the vectors (4.56) we get that = 0 for all k and j, except j = k = n. Then from 
(4.58) it follows that = 0, in contradiction to the previous assumption. Statement 
(g) is proved. 



11.4.4 The Theorem on Basicity of Special Form Elements 

The conclusions obtained in the previous subsections allude to the basic result of this 
section: 



The elements of special form (4.50), where Aq G a(/(A)), form a Riesz basis in 
the space M(Q) = Jq, 5 (^) 0 Mo(f}) 0 ( Jo.s(r^))"". 
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The proof of the theorem will be done in several steps. 

Step 1. Taking into account the results presented in Section 11.4.3, to prove 
the theorem it is necessary to establish the substantiality of the requirements (4.29). 

First, we prove that from problem (4.13) for the pencil l{\) it is possible to 
switch to a problem of the same kind with a pencil /^(A) for whose spectrum points 
both Conditions 1° and 2° from (4.29) are fulfilled. For £ > 0, we put 

:= l{£u) 




=: / + a(i/; e)A + b{u; £)B. 



The pencil has the form of the pencil /(A) from (4.2)-(4.4), where the 
next substitutions have been done, 

A^sA, B^sB, f3k^-, 

£ £ 

The first condition (4.29) for the pencil takes the 

fc=l ^ ^ ^ 

For 5^0, the equation ^) = 0 has a pair of bounded roots 

• 2 / ^ \ 

^o*(£) = ±i=F +0(e^). (4.61) 

Based on (4.61) and assuming in formula (4.58) for a{i';£) that 

£u — si'^{£) =: W, where S = (5(e) = 0(e) as e ^ 0, 



A: = 1, . . . , m. (4.59) 

form 

iy e a{L{u)). (4.60) 



we have 
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a{n;e) 






= —iS • 



k=l 



k=l 

m 

\[ik 



= —iS • 



k=l 






Ha - EHft 

k=li^k ^ ^k=l ^ ^k=li^k ^ ^k=l 



n 

k=l 



II'’: 

/e=l 



=: — iJ 



'^-ad^ + 0(d% 

l[f3k 

k = l 



A similar calculation for b{i/; e) gives 

b{u] e) = + a + 0(^)5 as e — > 0. 



+ 0{5^) 



(4.62) 



(4.63) 



Based on the inequalities 0 < 71 < /?i < • • • < 7^ < < 00 we conclude that 

m 

n 7fe/?fc ^ 

a = > 0. (4.64) 

^ ~ 0k 

k=l 

Therefore, from (4.62), (4.63), for the indicated values of eu and a small enough £ > 0 
we have 

Re/£-(z/) — I — 6^[q: + 0(£)]A -{- [q: + 0(s)]jB ^ 0. (4.65) 

Whence it follows that the operator Is(i') for ly == i^^(^) and a small 6 > 0 is invertible 
and, therefore, in a neighbourhood of this point there is no spectrum. 

Now we consider the remaining roots of the equation ac(i/; e) = 0. For a small 
£ > 0 they are divided into m pairs, 

= ±i - ^ 0{e), fc = l,...,m, as e ^ 0. 

Substituting siy = iS — Pk 0(^^)? where S = 5{e) = 0(e), in the functions a{v\e) 
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and b(i/; s) we have 

Imo(i/;e) = j0fclm(i(5)“^ + 0(e), pk := -(3k ■ , 

l^k 

Im6(z/; e) — + 0(e), as e 0. (4.66) 

From (4.66) it follows that for any small e > 0 the operator 

= (p^Jm(iJ) ^ + 0(e))^ + ^^Im(i(5) ^ + 0(e)^ B (4-67) 

is of a fixed sign, and, therefore, from the equation Im(/^(z/)^, ^) = 0 it follows that 
^ = 0. Thus the operator /^(z/) is invertible in neighbourhoods of the roots i^^(e). 

Thus, for small e > 0, Condition 1° from (4.29) is fulfilled for the functions 
ki{v]e). The previous considerations showed also that, for small e, all the roots of the 
equation Ac(z/;e) = 0 are different in pairs, that is. Condition 2° from (4.29) is also 
fulfilled. With this, the proof of Step 1 is concluded. 

Step 2. We now assume that the transition indicated in Step 1 has already 
been done, and we again return to pencil /(A) supposing that condtions (4.29) are 
fulfilled for it. 

Consider the equation 

m 

p{\) := A - A-i + - A)-i = Mo (4.68) 

k=l 

for any po G C. Since acccording to the second condition (4.29) the roots of the 
equation p'{\) — ^c(A) = 0 are different in pairs, then equation (4.68) has no roots 
of multiplicity greater than two. Let it have r two-multiple roots, Ai, . . . , A^, and s 
simple roots, ^ ^ ? 2r -h s = m + 2. 

Subtracting the left and right sides of the equations p{Xp) = po, 

1 < p < r, 1 < ^ < s, we get the identities 



^ fn 

1 + Q e -, + ^p)i(3k ^q)) =0, 


l<p<r, l<g<s. 


(4.69) 


1 + Txyr + - Km - Km = 0, 

k=l 


i j,I <i,j < r, 


(4.70) 


^ m 

^ ^ ct t -l + K)) =0, 

VNj) k=i 


M i, 1 < hj < s, 


(4.71) 
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The two-multiple roots Xp satisfy the equation 

m 

K'(Ap) == 1 + Ap ^ - Ap)“^ =0, l<p<r. 



(4.72) 



k=\ 



Subtracting from the left and right sides of (4.72) the corresponding sides of (4.69) 
and (4.70) we get the relations 



(A2 



^ m 

+ l<p<r,l<q<s, (4.73) 

fc=i 
^ m 

(A^A A ~ - Aj)~^ ^ 0, (4.74) 



k=l 



Now, differentiate by A the identity (4.31) and write it at the points A = Ap, 
p = 1, . . . , r. Since dC{p{X))/dX = C'{p)p'{X) = 0 for A = Ap, whence we get 



£(m(A))(0,4, ^ 



A2’(/3i-A)2’---’(/3,„-A)2 



l{\) 



{01 - xr 



yx) ^+^(A)- ^ 



A Ap. 



'(/?m-A) ' A)V ’ '■ 

From (4.75) and (4.32) we get the invariance relatively to £(/i(A)) for A = Ap 
of the subspace of elements in the form 



Hi(A):=| 



^ I V z y z 

X e H \ X = [y, -h -TTj, tv; rr + 



2 ’ • • • ’ 



A A2’ (^i-A) (A -A) 

^ + TV TTT ) 5 y,Z e 



{(5m - X) {(5m - X) 



(4.76) 



Step 3. The following relationships take place, 

H\X,)nH\Xj) = {6}, l<z,j<r, (4.77) 

We continue with a proof of the properties (4.77). Let x G H^{Xi) H H^{Xj). 
Then by (4.76) we have 

. Vi 






+ 



+ 



Vi 



Xr xr{01-x,) (^i-A,)2’-'-’(^.. -A,) {0m-X,Y 



- ^ 4 - ^ 

’ \ ' \ 2 ’ 



+ 



Vj 



-f 



Vj 



I Vj 

XjXy{0^-Xj) ' (/?i-A,)2’---’ (/?„,- A,) ' {0m-Xj)\ 
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Comparing the first components we get =: and then comparing the 

remaining ones, we obtain the equations 



1-1 1-1 



+ 



Vi 



Vj 



(4.78) 

P^Ai] ' iPk - ATP “ ifik^X,) ^ k = (4.79) 

We divide (4.78) by (— Aj), and each of the equations (4.79) by (/J^ — Aj); after 
adding the left and right sides of the obtained equations we have the relations 



1 ^ 1 



-Vi 



1 



+E 



>H^, ,tr (A - A,)n& - Aj) 



71 



+E 






A? ' 



^Ar f^(/3fe-A,)^ 

Using the identities (4.70), (4.72), (4.74), from (4.80) we deduce the relation 



(4.80) 



^ k=l ' 

Since the root \j from equation (4.68) could not be three- multiple, that is, 
fi"{Xj) — K,'{Xj) ^ 0, then from (4.81) it follows that r/j = 0. Similarly, using a 
division of (4.79) by {(5k — Xi) and the same considerations, it follows that rfi = 0. 
Then, from (4.78) it follows that ^ = 0, that is, x = 0, and the statements (4.77) are 
completely proved. 



Step 4. Based on (4.77), we form the subspace 

r 

(4-82) 

p=l 



where H^{Xp) is the subspace of the form (4.76) corresponding to the multiple root 
Ap, p = 1, . . . , r, of equation (4.68). As it has been proved previously, H"" is invariant 
with respect to the operator C{po). 

Similarly to the way we proved the existence of the subspace H'{X) from 
(4.33), for £(/io) one more invariant subspace can be obtained along with namely. 



{ m 
X := {x,Xo,Xi,. . .,Xm)'’ : ^ ^ + E 

fe=i 



Xo 






(/3fe ~ Ap) 

Xk 






= 0 , 

0, 1 < p < p 



(4.83) 
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The next direct decomposition takes place, 

H = H^(y)Hr. (4.84) 

To prove this fact, we need to show that the equation 

x + z = y = (y,yo,yu...,ym)\ (4.85) 

for any y G H has a unique solution x G and 




Taking into account the equations (4.83) for any element x G , from (4.85) 
we get the system of equations 

r 

^ Zp + a; = y, (4.86) 






0k — Ap {0k - Ap)2 



o +Xk = yk, k = l,...,m, 









^0 ^k 

Ar 



0, 1- ^ P ^ r. 



We divide (4.87) by (— A^) and (4.88) by {Pk ~ K)^ respectively, add them 
together with (4.86), and get 






{0k - K){0k - Ap) 



1 1 



{ =- + V = 1 + a; - — + V 

^ (/3fc - Ap)2(/3fc - Aj)/ \i j“/3fe-Ai 

m 

2/0 , Vk -I / • / rA 

k=l 



By the identities (4.70) and (4.74) and the first relationship (4.89), using again 
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the property t^'{Xi) 7 ^ 0 we get that i — are uniquely defined by the 

components y. 

Dividing (4.87) by Af and (4.88) by {Pk ~ Az)^ and then adding the resulting 
equations we obtain the relations 






k^i ~ ^ p^i - X^)‘^{Pk - Xp) 






P=i "VA^Af ^^ (/3,-A02(/J,-Ap)V ' Af '^(/3,-A,)' 

Vk 



1 






Xh 



A? ' 



= ^+E 

k=l 



z = 1 , . . . , r. 



(4.91) 



Hence, by using (4.74) and the second equation in (4.89), we get that the components 
Zi, z = 1 , . . . , r, are also uniquely defined by the components y and ib, z = l,...,r. 

Finally, we observe that x, Xq, and x/,, /c = l,...,m, are uniquely determined 
from (4.86)-(4.88). Hence the decomposition (4.84) follows. 



Step 5. For the simple roots g' — 1, . . . , s, of equation (4.68), we introduce 
the subspaces of the form (4.30), 






- iq 

We prove that the next formula is valid. 






q=l 



y 






By the decomposition (4. 84), it is enough to show that 

s 

Hr = 

9=1 

This is equivalent to checking that the system of equations 



(4.92) 



(4.93) 



(4.94) 



9=1 

-tf 



X, 



Xq, 






k = 1 






(4.95) 

(4.96) 



with the constraints (4.89), has a unique solution. 
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The system consisting of the equations (4.95) and the first s — 2 equations 
(4.96) has a unique solution, which by Cramer’s formulas is representable as 






A ’ 



1 < q < s. 



(4.97) 



Here, the determinant A — A(A) is expressed by formula (4.42), it involves the 
coefficients for Zq, q — 1, . . . ,s, and is not equal to zero, as it has been proved in 
Section 11.4.3. The determinants are obtained from A by substituting column q 
in (4.42) by the column of the right sides from (4.95) and (4.96). Expanding Ag by 
column q we have 



^Iq ^2q 



^kq 

A ’ 



(4.98) 



k=i 

where A^j is the algebraic complement of the element situated in row i and column 
j of the determinant A. Substituting Zq from (4.97) in the last m — {s — 2) = 2r 
equations in (4.96) we get 




q=l 



A. 

{Pk - ^g)’ 



s — 1 < k < m. 



(4.99) 



The equations (4.89) allow to express Xk, s — 1 < k < m in terms of x, Xq, x/e, 
I < k < s — 2, since the determinant Aq formed by coefficients of Xk, s — 1 < k < m, 
is different from zero. Let us prove the fact. 

The odd rows of this determinant have the form 



V Ps — 1 




and the even rows are of the form 







I < p < r. 



Consider the determinant A' differing from Aq by even rows of the form 



1 1 

Pm-X'p 

Applying a formula presented by D. K. Faddeev and I. S. Sominsky on p. 48 of their 
book entitled ’’Problems and Exercises in Algebra” [1] we get 

A' = n(A. - A,) H(A* - A') n(A. - A' ) n(A- - A,) 

i<j i<j i<j i<j 

• - Pj) - AO"' 

i<j i.j i.j 
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Assuming now that = Ap + <5, subtracting from each even row the previous one, 
and dividing A' by (-(5)'’, we get 

= i™o ply " ^ 0- 



i<j 



i<j 






To finish the proof of the unique solvability of the system of the equations 
(4.95), (4.96), (4.89) it remains to check that the expressions (4.99) identically satisfy 
the relationships (4.89). Substituting (4.99) into the first equation (4.89) we have 



X 



s-2 

Xq _ Xk 






= 0 . 



k^-l q^l ~ ~ 

Changing the order of summation and using identity (4.69) we get 



(4.100) 



X 



Xo 



s—2 s A / 1 s—2 



I 



Ap ^ ^ V {Pk - Km - i ,) . 

= 0 (4.101) 

Using formula (4.98), we write the coefficients for x,Xq and Xk respectively; we get 

s-2 



9=1 






1 



^qK (^/e - Ap)(/3fc - ^q) 






9=1 



Ap^9 “ Ap)(^p - iq) 



= 0 , 



= 0 , 



(5j Xp 






9=1 



Ap^9 if^k - Xp){Pk - ^q) 



0. (4.102) 



To check the relations (4.102) it is enough to open the brackets and use the 
equalities 

y^ = 1 

< 7=1 



E 



Ai, 



^ A {0k- C,) 



= 0 , 



(4.103) 



known from matrix theory. 
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The second group of relations (4.89) for p = 1, . . . , r, is similarly checked. This 
completes the proof of the decomposition (4.94). 



Step 6. Coming to the last stage of the proof of the theorem on the basicity 
of elements of special form formulated at the beginning of Section 11.4.4, we use the 
decompositions (4.82), (4.93). The problem 



£(po)y = 0 , yen, (4.104) 

with the spectral parameter is equivalent to a system of two problems correspond- 
ing to the invariant subspaces (4.82) and (4.94) for the operator £(/Uq), namely, 

^{ho{^q))yq — O5 



yq = 



yq^ 



¥1 y^ V p H 

dm-iq) 



\ < q < 

(4.105) 



and 



{zp, 

Ap 

m 

We use for the equation (4.106) the relations (4.49) and (4.75) that lead to the follow- 
ing equations 



Wp Zp Wp 

+ Z\ ^ 2 ) l<p<r. (4.106) 

(/^m ^p) / 



l{Xp)zp y l'{Xp)wp = 0, 1 < p < r. (4.107) 

We recall now that at the points Ap, which, as two- multiple roots of the equation 
(4.68) are roots of the equation p'{X) = k,{X) = 0, the operator /(A) is invertible. 
This fact was ascertained in the proof of Statement 1° [see formula (4.65) and the 
considerations immediately following]. Therefore, from the first equation (4.107) it 
follows that Wp = 0, and then, from the second one, also Zp = 0, 1 < p < r. 

Thus, problem (4.106) has only the trivial solution. Therefore, any solution y 
of the spectral problem (4.104) belongs to the subspace Hr^ and by (4.94) is a solution 
of one of the problems (4.105). As it was shown in Section 11.4.3, the solutions of 
problem (4.104) are elements of special form (4.50), and they form a basis in the 
space M{f}) = Jo, 5 (ll) 0 Mq{Q) 0 (Jo, 5 (fl))^, if Aq runs through all points of the 
spectrum of the operator pencil /(A). 
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The theorem formulated at the beginning of Section 11.4.4 has been complete- 
ly proved. 

An important consequence of the results obtained in this section is summariz- 
ed in the next statement. 

Except for no more than a finite number of eigenvalues, the spectrum of the 
pencil / (A) in problem (3.33) is real, and to no more than a finite number of eigenvalues 
there correspond nontrivial chains of associated elements. 



11.5 Additional Properties of Solutions of the Spectral Problem 

In this section we study additional properties of the solutions of the spectral problem 
(3.22), or of the equivalent problem (3.33), that were briefly mentioned at the end 
of Section 11.3. Moreover, in studying the properties of multiple basicity, we use an 
approach that is not based on the change (4.14) of the spectral parameter and the 
theory of self-adjoint operators in a Pontryagin space. The approach that we will 
develop next is based on a direct study of the properties of the spectral problem (3.17) 
in a Krein space, and an application of the basis criterion presented in Section 1.3.7. 



115.1 On the Existence of Different Branches of Eigenvalues 



As we mentioned at the end of Section 11.3, the spectrum of problem (3.22), 



L(AK := (I'loWI - AaI-1 - ^ = 0, 

m 






k=l 



(5.1) 



is discrete, situated in the right half-plane, and may have as limit points the points 
A == 0, A = oo, and X = flk, k = 1, . . . ,m, Io{Pk) = 0 (see Property 5° in Section 
11.3). We show that all these points are really limit points of the discrete spectrum in 
problem (5.1). The corresponding propositions are formulated as distinct properties. 



( 1 ) To the point A = oo there corresponds a branch of eigenvalues 
situated on the positive semiaxis in the interval ( 7 ^+ 1 , oo) (where the number 
7^+1 > /3m was introduced in Property 4° of Section 11.1.4), and having the 
asymptotic behavior 



A7)=j/A„(AI)[1 + o(1)], 



n 



00. 



(5.2) 
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The eigenelements of problem (5.1) corresponding to the branch 

form a Riesz basis with defect, and even a p-basis with defect for p > 3/2. 

To prove Property (1), we substitute in (5.1) the spectral parameter A = 1/A 
and consider the problem 

L(\)$ := XL (a-^) $ := (Wo(A“^)/ - ^4“^ - Vs) ^ = 0. (5.3) 

Since for the operator pencil L(X) the next conditions 

L(0) = G 6oo, L'(0) = j//»0 (5.4) 

are fulfilled, then according to Statement 3° in Section 1.6.10, for any e > 0 problem 
(5.3) has a branch of eigenvalues with limit point at zero situated in the 

interval (0, 5), and the corresponding eigenelements form a Riesz basis with 

defect in the space Jo,5(fl). Further, since the eigenvalues Xn{A~^) of the operator 
A~^ have power asymptotics [see (8.1.12)], then, by the statement of Section 1.6.8, the 
asymptotic behavior of the eigenvalues of problem (5.1) with the limit point A = 00 
or, equivalently, of problem (3.33), 

l(X)^ := (7 - A (i^/o(A))-' - 5A-1 (I'loiX))-' b)^ = 0, (5.5) 

and the eigenvalues of the problem 

/o(A)^= (7 -Ai/-M-i)^ = 0 

for the shortened pencil /q(A), is similar, that is, formula (5.2) takes place. 

We now note that the property of defect basicity of the elements 
holds, if instead of the interval (5“\ oo) for any 6 > 0, we take the interval (7^+1, oc) 
and consider that the eigenvalues are situated only on it. 

At last, the property of p-basicity (with defect) for p > 3/2 of eigenelements 
corresponding to eigenvalues from the interval (7^+1, 00) follows from 
Statements 4° and 5° of Section 1.6.10, if we note that 

A~^ G 6p, p> 3/2, 

Bee,, q>2, (5.6) 

and apply these statements to the pencil (5.3) after its division by iyfo(X~^). Properties 
(1) are entirely proved. 
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(2) To the point A = 0 there corresponds a branch of eigenvalues 
situated in the interval (0,7i), and having the asymptotic behavior 

= iy~^gXn{B)[lTo{l)], n ->00. (5.7) 

The eigenelements corresponding to the nonzero eigenvalues An^^ in 

conjunction with the basis from KerB = No{Ll) (see the expansion (8.3.24)) form a 
Riesz basis with defect in the space Jq^s{0>). The projections of the elements 
on the subspace Mo{Q) C Jo,s(^l) form a defect Riesz basis and even a defect p-basis 
in Mq{LI) for p > 2. 



Let us prove Property (2). Use the representation (4.3) 

m 

n 



k=l 



lom = 

n 

k=i 

for the function /q(A) and consider instead of (5.1) the equivalent problem 
M(A)^ := |ai. {/3, - A) j / - g (7^ - A) j B 

Since the next conditions are fulfilled, 

M(0) = (fj 7A B e 600, 



\k=l 



M'(0) = u (n I 7 + p ^ I 7j ) ^ ^ (n I 7 > 0, 

m=l \j^k 



Kk=l 



(5.8) 



(5.9) 



(5.10) 



Kk=l 



then, by repeating the same arguments presented above in proving Property (1), we 
conclude that in problem (5.1) there is a branch of eigenvalues with a limit 

point at zero and situated in the interval [0, 71), where the eigenelements 
corresponding to the nonzero eigenvalues in conjuction with the basis of 

the kernel Ker B = No{Ll) form a Riesz basis with defect in the space Jo,5(^7). 
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Since in the considered case Kev B ^ {0}, then to problem (5.9) there corre- 
sponds a degenerate Fredholm pencil, and considerations similar to those presented 
in Section 1.6.4 for a Keldysh pencil lead to the conclusion that the projections of the 
elements on the subspace Mq(Q) = 0 form a Riesz basis 

(with defect) in Mo(fl). 

To derive the asymptotic formula (5.7) it is sufficient to use the form (5.5) of 
the spectral problem, where is represented as a Taylor series with respect to A, 

the asymptotic formula (8.1.33) for the eigenvalues of operator B, and the statements 
of Section 1.6.8. 

At last, the assertion on p-basicity with defect in Mq{Q) for p > 2 follows 
from (5.6) and Statements 4° and 5° of Section 1.6.10 applied the pencil A/(A) [see 
(5.5)]. 

1152 On the Location of Nonreal Eigenvalues in the Complex Plane 

As it was stated in Section 11.4, problem (5.1) may have no more than a finite number 
of nonreal eigenvalues A. In this section we determine the zones of the complex right 
half-plane, where such eigenvalues could be located. Simultaneously, we will point out 
some properties of the real spectrum of problem (5.1). 

Let A be a nonreal eigenvalue of problem (5.1), and ^ G Jo.5(fl) a normalized 
eigenelement. Then, by (5.9), we have 

m m 

m := n - 0' + n (v - A) = 0, 

J=1 J=1 

We next indicate some common properties of the solutions of equation (5.11) 
under the assumption that ^(A) has nonreal roots. 

(1) The function il;{X) has exactly m real roots satisfying the 

inequalities 

0 < 6 < 7l < A < 6 < 72 < /?2 < • • • < <?m < 7m < /^m. (5.12) 

Indeed, V^(A) < 0 for A < 0, and i/;(7/c) = (-l)^’+^c/e, Ck 7fc lljLi l/^j “7fc| > 
0, k = l,...,m. Therefore, in the interval [0,7m], function t^(A) has m real roots 
for which 0 < ^ < 7i < 6 < 72 < ' • • < Cm < 7m- Since ^p{X) is a 
polynomial of degree m T 2 with real coefficients [see (5.11)] and, according to the 
assumption, it has nonreal roots, then the number of real roots exactly equals m. 
We note also that since all the eigenvalues of problem (5.1) are situated in the right 
complex half-plane, then Ci > 0. Further, according to Properties 3° and 4° proved 
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in Section 11.3.4, the points jk and (3k^ k — 1 , . . . ,m, are not eigenvalues of problem 
(5.1). 

We show that in the intervals k = 1, . . . ,m, problem (5.1) also has 

no eigenvalues and therefore the properties (5.12) are fulfilled. 

Indeed, if A = — e, 0 < e < (/?/,. — 7/, ), then the operator M(A) from (5.9) 

has the properties 



M(/3a. »0, k = l,...,m. (5.13) 



In fact. 



M {dk -e)^y{dk-e)\{ (/?, - A- +£)/-!! ~ + e) (<? (/^fe - ef B + A~^) , 

J=1 J=1 

and since 0 < 71 < /3i < • • • < 7^ < /3^, B A~^ > 0, then (5.13) takes place. 

Let us denote the complex conjugate pair of nonreal roots by Aq = ^0 ± i^o, 
ryo / 0, and get some estimates for ^0 and ryo- 

(2) For the nonreal eigenvalues Aq of problem (5.1) the inequalities 

i' {2\\A~^\\V <Re\o = ^0 \ + 2g^^ (5.14) 

A:=l ^ k=l ^ 



are fulfilled. 



To prove properties (5.14) we represent the polynomial V^(A) from (5.11) with 
the roots and A^ = Co i i^o in the form 



v’(A)=(-p)(-i)'”n(^-^j) 

j=i 



(^ ~ Co)^ + ^0 



(5.15) 



Comparing the coefficients of the powers A^+^ and A”^ in (5.11) and (5.15) we get 
the relations 






j=i 



j=i 



^0 + Vo + 2^0 ^ Ci + L] kij 

1 = 1 Kj 



m 

p 



+ 'A'T'J 

k<J 




(5.16) 



(5.17) 
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By the inequalities (5.12) we have XlJLi(7j “ 0) > 0’ therefore, from 
(5.16) we get 

l' u 

2^0 > - > M <_iip 

P P Ml 

whence the left inequality (5.14) follows. 

Further, from (5.17) with regard to (5.16) we have 



Vo = -fo - 2^0 I -2^0 + ^ I + E + 7 + ^ E^. 



= 3^0^ - 2^0 ( E 7. n I + E (7*7. - 60) + f + ^ E (5-18) 



Let us introduce the notations 



^ ly 

2(jU := — , 



2-J:=E(7.-0), 



and observe that by (5.16) 



^{) = id 5. 



Substituting from (5.20) into (5.18) we get 



T]l - -Uj‘^ + 2uj ^ ^ ~ ^ 7 ^- + ^ ( 7 , 7 ^- - . 

J=1 J=l j=l i<3 



Let us show that the expression not containig uj in (5.21) is negative, that is, 

m 

3^2 <26'£ij~Y1 (7*7. - 60) • (5.22) 

j=l l<j 

Taking into account the notations (5.19) for 6, inequality (5.22) gets the form 






E (7i - 0) E (7* - 6) + E “ E (7*7. - 60) • 



i=l J i<j 



(5.23) 
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It is clear that in order to prove inequality (5.23) it is sufficient to show that 

m / ^ \ 

E E P E - 6^,) • (5.24) 

j = l \i=l / i<j 

Let us check this fact. Using for i < j the identity 

^i'yj ~ ~ (7j ~ 0) (7i ~ 5 (5.25) 

then the right side in (5.24) takes the form 

E - ^i^j) = E ['>'» 

i<j i<j 

m 

j = l J<i 

Since the inequalities (5.12) are fulfilled, then the right side of (5.26) is smaller 
than the left side of (5.24), and inequality (5.23) is proved. 

Equation (5.21) together with inequality (5.22) allows us to estimate uj. We 

have 





(5.27) 
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Hence 

(^0 — ^ 3“ ^ < 2 



m . m 

XI 3 + 9 ^^^ \\B\\ 



j=l 



J = 1 






J=1 



<‘2^f33-^T,^3 + 2gi3-^m-, 

j=i j=i 

the right inequality (5.14) is proved. 



(3) For the nonreal eigenvalues Aq of problem (5.1) we have the estimate 

/ m 

|Ao|^ < 2w qi3~'^ + X'^J 



j=i 



( m \ / m m 

gi3-^\\B\\ + ^pj g^-^\\B\\ + J20j-lYl 



7i 



(5.28) 



obtain 



J=i / \ j=i j=i 

Let us prove property (5.28). From (5.17) with regard to (5.20), (5.19) we 



I'^ol — t]q ~ 2lu gqv ^ -|- /3j — 2lj — F, 



j=i 






^ X (T'j' ~ ( X “ X • 

i=l \i=l / i<j 

Let us show that F > Q. Using relation (5.26) we have 



(5.29) 

(5.30) 






J = 1 



/c=l j</c j>k 



(7j 0) 

j=l 



j>k k<j 



>0, 



(5.31) 



since, by (5.12), ( 7 ^- - ^j) > 0, (^^+i - 7 ^) > 0. Since w > 0, ^ > 0, fc = 1 , . . . , m, 
then inequality (5.28) follows from (5.29), (5.31), and (5.27). 

(4) The nonreal eigenvalues A of problem (5.1) are separated from the points 
0k and 7 fc, k = 1, ... ,m, in such a way that the following inequalities take place. 



|A-/3fe|^>afe, |A-7fc|^> 



^k 



I|A1 



-i| 



k = q,...,TTi, 



(5.32) 
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where and are the positive constants from the expansions (4.5), (4.9) [see (4.7), 
(4.12)]. 

Next, let us prove the first inequalities (5.32). From (5.5), (4.4), (4.9), (4.1) 
for the normalized solutions of problem (5.1) we have 



1 + -A - c + ^ 



a-k 



/y \ ^ - 



k=l 



(3k- \ 



k=i 



(3k 



3 n 
-g = 0 



where p and q are defined in (5.11). Separating here the imaginary part and taking 
into account that Im A 7 ^ 0 we get 



m 



E 



a-k 

|A-/3fc|2 



P 

Q 



d ^ bk 
|AP^^|A-/3fcP 



-q > 0 . 

V 



Since p > 0, whence it follows that the first inequalities (5.32) are valid. 
To prove the second inequalities (5.32) we use the relation 



(5.33) 






(5.34) 



which is valid for the normalized solutions of problem (5.1). Separating the imaginary 
part in (5.34) and using the property ImA / 0 we get 



rn ^ 

Whence the second group of inequalities (5.32) follows. 



(5.35) 



Now we consider those real eigenvalues of problem (5.1) to which, along 
with their eigenelements, there also correspond associated elements. As it has been 
mentioned in Section 1.6.10, for an operator pencil A(A) with eigenvalue Aq G M and 
eigenelement po G E, in this case the conditions 

A(Ao)po = 0, (Al'(Ao)^o, Po) = 0, (5.36) 

are fulfilled. Such eigenvalues were earlier called degenerate (Section 8.2.8), that is, 
not definite (neither positive, nor negative). 

(5) Degenerate eigenvalues Aq = ^0 G M of problem (5.1) satisfy the 
inequalities (5.14), where the intervals 

/ \ 1/2 

\io - (ik\ < y/ok, 1^0 -7fc| < ( ||^-^1|| j ’ /c = l,...,m, (5.37) 

do not contain degenerate eigenvalues. 
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We prove the last statement and properties (5.37). Let ^ be a normalized 
eigenelement of problem (5.1), corresponding to the degenerate eingenvalue ^o- Then 
according to (5.35) the relation 

(C (^o) e = i^o) I -A-^+ I, ^) = 0 

is fulfilled, whence the inequality (5.35) and thus the second group of inequalities 
(5.32) follow. It means that if the second conditions (5.37) are fulfilled then the 
corresponding eigenvalues Aq = ^ could not be degenerate. 

To prove the first inequalities (5.37) for a degenerate eigenvalue ^ T is 
necessary to consider the pencil /(A) from (5.5). The condition (/'(Co)^,^) = 0 leads 
to the relation (5.33) for A = whence the first inequalities (5.32) follow. 

Further, according to Property (1), function ”0(A) has not less than m different 
real eigenvalues. If, in addition, it has a two-multiple real root, then there are no 
nonreal roots. Such a two- multiple root may be situated in the interval (y^, oo) or in 
any of the intervals (y/c-i , jk)i k — 1, . . . , m, 70 0. In the latter case, the root could 

be three- multiple and coincide with <^/e, however only one two-multiple root could not 
be in the interval (7^-1, 7/^). 

It is easy to see that, in all the mentioned cases, the relations (5.16), (5.17) 
for ?7o = 0 were fulfilled (since Aq = ^0 ^ ^^)- Just as in the proof of Properties (2) we 
get that the inequalities (5.14) are fulfilled and Properties (5) are proved. 

(6) As consequences of the previously proved properties of the solutions of 
problem (5.1) we have the next results. 

(a) The collection of intermediate eigenvalues of the problem on normal 
oscillations of a viscous fluid in an open container, that is, nonreal and degenerate 
real eigenvalues of problem (5.1), forms a finite set in the right complex half-plane, 
every point Aq of which is satisfying inequalities (5.14), (5.28), (5.32). The circles 

|Ao — Pk\ < \/ufc, |Ao - 7/c| < 

do not contain intermediate eigenvalues and the intervals [7j,/5j], j = 1 , . . . ,m, do 
not contain eigenvalues of problem (5.1). 

(b) If the rough condition of strong damping is fulfilled, 

( m ^ m \ 

k=l ^ k=l / 



uak 



p- 



1/2 



1, . . . ,m, 



(5.38) 
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then the intermediate eigenvalues are absent, every eigenvalue of problem (5.1) is real, 
and no associated elements correspond to it. 

(c) If condition (5.38) is fulfilled, then the spectrum of problem (5.1) is divided 
into m+2 branches of real eigenvalues /c = 1, . . . , m, 

with the limit points 0, -boo and {Pk}]^=ii respectively [and asymptotic behavior (5.7), 
(5.2)]. In addition, the branches and approach the points 0, Pk, 

k = 1, . . . , m, from the right. 

It is necessary to prove only Assertion (b) This assertion follows from the fact 
that under condition (5.38) the inequalities (5.14) are impossible, and, therefore, by 
Properties (2) and (5) the intermediate eigenvalues form the empty set. 

In conclusion, we note that condition (5.38) is fulfilled for sufficiently large 
values of the kinematic viscosity z/ of a visco-elastic fluid. It is a generalization of the 
rough condition of strong damping 

i.^>Ag\\A-^\\-\\B\\ 

[see (1.3.6)] corresponding to an ordinary viscous homogeneous fluid and turns into 
it for a/e = 0, /c = 1, . . . , m [see (5.1)]. 

1153 Multiple Basicity and p-Basicity. 

An Indefinite Metric Approach Using Krein Space Theory 

Let us return to the study of the spectral problem (3.17) on normal oscillations of 
a visco-elastic fluid in an open container and apply to it an approach based not on 
operator theory in a Pontryagin space and complex changes of the spectral parameter, 
as it has been done in Sections 11.4.1, 11.4.2, and further, but on constructions that 
make it possible to consider the problem in a Krein space. 

Just for the sake of simplicity, we limit ourselves to the case m = 1. For any 
m > 1 the constructions are similar. 

If m = 1, problem (3.17) takes the form 

Au = Au, u = {uo,ui,r]Y G Jq, 5 (^) 0 0 Nr, (5.39) 

A — j 7i/ 0 I . (5.40) 

\ 0 0 / 

In (5.39) we substitute the spectral parameter according to the formula 



A = —a + /i 



(2 > 0 , 



(5.41) 
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and get from (5.39) the equivalent problem 

MaU := A~^u = pu, Aa:=A-\-aI. (5.42) 

We recall that, first, A = 0 is not an eigenvalue of problem (5.39) (see Property 
1° in Section 11.3.4) and, second, for operator A we have Re^ > 0. Therefore, A~^ 
is a bounded operator. 

We write down an explicit formula for the matrix operator A~^ = A4 a, 

A4a = {A4jk) jf.^1 

Mu = L(A) i' (^1 + I ~ 

Mi2 = - (z^ai)^/^ (71 + a)~^ = -AI21, 

Mi 3 = A~^I^L~^{-a)Q'' = Q := ^ 

M22~{1i+o) ^ / - z/oi (71 -f a)“^ L“^(-a) = M22, 

M23 = - (71 + «)~^ (lyai)^'"^ g^^^a~^L~\-a)Q* = AI32, 

A433 = [/ - a~^gQL~^(-a)Q*] = ^^33, (5.43) 

and describe some properties of its entries A4ij. 

(1) Operator Mu is positive, compact, and belongs to the class where 

Pii =p{A~^) > 3/2. 

Indeed, the operator L{~a) = z/(H-ai/(7i +a))/ + av4“^ -\-ga~^B is bounded 
and positive definite, therefore L~^[—a) is a bounded positive definite operator 
acting in Whence from the formula for Mu and also from the properties 

of operators of the classes ©p we get that pn = p{A~^). At last, the property 
p{A~^) >3/2 follows from the asymptotic formula (8.1.12) for the eigenvalues of 
operator A. 

(2) The operators Afi2 and A42i are compact operators of the class 
P 12 = p((A"i/^) > 3. 

These assertions are based on the formulas for M 12 and AI215 some arguments 
similar to the ones mentioned above, and also on the fact that p(A“^/^) = 2p{A~^). 

(3) The operators A4i3 and A43i are compact operators of the same class 
6p,3 as the operators A~^I‘^B^I^ or B^I^A~^I‘^, and, therefore, P13 > 12/7. 




386 



OSCILLATIONS OF VISCO-ELASTIC AND RELAXING MEDIA 



Indeed, it is easy to see according to the formula B = Q*Q that Q and 
Q* are compact operators of the class ©^(^1/2). Since from the asymptotic formula 
( 8 . 1 . 33 ) it follows that p{B) > 2, then p{Q) — p{Q*) — p{B^^‘^) > 4. Therefore, 
from the formulas for AI13 and M31 we get that pi3 > P13, p^^ = {p{A~^^‘^))~^ + 
(p(^-i/ 2 ))-i = 1/3 + 1/4 = 7 / 12 . 

( 4 ) The operators M23 and Af32 are compact operators of the class ©P235 
P23 ^P{Q*) > 4 . 

( 5 ) Operator AI22 is a bounded positive definite operator acting in Jo_s{Ll). 

Indeed, 



(71 + A^22 



7 i +a 



L-\-a) 



L{-a)~ 
= z/ ^1 + 



7 i +a 



I L-^'\-a) 



-^ 7 + <22! ^ + gci ^B — — I L a) 

i) ^ liFa \ 



V \ liF a J liFa \ 

Lo(A) := vl - XA~^ - gX~^B. (5.44) 

Since Lq(— a) 0 , L~^/^(— a) ^ 0 , the property to be proved follows from ( 5 . 44 ). 

(6) Operator A433 has the structure 

M33 = a~^I - a“^A 4 ^ 3 , 0 < G 6^33, P33 = p{B) > 2 . 

In fact, the operator QL~^(—a)Q* is a nonnegative compact operator of the 
same cleiss as the operator QQ* ^ that is, of the class ©p(B). 

As a consequence of the properties (l)-(6) we have the next important 
conclusion. 

( 7 ) In a block form, the matrix operator Ma has the structure 

^-( 7 , &)■ 

Mil : = Mu = M*n e Sp, p > 3/2, 

Mi2 : = (Mi2,Mi3) = -M*i 2 e 6p, p>3, 

■M22 ■ = T22 — 2^22! 

0 <C T22 : = diag (M22,a~^l) 

^22 • = (aJ *3 " (-^22) G ©p, 



p > 4, 



( 5 . 46 ) 
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and it is j7-self-ajoint in the space 



H : = Jo.5(^) 0 0 

J:=diag(/,-/,-/r). (5.47) 

Based on the just stated properties of operator Ma and the fundamental 
theorem in Section 1.3.7 on completeness and basicity of the system of root elements 
of a j7-self-ajoint operator, it is now possible to prove the theorem on basicity and 
p-basicity of the root elements of problem (5.39), (5.40), that is, the multiple basicity 
of the system of eigen- and associated elements of problem (3.22). We realize this 
program step by step, by proving additional properties of problem (5.40). 

(8) Operator Ma of problem (5.42) belongs to the class H (see Section 1.3.7), 
that is, there is at least one maximal nonnegative invariant subspace, and every 
such subspace decomposes into a direct sum of a finite-dimensional neutral and an 
uniformly positive subspace. 

To prove this property it is sufficient to check (see Section 1.3.7) that for the 
operator Ma there exists at least one maximal nonnegative subspace, and the angular 
operator of that subspace is compact. Let us verify these properties. 

Since the element M \2 of the matrix Ma according to (5.45), (5.46) is 
compact, then according to a theorem of Langer (see Section 1.3.5), for the operator 
Ma there exists a maximal nonnegative invariant subspace Lj^{Ma)- We denote the 
angular operator of this subspace by K. It is easy to deduce, as it was done in Section 
9.2.4, for example, that K is the solution in the unit operator ball of the operator 
equation 

K(Mn+Mi2K^=-M\2 + M22K, (5.48) 

whence it follows that 

K = (^KMu + KMnK + MI 2 + ^ 22 ^) • (5-49). 

By formulas (5.46) and the boundedness of operator T 22 ^ from (5.49) it follows that 
K is a compact operator and, moreover, 

K eep, p > 4. (5.50) 

Assertion (8) is proved. 

(9) Operator A of problem (5.40) is an unbounded j7-self-ajoint operator of 
the class JC{'H) (see Section 1.3.7), that is, there exists a j7-self-ajoint operator of 
class H commuting with A. 
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The proof of this property is trivial, since Ma = ^ — (^+aJ) ^ commutes 

with A and A4a G W. 

(10) The number a > 0 in problem (5.41), (5.42) may be chosen in such a way 
that the angular operator K from (5.48) will have, instead (5.50), the property 

Ke6p, P>3. (5.51) 

The proof of this property is based on the fact that if the operator M 22 in (5.48) 
is invertible, then by virtue of its structure (5.46) the inverse operator A422^ will be 
bounded. Then from (5.48) we will have 

K = M 22 (^M*2 + + KMi2K^ (5.52) 

and from the properties (5.46) of the matrix elements Mjk we get that property (5.51) 
takes place. 

Now we show that there exists a sufficiently wide set of values a > 0 such that 
the operator A422 = ^ 22 (n) is invertible. With this purpose in mind, we consider the 
equation 

M22{o)u = 0 , {ui,U2)^ G Jo,s(f^) ® ^r- (5.53) 

Taking into account (5.46) and (5.43)-(5.45) we have 

L-\-a)Q*U2 = 0, 

(7i + a) (7i + a) 

— 7 — ^ — -{va\Y^^g^/^a~^QL'~^{—a)u\ + (a~^Ir — a~^ gQL~^ {—a)Q*) U2 = 0 . 
(71 + a) 

(5.54) 

Since and Lo{—a) are bounded positive operators, then eliminating ui 

from (5.54) we come to the equation 

Ir - gaNQL-^{-a)Q* + j2^^QL-^A{-a)Lo\-a)L-^^^{-a)Q*]]u2 
[ \ (71 T a) J\ 

=: [Jr - T{a)] U 2 =0, 1 x 2 G Hr, (5.55) 

where T(a) is a compact (by the compactness of Q and Q*) and nonnegative operator 
(for a > 0 ). 

We now note that the operator T{a) takes compact values and is a holo- 
morphic operator function with respect to the parameter a through all the complex 
plane except the points a = 0, a = 00 , and a = — 71 . Therefore, the operator pencil 
I — T{a) is Fredholm, and problem (5.55) has a discrete spectrum with the possible 
limit points a = 0, a = oc, and a = — 71 . Hence, on the positive semiaxis, any point 
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a not coinciding with some point of the discrete spectrum of problem (5.55) 

has the property that the operator Ir — T(a), and along with it, the operator M. 22 {o) 
have bounded inverses. 

Property (10) is completely proved. 

At last, let us formulate the basic statement of this section. 

(11) Problem (5.40) has a discrete spectrum consisting of normal eigenvalues, 
with the limit points 0, (3k, k = 1, . . . ,m, and -hoo. All the eigenvalues of problem 
(5.40) except probably a finite number of them are positive, and their corresponding 
eigenelements do not have associated elements. 

For any arbitrary value of the viscosity u, the set of the root elements of 
problem (5.40) forms an almost J'-ort honor mal basis in H, with the operator J from 
(5.47), and this basis is a p- basis for p > 3. 

If the rough condition of strong damping (5.38) is fulfilled, that is, the viscosity 
u of the considered hydrodynamic system is sufficiently large, then problem (5.40) has 
no intermediate eigenvalues (see Section 11.5.2). In this case, the set of eigenelements 
of problem (5.40) forms a j7-orthonormal basis in , which is also a p-basis for p > 3. 

We prove only the second and third statements of (11), since the first one has 
been already proved in Section 11.5.2. By Property (9), the operator A of problem 
(5.40) belongs to the class /C(7Y). We recall that a point A G M for the J^-self-ajoint 
operator A is called degenerate, if Ker(^ — XI) is degenerate, that is, it contains 
nonzero isotropic elements. The set s(^) of the critical points in problem (5.40) 
obviously is contained in the set {0; (3k, k = l,...,m} of all finite limit points of 
the spectrum of operator A, since the normal eigenvalues of a J^-self-ajoint operator 
generate a nondegenerate root subspace (the last fact is stated, for example, in the 
book of T. Ya. Azizov and I.S. lokhvidov [AI], Section 2.2, Consequence 2.25). 

Thus, the operator A of problem (5.40) satisfies the conditions of the basis 
criterion in a Krein space presented in Section 1.3.7. In fact, the set of accumulation 
points of the spectrum of operator A G /C(W) is finite, and s{A) = 0, since the 
numbers 0 and (3k, k = 1, . . . ,m, are not eigenvalues of operator A (see Properties 
1° and 4° in Section 11.3.4). Therefore, according to Assertion (c) from the criterion 
in Section 1.3.7, we get that for any arbitrary value of the viscosity 12 the set of root 
elements of problem (5.40) is complete in H. Further, according to Assertion (d) from 
the mentioned criterion, we get that the root elements of operator A form an almost 
j7-orthonormal basis in H. That basis is also a p-basis for p > 3. Indeed, by choosing 
a > 0 according to Property (10), the angular operator K corresponding to operator 
Aia, and, therefore, to operator A, belongs to the class 0p, p > 3. By this remark, 
the second statement in Property (11) is proved. 




390 



OSCILLATIONS OF VISCO-ELASTIC AND RELAXING MEDIA 



At last, if the condition (5.38) is fulfilled, then according to Assumption (6) 
in Section 11.5.2, problem (5.40) has only a real (positive) spectrum and has no 
associated elements. In this case, according to the criterion in Section 1.3.7, the system 
of eigenelements of problem (5.40) [Assertions (b), (d) and (e)] is not only complete 
in H", but also a j7-ort honor mal basis and a p-basis for p > 3. 

Properties (11) are proved. 

In conclusion, we note that in Sections 11.1-11.5 we studied in rather sufficient 
detail the properties of solutions of various problems on small oscillations of a visco- 
elastic fluid in a completely or partially filled container, and some of their abstract 
generalizations. Further, we will investigate the problem on small motions of a 
somewhat complex hydrosystem containing not a viscous but an ideal fluid. 



11.6 Oscillations of Relaxing Fluids 

In this section, a new class of problems is considered, where the so-called phenomenon 
of relaxation is displayed. The motion of a fluid with the property of relaxation is 
determined not only by its velociy, pressure, and density fields at the present moment 
of time, but also by the behavior of these fields during the complete motion until 
the indicated moment. In other words, relaxing fluids possess “memory” taking into 
account previous motions. 

Here, the first simplest problem of this kind, a model example, is considered. 
General considerations on the structure of the spectrum of normal oscillations of a 
relaxing ideal fluid are given for some special cases. 

11 . 6.1 Classical Statement of the Problem on 
Small Motions of a Relaxing Fluid 

We consider an ideal nonhomogeneous fluid completely filling some domain ft from 
R^. At rest, the fluid has density po{x),x e 0, and the equilibrium pressure Po(^) is 
obtained from the relation 

-VPo “ po{x)ge:^ = 0, (6.1) 

where ^ > 0 is the acceleration of the gravitational field, and 63 is the unit vector of 

the axis Ox^ directed upward, that is, opposite the vector of gravity. From (6.1) it 

follows that ^ 

Po{x) = -g / po(a:i,a;2,Od^ + 'fo(a;i,a:2,0), 

Jo 

where Pq{xi,X 2 , 0 ) is the pressure distribution in the plane OxiX 2 - 



( 6 . 2 ) 
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Let us consider small fluid motions close to the state of rest (6.1), (6.2). We will 
assume as a rule that the complete pressure in fluid is equal to P(t, x) = Po(x)-\-p(t, x), 
where p{t,x) is the dynamical pressure, and the density held is equal, respectively, 
to the sum po{x) + p{t,x), where p{t^x) is the density perturbation in the process of 
small oscillations. For a relaxing fluid, the following equation of state, connecting the 
pressure perturbation and density with each other, is used: 

pit, x) = {x)p{t, x) ~ [ K{t- s, x)p(s, x)ds, (6.3) 

Ji) 

where K{t^x) is a function deflning the kernel of an integral Volterra operator, and 
a‘^{x) is the square of sound velocity spreading in the nonhomogeneous fluid. An 
important and typical case for a model of relaxing fluid is given by 

K{t,x) = Ko{x) exp{—b{x)t), (6.4) 

where Kq{x) and b{x) are positive functions in the domain ft. 

For deriving the linearized motion equations and linear continuity equation we 
use the nonlinear Euler equation for an ideal nonhomogeneous fluid and the nonlinear 
continuity equation. With the account of the scalar flelds introduced above, these 
equations will take the form 

ipo{x) + p(t, x)) + (u ■ V)u^ = - VP() - Vp(t, x) - (po(x) + p(t, x))ffe- 3 , 

d 

^(po(x) +p(t,x)) +div((po(x) + p(t,x))u(t,x)) = 0, (6.5) 

at 

where u(t,x) is the velocity held. 

Considering small first order infinitesimals of the functions u(t, x),p(t, x) and 
p(t,x), and linearizing the equations with account of (6.1), we have 

Po(x)^ = -Vp, ^ + div(po(x)u) =0 in n. (6.6) 

As for boundary value conditions, for an ideal fluid one such condition is 
obvious, that is, the nonleaking condition on the boundary of the domain Q: 

u ■ n =: Un = 0 on dQ. (6.7) 

We also consider that the deviation of the density field on dQ from the initial 
field po(x) is equal to zero: 

p(t,x)=0 on dQ. (6.8) 

Thus, the problem on small motions of an ideal relaxing fluid consists of 
finding the fields u(t, x),p(t, x) and p(t,x) from the equations (6.3), (6.6), boundary 
value conditions (6.7), (6.8), and also the initial conditions 

tt(0,x) = u^{x), p(0,x) = P^{x). 



(6.9) 
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11.62 Transition to an Initial Boundary Value Problem for 
One Scalar Function 



In problem (6.3), (6.6)-(6.9), the unknown functions Ui{t^x), i = 1,2,3, may 

be expressed by just one scalar function, the deviation of the density field from 
the equilibrium field po{x). For this function, we formulate below an initial- 

boundary value problem for an integro-diflFerential equation. 

From the equation of the state (6.3) we have 

Vp = V(a^(i)jo(t,a;)) - K{t - s,x)p{s,x)A^, (6.10) 

and hence 

divVp = Ap = A(a^(x)p(t, x)) - ~ s,x)p{s,x)ds^ . (6.11) 

On the other hand, from the first and second equations (6.6) we get 

Ap = -divfpo(x)^) = -^div(pou) = (6.12) 



Equalizing the right sides of relations (6.11) and (6.12) we obtain the integro- 
differential equation 



^ - HaL{x)p) + a(^I K(t - s,x)p(s,x)ds^ =0 



for the function p{t,x). 

For t = 0, the initial conditions 



p(0, x) = p°(x), ^{0, x) = -div(po(x)it"(x)), 



(6.13) 



(6.14) 



should be fulfilled, which follow from the second equation (6.6) and from (6.9). 

We make some comments on the choice of the boundary value condition on 
dLl for function p{t,x). If n is the external normal to then from (6.10) we have 



dp 

dn 



= Vp • n = 



dn 



- I; 




s, x)p{s, x)ds 



On the other hand, from the first relation (6.6) and from (6.7) we get dpjdn — 
—po{x){dunldt) = 0 on and, therefore, on dFt the function p{t^x) should satisfy 
the boundary value condition 



A 

dn 



ioL{x)p{t,x)) - [ 
Jo 



d 

— (K(t - s,x)p(s,x))ds = 0 
dn 



on dO. 



(6.15) 
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In particular, if the model (6.4) is accepted and 

a^(x) = = const > 0, 

Ko{x) = Kq = const > 0, 

b{x) = bo = const > 0, (6.16) 

then from (6.15) we come to the Neuman condition 

^ = 0 on on. (6.17) 

on 

Further, for the sake of simplicity and also for obtaining a qualitative picture of 
the phenomena studied in problem (6.13), (6.14), the condition (6.8) will be accepted 
but not the more bulky condition (6.15). 

For a relaxing fluid with the function K{t, x) as in (6.4), it is possible to switch 
from the integro-differential equation (6.13) to a different al equation for the function 

v(t,x) := f Ko{x)exp{—b{x){t — s))p{s,x)ds. (6.18) 

Jo 

Indeed, from (6.18) we have 



and, therefore. 



— = KQ{x)p{t,x) - b{x)v{x), 



p{t,x) = Kq ^(a:) —+b{x)v 



g = (6.20) 

)m (6.13) we now get the problem 

j + An = 0, (6.21) 



From (6.18), (6.20), and from (6.13) we now get the problem 

- /\(al,{x)Ko\x)(^^ + b{x)^ 

with the initial conditions 



u(0,x) = 0, 

— (0,a;) = Kq{x)p^{x), 
rFv 

~^{Q,x) = -Kq{x) [div(/9o(a;)M'’((E) + b{x)p°{x))] , (6.22) 

following from (6.18), (6.19), and (6.14). 

By the mentioned above assumption on the choice of the boundary value 
condition for p(^,x), we will consider that for v{t,x) on the next model condition 
is fulfilled, 

i;(t,x) = 0 on dfl. (6.23) 
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11.63 The Simplest Problem on Oscilations of a Relaxing Fluid 

In order to understand on a simple example the physical effects that are possible in 
an ideal relaxing fluid, we consider the special case (6.16) for problem (6.21)-(6.23) 
when all the medium characteristics are constant. From (6.21) we obtain the equation 

considered in the domain Q, with the boundary value condition (6.23) and the initial 
conditions (6.22). If in (6.24) one takes the limit bo — > +oo, then we come to the 
ordinary wave equation for v{t, x). The parameter is called the time of relaxation. 
It is usually small in comparison to other time intervals during which significant 
changes occur in the hydrodynamic system. 

We introduce new parameters in (6.24) by the formulas 

•— Q-oo/^o? T •“ -^o/ ^oo’ ^ (6.25) 

and denote the new time variable i by the previous letter t. Then, instead of (6.24) 
we get the equation 



d ( d^v \ ( d^v , 



0. 



Here, r is the new relaxation time, and for a{r) we assume the conditions 

0 < a{r) 1 — < 1 



(6.26) 



(6.27) 



to be fulfilled. 

We proceed from problem (6.26), (6.22), (6.23) to a differential equation in 
the Hilbert space L 2 (fJ), with the standard scalar product. To this end, we consider 
on the set 

V{A) := {t’(x) G C^(f]) : v{x) = 0 on C I/ 2 (f^) 

the differential operator A acting according to the law Av := —Av. This operator is 
symmetric and positive definite on V{A). Let us next take its Friedrichs extension, 
and denote that extension again by A. Then we have ^ > 0, V{AC^) = 

0 < A~^ G ©005 and the eigenvalues {Afc(j4)}^j have the asymptotic behavior 

/ o \ — 2/3 

Afc(.4)=(?^) fc2/3[l+ 0(1)1, (6-28) 
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By means of operator A, taking also into account the boundary value condition 
(6.23), problem (6.22), (6.23), (6.26) may be rewritten in the form of a Cauchy problem 

d ( d‘^v \ ( / X 4 \ 

v(0) = 0, 

t’'(0) = 

v"{0) = (6.29) 

for the function v = v{t) with values in Z/ 2 (fi). 

Based on (6.29), we consider normal motions of the relaxing fluid assuming 
v{t) = V exp(— At). Then, to And the amplitude elements u, we get the spectral problem 

(— tA + a{r))Av = (rA^ - A^), (6.30) 

which obviously amounts to a sequence of characteristic equations, 

(-rA + a{r))Xk - rA^ - A^ A; - 1, 2, ... , (6.31) 

where Xk — A/e(^) are the eigenvalues of operator A. 

The study of the equations (6.31) leads to the following conclusions. 

1° Problem (6.30) has a discrete spectrum situated in the right complex half- 
plane symmetrically relatively to the real axis, with limit points Aq = a{r)/T > 0 and 
A = oo. 



2° All the eigenvalues are divided into three branches, 

and {A,-}r=i- 

The branch is situated in the range [a(r)/r, 1/r], and the branch 

consists of complex numbers situated in the upper half-plane, where ReA^ G (0, y/2), 
and Im A^ -Too as k oo. The branch consists of the numbers A^ = A^. 

3° For k oo we have the following asymptotic formulas. 



^k — — |-<a^(l — r)r ^ Xf^^ (A) — a){2 — 3a)r ^X^ (A) 
T 3a^(l - a){l - 3a^)r-^X^\A) T 0(A-^(A)), 



V ± l: \ 1/2/ ^ ^ 



A^ = ±iA^/^(A)T 



a 



k V-/ ■ 2r 
1—0 



T i(l T 3o)- 



1 — 0 



— o 



2r^Xk{A) 



8t2aT(^) 

+ 0(A^:^(^)), a = a(r) = l- 7 T, 



(6.32) 



(6.33) 
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and for r — » 0, the formulas 

± 1 (siXl'^lA) - 7 " ^*' + O(t-I). (6.34) 

4° Prom Properties l°-3° it follows that in an ideal relaxing fluid there are 
two types of wave motions: acoustic-relaxing waves, similar to ordinary acoustic waves 
spreading in a bounded domain Q, and also a new type of waves, purely relaxing 
normal oscillations, that are absent in an ordinary (not relaxing) fluid. 

5° To the acoustic-relaxing waves there correspond two branches of 
eigenvalues, that are close to the imaginary half-axis. The presence 

of this relation in the given hydrodynamic system leads to the fact that the acoustic- 
gravitational waves, opposite to ordinary acoustic waves, have the fading decrements 
ReA^ > 0 different from zero that, for /c ^ oo, approach asymptotically the constant 
value (1 — a(T))/(2r) = j/2 from the left. 

6° To purely relaxing waves there correspond aperiodic fading modes of 
normal oscillations with decrements A^ situated in the range [1/r — 7, 1/r] of width 
j. As k ^ 00, these decrements are asymptotically equal to Ijr — 

7° If the relaxation time r <C 1 tends to zero, then the acoustic- relaxation 
waves pass into ordinary acoustic waves [see (6.34)], and the fading decrements of 
purely relaxing waves become as large as possible and in the limit go to -hoo. 

Based on these properties of the solutions of the spectral problem (6.30), 
we return to the Cauchy problem (6.29) and represent its generalized solution as a 
superposition of acoustic-relaxing and purely relaxing waves, 

00 

+ Cfc exp(-A7) +Cfe exp(-Afcf)) Uk{A), (6.35) 

k=l 

with some coefficients c^, c^, and c^ = Expanding the initial elements of (6.29) 
into series on the basis {itfc(^)}^i of eigenelements of operator A that are considered 
to be orthonormalized in I/2(f^) and satisfying the initial conditions (6.29), we come 
to the system of linear equations 

4 + 4 + Ck = o> 

>^14 + 44 + K<^k = -{v\uk)L,(n), 

(4if4 + i4f4 + iKf(^k=('^^^'^k)L2{Q), k = l,2,.... (6.36) 
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Here, for every k, the determinant 

1 1 1 

Afe = A° A+ Ar 

(A+)^ (A,-)^ 

is a Vandermonde determinant equal to 

Ak = -2i/3k{{ak-\l)^ + (3l), A± = afe±i/Jfe. (6.37) 

If Pk ^ 0, then A/e ^ 0 and the system (6.36) has a unique solution allowing to 
uniquely obtain the generalized solution (6.35) by the initial conditions (6.29). 

In addition to Properties l°-7° connected with problem (6.30) and the 
solutions of equations (6.31), we note that for some combinations of physical 
parameters a finite number of orders k in (6.31), for which all roots are real, is possible, 
and then they could be two- multiple or three- multiple. Thus, a three- multiple root is 
possible only under the condition 1 — = 1/9, r^Xk{A) = 1/3, and then it is equal 

to A = 1/ (3r). A two-multiple root may take place under the condition I —jr < 1/3, 
that is, for a large enough parameter of relaxation r. 

In these cases, to represent the generalized solution in the form (6.35) it is 
necessary to choose the dependence on t for a term with the mentioned values of k in 
the form exp(— A^t) -h {cik -h C 2 kt) exp{—f3t) for a two-multiple root (3 (/ A^), or in 
the form exp(— ^^)( cq/c + Cikt + C 2 kt^) for a three- multiple root /? > 0. It is possible 
to check that, in this case, the determinant in the system of linear equations (6.36) 
for such particular situations is different from zero. 

We give the reader a possibility to study in detail the generalized solution 
(6.35) of problem (6.29), to formulate the requirement for the initial data and 
guaranteeing the convergence of series (6.35) to the solution of problem (6.29), and 
also to state the property of asymptotic (exponential) stability of this equation. 

11.6.4 On the Solvability of the Cauchy Problem for an 

Abstract Integro-Differential Equation Connected with 
Small Motions of a Relaxing Fluid 

Let us go back to the problem (6.13), (6.8), (6.14) and consider that 

K{t, x) = exp(~7t)6(x), 7 > 0. (6.38) 

If we reintroduce the operator A from Section 11.6.3 defined on 'D{A) and acting in 
^2(^)7 then the problem (6.13), (6.8), (6.14), (6.38) may be rewritten in the form 

- J exp(-7(t - s)) A(6(x)p(s, x))ds = 0, 

P(0)=P^ 
p'{0)=p\ 



(6.39) 
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It may be reduced to a more symmetric form if we introduce the new unknown 
function 

u{t,x) = aoo{x)p{t,x) 

with values in I/2(f^), and multiply both sides of equation (6.39) by aoo(^) > 0. We 
obtain the problem 



dPu 

dl? 



+ A\U + 



/ exp(-7(t 
Jo 



— 7(t — s))A2u{s)ds — 0, 



u(0) = '^^(0) = ^ 

Aiu := aoo{x)A{aoo{x)u), 

A2U := -aoo{x)A{h{x)a'^{x)u), 



(6.40) 



with the operator > 0, 0 < G 600, and the operator A 2 such that V(A 2 ) = 
V(Ai). In this setting, the operator {Ai + 7^/)“^t 42 may be extended by taking the 
closure to a bounded operator acting in L 2 {Lt). 

Generalizing further problem (6.40), we consider in a Hilbert space H the 
Cauchy problem for the integro-differential equation 



d^u 

-^+A,u + 



m t 

V / exp(-7fc(i 

fc=2'^0 



s))Aku{s)ds = f{t), 



w(0) = it°, u'{0) = u^, 7fc > 0, k = 2,...,m, 

Ai»0, 0<^7ie6oo, V{Ak)DV{A0, k = 2, 



,m, 



(6.41) 

(6.42) 



where after taking the closure, 

{Ai+j‘^I)-^AkeC{H), k^2,...,m. (6.43) 



If all the integral terms in (6.41) disappear, then this problem reduces to the Cauchy 
problem for an abstract hyperbolic equation. Let us show that the conditions of 
existence of a generalized solution of problem (6.41)-(6.43) have the same form as for 
a hyperbolic equation. 

We introduce the function 

m 

ex.p{—yk{t - s))Aku{s)ds (6.44) 

k=2 

and consider it to be known. Then, problem (6.41) has the generalized solution 

'^(t) = <Po(0 + f - s)]{A^^^'^f{s))ds, 

Jo 

ipo{t) = cos{A[^^t)vP + sin(j4j^^t)(>l^^^^u^). 



(6.45) 
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If we substitute the function f(t) from (6.44) into (6.45), then we obtain the Volterra 
integral equation 



u(t) — (po(t) + cpi(t) 

exp(-7fc(s - 0)^fcw(Od^jds, 



Mt)= sm{AY\t-s))(A-^^^f{s))ds. (6.46) 

Jo 

We transform the integral operators by changing the order of integration and 

have 

sin{AY'^{t - s))A^^^'^ exp(- 7 fc(s -^))ylfcu(^)d^jds 

Uk{t, ^)Aku{^)d^. (b.47) 

A direct calculation shows that 




Uk(t,0 = {exp{-^k{t - 0)r - cos{AY\t - 0) 

+ 7fcSin(^y"(i-0Mr'^")(^i+7fc/)“', k = 2,...,m. (6.48) 



The relations (6.46)-(6.48) lead to a Volterra integral equation of the second kind, 



u{t) =^(po{t) F (pi{t) F [ U{t,s)u{s)ds, 

Jo 

m 

U(t,s):^-J2Uk{t,s)Ak, 



k=2 



(6.49) 



with a continuous kernel C/(t,s), since the first factors in (6.48) are continuous and 
conditions (6.42) are fulfilled. 

Let us formulate the final result obtained by studying problem (6.41)-(6.43) 
based on the transition to equation (6.49) and the statements of Sections 1.5.8 and 
1.5.9. 



If the function f{t) in (6.41) is continuously differentiable, G ViAi), 
1 1 /2 ^ 
u G T>(A/ ), then there exists a unique solution u(t) of problem (6.41) that may be 

obtained by applying the method of successive approximations to the equation (6.49). 

If f{t) is a continuous function with values in H, e H, e H, then the solution 

of the Volterra equation (6.49) gives a generalized solution of problem (6.41). 
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Based on the just obtained general result, the reader can formulate without 
difficulty the statement on the solvability of the integro-differential equation (6.39) 
arising in the problem on small oscillations of a relaxing fluid (assuming that the 
function aoo{x) is smooth enough). This statement will not be included here in more 
detail. 



11.65 Normal Oscilations of a Relaxing Fluid with 
Variable Medium Characteristics 



Let us go back to problem (6.21)-(6.23) on small motions of a relaxing fluid and 
consider that Kq{x) and a^(x) are some functions of the point x E Ll, and 
b{x) = bo = const > 0. As in Section 11.6.3, we introduce the operator A and we 
consider the normal oscillations v{t,x) — v{x) exp{—Xt). For the amplitude elements 
v{x) G L2{0) we arrive at the following problem, 

- tA^ {Kq\x)v{x)) + {Kq^{x)v{x) - tXA (a^(a:) (Kq\x)v{x)))) 

+ A[a^{x) [Kq^{x)v{x))) - tAv{x) = 0, r = ^ > 0. (6.50) 

Applying the operator A~^ > 0 to the left-hand side of (6.50) we obtain 

(A^(l - tA)^“^ - ral^ix) + [a^(x) - tKo{x)]) {Kq\x)v{x)) = 0. (6.51) 

To simplify this problem and to switch to a self-adjoint pencil with bounded 
operator coefficients, we make the transition to the following unknown variable 

a^{x)KQ\x)v{x) =: u{x). (6.52) 

Then, multiplying on the left by the function (a;) > 0, we finally get the following 
problem on eigenvalues. 



L{X)u [A2(1 - tX)Ao -XtI + B]u = 0, 
^0 := a^{x)A~^ (a^^(a;)) , 

Bu := o;(r, x)u^ 



a(r, x) : 
7(a:) : 



1 - T7(a:), 

Kq{x) 



(6.53) 

(6.54) 



Let us discuss now the properties of the operator coefficients Aq and B in the 
pencil L{\). Because of the operator A (obtained as the Friedrichs extension of the 
operator (—A) under the Dirichlet condition on dO) and from equation (6.50), it is 
only natural to assume that the functions Kq{x) and a^{x) are twice continuously 
differentiable in Cl. Further, as in Section 11.6.3, we assume that the relaxation time 
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r — 6 q ^ is small enough, and, therefore, similarly to condition (6.27), here the 
following condition is satisfied 



0 < a(r,x) < 1. 



(6.55) 



Let 



7- = min7(x), 7_^_ = max7(x). 
Then from (6.55) it follows that 



(6.56) 



0 < a-(r) := 1 - t 7+ < a(r,x) < 1 - t 7_ a+(r) < 1. (6.57) 



Because the function 7(x) is continuous in 0, we also get that the interval in which 
the function a(r,x) takes values is the segment [a_(r), o;+(r)], and, therefore, the 
operator B in (6.54) being the operator of multiplication by the function a{r,x) is 
a self-adjoint bounded operator acting in ^2(^1), whose spectrum is continuous and 
situated in the segment [a_(r), a^(r)]. If, in particular, the characteristics of the 
relaxing medium — as in Section 11.6.3 — are constant, that is, Kq{x) = Kq > 0 and 
^^(^) — > O5 then 7(x) = 7 = const, and o;_(r) = o;+(r) = 1 — yr, that is, the 

segment turns into a point of continuous (limiting) spectrum. 

Next, we consider the properties of operator Aq in (6.54). Because A~^ is a 
positive compact operator and the function a^{x) is positive and continuous in fi, the 
operator Aq is compact and positive in L2{0). Its eigenvalues Xk{Ao) are found from 
the equation a^{x)A~^a^{x)u = Xu, which, after the substitution A~^a^{x)u = v, 
becomes a^{x)v = XAv. Whence, it follows that the numbers Xk{Ao) are consecutive 
maxima of the variational ratio 

Jn 

considered on the elements v{x) G This fact allows us to state the character 

of the asymptotic behavior of the numbers Xk{Ao) as k ^ 00 , 












(Q) 



f IV 



f Pd^2 



(6.58) 



Xk{Ao^ — 





A:-^/^[l + o(l)]. 



(6.59) 



Based on these properties of the coefficients Aq and B in problem (6.53), we 
can prove next several statements related to properties of its solutions. 
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1° Outside the segment [a_(r)/r, o;_^(r)/r] problem (6.53) has a discrete 
spectrum consisting of finitely multiple eigenvalues situated symmetrically with 
respect to the real axis and with possible limit points A G [o;_(r)/r, a+(r)/r] and 
A = oo. 

The spectrum’s symmetry follows from the self- adjoint ness of the operator 
pencil I/(A), which takes place in virtue of the fact that Aq and B are self-adjoint 
operators. Since cr{B) — [o;_(r), o:+(r)], then outside the segment [a_(r)/r, (a+(r)/r] 
the operator B — XtI is invertible and the resolvent {B — XtI)~^ is a holomorphic 
operator function. Applying it to both sides of equation (6.53) for the previously 
mentioned A we arrive at the following problem, 

(/ -h ^(A))^ = 0, $(A) A^(l - tX){B - XrI)~^Ao, (6.60) 

where ^(A) is an operator function taking compact values because Aq is a compact 
operator. Since $(0) = 0, then (/ -f ^(A))a=zO ^ 0, and, therefore, 7 -h ^(A) is a 
Fredholm holomorphic operator function outside the previously mentioned segment. 
Thus, according to the statement in Section 1.6.3, the spectrum of problem (6.60) is 
discrete with possible limit points at those points where the holomorphicity property 
disappears, that is, points of the segment [o!_(r)/r, (a+(r)/r] and the point A = oo. 

2° The segment [a_(r)/r, a+(r)/r] is the limiting spectrum of problem (6.53). 

The proof of this property goes along the same lines as the proof of a similar 
property in Section 6.5.7, in which we considered the question on the existence of 
internal inertia waves for a rotating fiuid. 

Let us perform in (6.53) the trcisformation Ar =: A. Then we come across the 
following problem, 

M{'\)u := (b + A2(1 - A)r-2^o) u = Xu. (6.61) 

For any fixed Ai G [a_(r), a+(r)] we consider the problem 

M{Xi)u — Xu. (6.62) 

Since Aq is a compact operator and the spectrum of operator B is the segment 
[a- (r), a 4 _(r )], then according to Weyl theorem, the limiting spectrum of the operator 
M(Ai) coincide with the seqment [a_(r), (r)]. This means that for any X 2 G 

[o!_(r),Q!+(r)] we can find a sequence of elements (Weyl sequence) such 

that 



(^M{Xi)uk - X2Uk^ = 0 . 
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All we have to do now is to choose A2 — Ai and consider it to be any point in the 
seqment [a-{r),a-^{r)]. Property 2° is proved. 

3^ The real spectrum of problem (6.53) is situated on the interval [a_(r)/r, 
1/r), and, therefore, in virtue of Properties 1° and 2°, in the interval {a^{r)/T, 1/r) 
there is no more than a countable set of eigenvalues {A^,} that have limit points 
situated in the interval [a_(r)/r, a_^(r)/r]. 

Let Ao < a_(r)/r. Then B — XqtI > (o;_(r) - Aqt)/ > 0, Aq(1 - Aot)Ao > 0 
because by (6.57), 1 — Xqt > 0 and Aq > 0. Therefore, for the previously mentioned 
Ao G M, the property I/(Aq) > 0 is satisfied for the operator pencil L(A), and problem 
(6.53) has a trivial solution for A = Aq. 

If Ao > 1/r, then similarly we get that Aq( 1 — rAo)Ao < 0, 

B - XotI < (a+(r) - Xqt)! = [(1 - Aor) + (a+(r) - 1)]/ < -(1 - a:+(r))/ <C 0, 
and hence L{Xq) <C 0. 

4° If the relaxation time r is small enough so that 

0 < r < ^, (6.63) 

37+ 

then the nonreal eigenvalues of problem (6.53) can not have their limit points situated 
in the interval [a_(r)/r, a_|_(r)/r], that is, the limiting spectrum of problem (6.53). 

The proof of this property relies on the posibility of a spectral factorization 
of the pencil (6.53) due to condition (6.63). Let us remark that this condition is quite 
natural from a physical point of view because in real problems the relaxation time is 
often considered to be a small parameter. 

We consider now the interval [a_(r)/r — e, 1/r], where 5 > 0 is a small enough 
number. As it was stated in the proof of Property 3°, 

l(1^<0. (6.64) 

From (6.63) it follows that 



A G 



a-(r) 1 

s, 



L'(A) = (2A - 3t\^)Ao - t/ <C 0, 



r 



r 



(6.65) 
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Indeed, the function 2A — 3rA^ takes positive values in the interval (0, 2/(3r)) and 
nonpositive values at all the other points of the real axis. Therefore, if a_(r)/r = 
(1 — 7+r)/r > 2/(3r), that is, if inequality (6.63) is satisfied for all points of the 
interval [a_(r)/r, 1/r], then we have (2A — 3rX^)Ao < 0, because Aq is a positive 
operator. Hence, for small enough e, property (6.65) is satisfied as well. 

From (6.64) and (6.65), it follows that conditions (1.6.9) are sufficient for 
the spectral factorization of the pencil (— L(A)). Thus, according to Statement 1° in 
Section 1.6.9, we have 

L{X) = L+{X){\I - Z) := (Lo + ALi + X^L 2 ){XI - Z), (6.66) 

where Lj^[\) is holomorphic and holomorphically invertible in a neighborhood U of 
the interval [a_(r)/r — 5, 1/r]. The spectrum of problem (6.53) in U coincides with 
the spectrum of operator Z, which is similar to a self-adjoint operator. It means 
that in the domain Lf the spectrum of problem (6.53) is situated in the interval 
[a-{r)/r — 5, 1/r], and, therefore. Statement 1° holds true. At the same time, from 
(6.66) we get the property rZ = B where K is a compact operator. Indeed, it 
can be proved that the factor Z satisfies the equation B — rZ + — tAqZ^ — 0 

and thus, by the fact that Aq is compact and Z is bounded, we get the previously 
mentioned property. 



5° Problem (6.23) has two branches of eigenvalues adjacent to the 

imaginary half-axis argA = ±7t/2 and having the asymptotic behavior 



= ±i(Afc(ylo)) ^'^^[1 + 0(1)], k ^ 00 , (6.67) 



where Xk{Ao) are the eigenvalues of operator Aq in (6.54) with the asymptotic 
behavior (6.59). 

To prove this property, let us divide both sides of (6.53) by — Ar and then 
perform the substitution v = iAA^^u in the thus obtained equation. This equation 
together with the relation between u and v lead to the vector-matrix equation 



IT 



jl/2 



U 

V 



-X 



0 

0 



u 

V 



X ~ iA, 



J_ [B 0\ fu 
rA V 0 0 j \v 

( 6 . 68 ) 



considered in the Hilbert space (L2(^^))^- 

Because is a positive compact operator, whose eigenvalues, according to 
formula (6.59), have power asymptotics, then to problem (6.68) there corresponds an 
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operator pencil as the one given by (1.6.6) in Section 1.6.8. According to the 
conclusions of that section, problem (6.68) has two branches of eigenvalues 
whose asymptotic behavior for /c oo is similar to the one of the shortened operator 
pencil 




-A 



0 

aT 0 



that is, it has the form 



= ±{Xk{Ao)r"'^[l + o{l)], k 



(6.69) 



Whence, formulas (6.67) follow. 

Coming to the study of other properties of the solutions of problem (6.53), 
subsequently, we will refer to its nonreal eigenvalues that are situated in the upper and 
lower half-plane, respectively, and counted in the increasing order of their absolute 
values. 



6° The eigenvalues {A^}^^ are situated in the right complex half-plane in 



the band 



r 

2Ai(Ao) 



< ReA < 



3r 



(6.70) 



Indeed, multiplying (scalarly in Z/ 2 (f])) both sides of (6.53) by u, and taking 
its imaginary part we get 

- rImA((ReA)^ - (Im A)^)(^ow, w)z-2(n) - 2 r(Re A)^ImA(^ou,«)L2(n) 
-r(ImA)(u,u)L,(n) + 2(ImA)(ReA)(24ow,w)L2(n) =0. 

Because here Im A 0 we obtain the following inequality, 

r(ImA)^(24ou,w)L2(n) 

= 3r(Re \)^{Aou, + t(u, - 2 Re X{Aou, 

> 0 , 



whence it follows that 



ReA > ^ (3(ReA)2 + 

2 V (^w,w)L2(fi) 



> 0 , 



since Aq > 0. Hence, we also get the following relations 
(u,u)l2(Q) 



Re A > ^ 



> 



2 (Aqu, u)/^ 2 (n) 2Ai (Ao) ’ 



ReA > y(ReA)2, 
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that is, inequalities (6.70) follow. 

As a consequence of Properties 3° and 6° we have the following. 



7° If condition (6.57) is fulfilled, then the spectrum of problem (6.53) is 
situated in the right complex half-plane and may be divided into three sets: two 
branches of nonreal eigenvalues adjacent to the imaginary half-axis, and 

a spectral set situated in the interval [a_(r)/r, 1/r) that consists of the limiting 
spectrum [o;_(T)/r, o:+(r)/r)] and a finite or countable set of finitely multiple 
eigenvalues {A^}. 

8° The system of eigen- and associated elements of problem (6.68) corre- 
sponding to the eigenvalues {AJ}^^ has no more than a finite defect in the space 

{L2m\ 



In order to prove this property, let us perform in (6.68) the substitution 
X — multiply both sides of this equation by /i, and get 

ll/2' 



0 

41/2 



0 






— fllT 



-1 



(jLB 

0 



-A 



1/2 



0 



0 
0 

(6.71) 



Thus, we come to a pencil similar to the one discussed in Section 1.6.7. 

Here the first operator matrix is self-adjoint, compact, belongs — by formula 
(6.59) — to the class &p for p > 3, and has a zero kernel. Further, the last term 
is a holomorphic function in the circle of any radius |//| < r that takes bounded 
values. Therefore, according to the conclusions of Section 1.6.7, the system of eigen- 
and associated elements of problem (6.71) corresponding to eigenvalues /i in the 
circle |/x| < r has no more than a finite defect in (L 2 (n)))^. The property is 
satisfied for problem (6.68), after we perform the inverse substitution, in the circle 
|A| = with any r > 0. 

9° If the parameters of the considered physical system are such that 

\Y^{Ao) < T, 

1 — T7_ < 0, 

+ Ai(Aq) — 6tA^^ (Aq) + 4r^Aj^ (Aq)7- > 0, (6.72) 

then the system of eigen- and associated elements of problem (6.71) corresponding to 
eigenvalues in the circle \fi\ < r_, where r_ is defined by formula (6.73), is complete 
in the space (L 2 (fl))^. 
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To prove this statement, let us use the condition in Section 1.6.6 that is 
sufficient to factorize the operator-function (6.71). Since the norm of the first matrix 
operator in (6.7) is equal to aJ^^(Aq) and ||jB|| = 1 - rj—, then the previously 
mentioned condition can be reduced to the following inequality for some r > 0, 

r T T 

Whence it follows that r G (r_,r_^), where 






(r - Ay^(^o)) ± ^(r - Ay^(^o)) - 4rAj^^(^o)(l - r-y-) 
2(1-t7-) 



and, if inequalities (6.72) are satisfied, then 0 < r_ < < oo. 

We introduce the notations 



x\^‘^{Aq) ^ 

r 

\y\Aoh- =: 5. 



(6.73) 



Then, inequalities (6.72) lead to the following relations, 

0 < J < c < 1, - 6^ + 1 + > 0, 

that are satisfied for small enough 0 < ^ like, for example, for ^ = 1/3, 

2/9 <S <1/3. 

Since, under conditions (6.72), the operator- function of problem (6.71) allows 
a spectral factorization relative to the circle \/j,\ = r e (r_,r_^), then we get the 
following factorization, 

A-liX-fxS + fi^B = {V- - T), (6.74) 

where the operator matrices J, and B are defined by the left-hand side of 
(6.71). In particular, X is the identity operator in (L 2 (f^))^, V — fiB is holomorphically 
invertible in the circle |/i| < r_^, and the spectrum of problem (6.71) coincides with 
the spectrum of operator T and is situated in the circle \fi\ < r_. 

Comparing the coefficients of the zero and first degrees of [jl in (6.74) we arrive 
to the following relations: 



A = -VT, 

X + S = V-BT. 
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Hence, it follows that T" — —V~^Ais a, compact operator and since —T) = XvS-\-BT^ 
the sum of the identity operator and of two compact operators, then —V~^ =X-\-TL^ 
where H is compact. Thus, in the circle \fi\ < r-, problem (6.71) can be replaced with 
the following problem on eigenvalues 

{X + H)Aw = iiw, w = {u; vY G (L 2 (n))^, (6.75) 

for the weakly perturbed compact operator {X + H)A. Since, in this case, A G 6p, 

p > 3, Ker[(J + H)A] = {0}, then, according to Keldysh first theorem formulated in 
Section 1.6.4, the system of eigen- and associated elements of problem (6.75), that is, 
problem (6.71) for |/i| < r_, is complete in {L 2 {Ll)Y and thus Statement 9° is proved. 

10° For the real eigenvalues of problem (6.53) that are situated in the 
interval (a+ (r) /r, 1 /r) there exist the two-sided estimates 

k = l,2,..., (6.76) 

r r 

where are the roots of the equations 

\k{AQ)x^{l -x) = {x- a±{T))r‘^, (6.77) 

situated in the interval (o;+(r), 1). 

The proof of (6.76) and (6.77) is based on the introduction of a new spectral 
parameter in problem (6.61), on a two-sided estimate of the variation ratio of a linear 
spectral problem, and also on the minimax principle. 

Going back to problem (6.61) with the parameter A = rA, let us rewrite it in 
the form 



P{X)u = ^(A)r-Mou, 

P(A) := XI - P, 

/3(A) := P(1 - A), (6.78) 

where /? is a spectral parameter, and A G (a.^ (r), 1] is an ordinary parameter that the 
solutions of problem (6.78) are depending on. Since cr{B) = [of_(r), a+(r)], then for 
the operator P(A) we have the two-sided estimate 



0 < ^A — o;+(r)^ / < P{\) < ^A — Q!_(r)^ I 
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and, therefore, 

(A-g+(r)) ^ 

r-2 (^ow,ii)t2(n) ~ r-2(^ow,w)L2(n) “ (^o«, w)L2(n) ' 

(6.79) 

Since in (6.78) the operator P{\) is positive definite and bounded, then, in 
virtue of the results in Section 1.4.2, this problem has a discrete positive spectrum 
with a limit point at +oo, and we can apply the minimax principle to the 
numbers /3^^(A). Then, a maximin principle takes place for /?fc(A), which applied to 
the variational ratio (6.79) gives the inequalities 



- a+ (r)) ^ ~ 

Aa:(j4o) ~ ^ ~ Aa:(^o) 



(6.80) 



Let us note now that problem (6.61) can have nontrivial solutions in the 
interval (a+(r), 1) if the roots of the equations 



/3fc(A) = V(l-A), k = l,2,... (6.81) 



are found in the same interval. However, because /?/c(A) depends continuously on and 
increases monotonously with the parameter A, taking into consideration the two-sided 
estimates (6.80) and the graph of equation (6.81), and also majorizing the equations 



T^(A-a±(r)) 

— r - =A^(1-A), k=l,2,..., (6.82) 

A/c(Aoj 

reducing to equations (6.77) it follows that 

<5fc<A^<<5^ fc = l,2,..., (6.83) 

where are the roots of equation (6.77). Since A^ = rA°, then the two-sided estimate 
(6.76) follows from (6.83), and, thus. Statement 10° is proved. 

Let us note that, at the same time, from the graphic solution of equation (6.82) 
we get ^ ce+('^) and 6'j^ — > a_(r) for k ^ oo. Therefore, in principle eigenvalues 
A^ of problem (6.53) that are not situated inside the interval (a+(r)/r, 1/r), that is, 
outside the limiting spectrum of this problem, but on this very limiting spectrum, 
are possible. Hence, it is also clear that the estimates (6.76) can be effective only for 
small values of k. 
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11.6.6 Physical Conclusions 

The properties of the solutions to problem (6.53) that were proved in Section 11.6.5 
allow us to draw the following physical conclusions. 

V In a relaxing fluid with variable medium characteristics, when in the chosen 
model (6.3), (6.4) the square of sound velocity a‘^{x) and the function i^o(^) are 
variable, the relaxation time r = 1/bo (^o = ^o(^)) is constant, and conditions (6.57) 
are satisfled, there exist two types of wave motions: acoustic-relaxing waves and purely 
relaxing waves. 

2° To acoustic-relaxing waves there correspond nonreal eigenvalues 
situated in the band (6.70) and having the asymptotic behavior (6.67). The eigen- 
elements and associated elements of problem (6.53) that correspond to them form 
a two- multiple complete system in L 2 {D) with flnite defect, in the sense that the 
system of eigen- and associated elements of problem (6.71) has no more than a flnite 
defect in {L 2 {Lt))‘^. If conditions (6.72) are satisfled, then the property of two- multiple 
completeness with a defect is changed into the property of two-multiple completeness. 

3° To purely relaxing waves there corresponds a real spectrum situated on 
the positive half-axis in the interval [o;_(r)/r, 1/r) and consisting of two sets: the 
limiting spectrum in the form of the segment [a_(r)/r, o;+(r)/r] and a flnite or a 
countable set of flnitely multiple eigenvalues with possible limit points situated 
on the limiting spectrum. Thus, to the numbers A^ there correspond aperiodic fading 
modes of normal oscillations with decrements bounded both upward and downward. 
For these decrements A^, the two-sided estimates (6.76) are satisfled. 

4° If the medium charascteristics tend to constants, that is, if j{x) ^ 7 = 
const, then the limiting spectrum of problem (6.53) reduces to the point a{r ) = 1— yr , 
the number of eigenvalues A^ becomes countable, and Properties l°-7° obtained in 
Section 11.6.3 are satisfled. 

In the conclusion of this section we should note that in all the problems 
considered here, we take into account the Dirichlet model condition (6.8) on the 
boundary dLl of the considered domain Q fllled with a relaxing ideal fluid. Similar 
results take place if we choose the Neuman condition (6.17) and even in the case of 
the more complicated condition (6.15), that is, the qualitative pattern of the physical 
phenomena studied here will be similar to the one obtained under condition (6.8). 




Appendix D 

Remarks and Reference Comments to Part IV 



D.l Chapter 10 

10.1. Problems on oscillations of a two layer hydrosystem consisting of an ideal and 
a viscous fluid layer have not been systematically studied until now. In this regard, 
we can mention only the work of E. Hasegawa [1], where the problem on running 
waves at the boundary region between two horizontal layers has been studied: an 
upper layer of a viscous fluid and a bottom layer of an ideal fluid. At the top and at 
the bottom, both layers were limited by horizontal solid walls. In recent years, the 
problems on oscillations of partially dissipative hydrosystems have been studied by 
N. D. Kopachevsky, T. P. Temchenko, and B. M. Vronskii [1, 2]. 

The statement of the problem on small oscillations of a hydrosystem consisting 
of a viscous fluid and an ideal one, and filling an arbitrary container, is due to N. D. 
Kopachevsky. N. D. Kopachevsky also obtained the balance law of full energy and 
the equations of the problem on normal oscillations. 

10.2. The study of the initial boundary value problem (10.1.2)-(10.1.11) based on 
an operator approach, and using the additional boundary value problems I-V, was 
carried out by N. D. Kopachevsky. In this process, instead of the scheme used earlier 
in Chapter 8, in particular, the second additional problem of Section 8.1 [see problem 
(8.1.13)-(8.1.14)], we developed a new approach, with a new additional Problem II 
(see Section 10.2.2), in which the velocity field in the viscous fluid is not decomposed 
into two new unknown fields. This approach allows to a certain extent to simplify the 
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transition to the system of evolution operator equations. The investigation of the 
properties of matrix blocks (Section 10.2.3) and, relying on them, the proof of the 
theorem on correct solvability of the original initial boundary value problem, was 
completed by N. D. Kopachevsky. 

10 . 3 . The statement of the model problem on normal oscillations of a partially 
dissipative hydrosystem (Section 10.3) is due to N. D. Kopachevsky, and its study was 
carried out by I. M. Klinchin and N. D. Kopachevsky [1]. The scheme of analyzing 
the characteristic equation (10.3.23) is close to that applied by N. D. Kopachevsky 
and A. D. Mychkis [1, 2] in problems on normal oscillations of a capillary viscous 
fluid. The derivation of the asymptotic formulas (10.3.38), (10.3.39) is a joint work 
with A. D. Myshkis. The general conclusions addressing the model problem, and the 
hypotheses arising from it, were deduced by N. D. Kopachevsky. 

10 . 4 . The study of normal oscillations of a partially dissipative hydrosystem in 
an arbitrary region (Section 10.4) was carried out by N. D. Kopachevsky and is 
presented here for the first time. We should stress that the properties of the spectrum 
and the system of eigen- and associated elements of the operator pencil (10.4.8), 
(10.4.9) deserve an additional, more detailed, research. In particular, close attention 
should be paid to studying these properties when the viscosity ji and the ratio P 2 / Pi 
of densities of the ideal and viscous fluids are changing. The spectrum properties 
stated in Section 10.4.2 were obtained by means of the same methods applied to the 
problems of Chapter 8. The theorem on spectrum localization was proved following 
the scheme applied earlier by M. B. Orazov [1-3] in problems of hydrodynamics and 
hydroelasticity, and goes back to M. V. Keldysh [1, 2], and G. V. Radzievskii [1-4]. 

10 . 5 . The theorem on multiple completeness of the system of eigen- and associated 
elements of the problem on normal oscillations of a partially dissipative hydrosystem 
was proved by N. D. Kopachevsky, and is explained here for the first time. In this 
proof, a linearization on the spectal parameter was first done, and then Keldysh 
classical scheme [1, 2] has been used. As an interesting and not completely clarified 
problem, we should call attention to the existence of three branches of eigenvalues 
localized in a neighborhood of the imaginary semiaxes and the positive semiaxis, and 
having a common limit point at infinity. In the form presented in Section 10.5.3, this 
study was done by N. D. Kopachevsky, and it is also outlined for the first time here. 



D.2 Chapter 11 

11.1. The first five sections of this Chapter were motivated by the work of A. I. 
Miloslavskii [1, 4], where the problems on small oscillations of a viscous fluid in a 
completely or partially filled rigid container have been studied. 
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In describing small motions of a visco-elastic fluid, as a basic paradigm we 
have chosen Oldroite generalized model (11.1.2) of the connection between the tensors 
of tensions and deformation velocities. The physical and mathematical statements of 
the problem on motion of a visco-elastic fluid in a bounded region (Section 11.1.1, 
11.1.2) were taken from the work of A. I. Miloslavskii [2, 3]. 

The theorem on correct solvability of the initial boundary value problem 
(Section 11.1.3) was proved by L. D. Bolgova and N. D. Kopachevsky [1]. The problem 
on normal oscillations (Section 11.1.4) has been also studied by L. D. Bolgova and N. 
D. Kopachevsky [1]. 

11 . 2 . Abstract evolution and spectral problems (Sections 11.2) have been studied by 
T. Ya. Azizov, N. D. Kopachevsky, and L. D. Orlova (Bolgova) [1], and also by L. 
D. Bolgova (Orlova) and N. D. Kopachevsky [2]. In the investigation of the spectral 
problem carried out by T. Ya. Azizov, N. D. Kopachevsky, and L. D. Orlova, the 
block method [see (11.2.27)-(11.2.31)] was proposed by T. Ya. Azizov. The example 
formulated in Property 6° (for m = 2) from Section 11.2.5 was constructed by T. Ya. 
Azizov. Property 9° has also been proved by T. Ya. Azizov. The other properties of 
solutions of the spectral problem have been stated and proved by N. D. Kopachevsky 
and L. D. Orlova (Bolgova). 

11 . 3 . The problem on small motions and normal oscillations of a visco-elastic fluid 
in an open container was studied by A. I. Miloslavskii [3]. Here, the presentation is 
based on the general scheme stated in Section 1.8, and also on previous examinations 
of the problem done in Chapter 8. The theorem on correct solvability of the initial 
boundary- value problem (Section 11.3.3) has been proved by N. D. Kopachevsky and 
L. D. Orlova (Bolgova). 

11 . 4 . The study of the properties of multiple basicity of the system of eigen- and 
associated functions in the problem on normal oscillations of a visco-elastic fluid 
in an open container (Section 11.4) was carried out following the scheme of A. I. 
Miloslavskii [3]. 

11 . 5 . The study of the properties of the spectrum in the problem on normal 
oscillations of a visco-elastic fluid in an open container is due to A. I. Miloslavskii [3]. 
However, the presentation here was adapted by N. D. Kopachevsky. In particular, the 
proof of some spectrum properties, and the property of p-basicity of the system of 
eigen- and associated elements, was done without changing the spectral parameter. 
These constructions belong to N. D. Kopachevsky and L. D. Orlova (Bolgova). 

11 . 6 . As it has been already mentioned the problem on small motions and normal 
oscillations of an ideal relaxing fluid is the only problem for ideal fluids not addressed 
in Volume I, and deferred to Volume II of the present monograph. The twofold reason 
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is that, first, by its physical effects the problem is close to hydrodynamic systems 
containing a viscous fluid and, second, it is a rather complex nonself- adjoint problem. 

The first studies of similar problems using the spectral theory of operator 
pencils were done by L. D. Bolgova and N. D. Kopachevsky [2, 3], and also N. 
D. Kopachevsky and L. D. Orlova (Bolgova) [1]. Results of these investigations are 
presented also in the report by N. D. Kopachevsky, L. D. Orlova (Bolgova), and Yu. 
S. Bashkova [1]. 

The exposition in Section 11.6 is a version elaborated by N. D. Kopachevsky. 
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